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On modeling quantum point contacts in quantum Hall systems

Prasoon Kumar and Kyrylo Snizhko
Univ. Grenoble Alpes, CEA, Grenoble INP, IRIG, PHELIQS, 38000 Grenoble, France

(Dated: 11th December 2025)

Quantum point contacts (QPC) are a key instrument in investigating the physics of edge exci-
tations in the quantum Hall effect. However, at not-so-high bias voltage values, the predictions of
the conventional point QPC model often deviate from the experimental data both in the integer
and (more prominently) in the fractional quantum Hall regime. One of the possible explanations
for such behaviors is the dependence of the tunneling between the edges on energy, an effect not
present in the conventional model. Here we introduce two models that take QPC spatial extension
into account: wide-QPC model that accounts for the distance along which the edges are in contact;
long-QPC model accounts for the fact that the tunneling amplitude originates from a finite bulk
gap and a finite distance between the two edges. We investigate the predictions of these two models
in the integer quantum Hall regime for the energy dependence of the tunneling amplitude. We find
that these two models predict opposite dependences: the amplitude decreasing or increasing away
from the Fermi level. We thus elucidate the effect of the QPC geometry on the energy dependence
of the tunneling amplitude and investigate its implications for transport observables.

I. INTRODUCTION

Quantum Hall (QH) effect is one of the most celebrated
phenomena in condensed matter physics [1]. Beyond con-
ductance quantization, its fractional version exhibits ex-
tications with fractional charge [2–10] and anyonic statis-
tics [11–17]. Such unconventional quasiparticle excita-
tions might be useful for topological quantum computing
[18].

The origin of the conductance quantization is the for-
mation of chiral edge channels. These edge channels play
a crucial role both in theoretical understanding and ex-
perimental investigations of the quantum Hall physics.
Indeed, many theoretical predictions for the nature of
quantum Hall excitations stem from the chiral Luttinger
liquid description of those edge channels [19]. A signifi-
cant fraction of quantum Hall experiments involves tun-
neling contacts at which quasiparticles can jump between
different edges — quantum point contacts (QPCs) [4–
6, 9, 10, 12–17, 20, 21]. Many advanced predictions have
been verified through such experiments.

At the same time, experiments with a single QPC of-
ten show discrepancies with theoretical predictions: they
agree at small values of the bias voltage, while at larger
values (eV larger than the system temperature, kBT , yet
significantly smaller than the bulk gap) they show no-
ticeable disagreement [20–22]. With QPC being such an
important instrument, it is crucial to understand the ori-
gin of these discrepancies in order to understand the in-
strument’s limitations.

One of the possible explanations for the discrepancies
is the energy dependence of the tunneling amplitude.
This dependence is generally expected to be highly non-
universal: it may depend on the QPC geometry, impuri-
ties present in the sample etc. Here we attempt to inves-
tigate the energy dependence of the tunneling amplitude
from basic theoretical considerations.

Figure 1 shows the basic setup for QPC experiments:
The edges are in contact in a restricted region of space.

The tunneling is investigated by injecting current at
source contacts and measuring the output current and
noise at the drain contacts. In the conventional model,
Fig. 2, the tunneling is assumed to happen at a sin-
gle point described by an energy-independent tunnel-
ing amplitude. This point-QPC model is the standard
model for describing QPCs in the quantum Hall effect
(see Refs. [23–28] to mention but a few examples). The
works that did consider realistic geometries of the QPC
[29–31] focused on the effect of Coulomb interactions and
ignored non-point tunneling.

In this paper, we introduce two models that account
for different aspects of the realistic geometry of the QPC.
The wide-QPC model shown in Fig. 4 accounts for an
extended width of the QPC — the distance along which
the two edges are in contact with each other. The long-
QPC model shown in Fig. 6 accounts for the fact that the
tunneling amplitude originates from a finite bulk gap and
for a finite distance between the two edges, and models
the effective tunneling barrier between the edges. The
long-QPC model essentially models a small piece of the
quantum Hall bulk in the spirit of the wire construction
[32].

Throughout the paper we focus on ν = 1 integer quan-
tum Hall regime. We investigate the predictions of above
two models and show that they predict drastically dis-
tinct energy dependences of the tunneling behavior. We
compare the predictions of these models with those of
the point-QPC model and with each other. We also pro-
vide their predictions for a number of transport quanti-
ties that can be measured.

The structure of the paper is as follows. In Sec. II,
we remind the reader the Landauer-Büttiker formalism
[33–35] and define the transmission function of the QPC
— the key object for our consideration. In Sec. III, we
remind the reader the point-QPC model and introduce
our wide- and long-QPC models. We discuss a theo-
retical peculiarity of the point-limit of all the models in
Sec. IV. In Sec. V, we explore the predictions of the three
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1 – Drain L

0 – Source L

3 – Source R

2 – Drain R
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Figure 1. Four-terminal setup of a quantum Hall QPC
experiment. The quantum Hall bulk supports a single chi-
ral edge channel going around the sample (we focus on ν = 1
integer quantum Hall regime). The edges from the opposite
sides of the sample approach each other in one location — this
is the QPC. Four Ohmic contacts are present in the sample,
two (sources) are used to inject current into the chiral edge,
two (drains) are used to extract the current that has passed
through the QPC region. The key object for this paper’s
consideration is the energy-dependent transmission probabil-
ity T (E): the probability for an excitation to be transmitted
through the QPC without jumping to the other edge channel.

QPC models for realistic experiments. Finally, we pro-
vide some concluding remarks in Sec. VI.

II. TRANSMISSION FUNCTION

In this section, we introduce the setup of quantum Hall
QPC experiments. We focus on the case of ν = 1 in-
teger quantum Hall regime and remind the reader how
the Landauer–Büttiker formalism for transport in non-
interacting mesoscopic systems applies to this system.
In particular, we define the transmission function T (E),
the key object for our consideration in the next sections.

The typical (four-terminal) setup of a quantum Hall
QPC experiment is shown in Fig. 1. The sources are
used to inject current into the chiral edge, as the drains
are used to extract the current that has passed through
the QPC region. The Landauer–Büttiker formalism [33–
35], requires the knowledge of the scattering matrix that
describes the probability amplitudes of electrons emitted
by one contact to arrive at a different contact:

S =

 0 1 0 0
rL 0 0 tR
tL 0 0 rR
0 0 1 0


 0 – Source L

1 – Drain L
2 – Drain R
3 – Source R

 . (1)

The above matrix involves the amplitudes tR/L(E) for
an electron to be transmitted through the QPC without
changing its edge and rR/L(E) for it to be reflected to the
other edge. Unitarity of the S-matrix implies |tL(E)|2 +
|rL(E)|2 = 1 and |tR(E)|2 + |rL(E)|2 = 1, from which
it follows that |tR(E)|2 = |tL(E)|2. The probability of

being transmitted, T (E) = |tL(E)|2 = |tR(E)|2, is called
the transmission function.

We focus on the DC current I2 extracted from Drain
R, as well as the low-frequency noise of that current,

S22 =
〈
Î(t)Î(t′) + Î(t′)Î(t)− 2⟨Î(t)⟩⟨Î(t′)⟩

〉
ω
, (2)

where ⟨...⟩ω is the Fourier component corresponding to
eiω(t−t′) of the time-domain correlation function. The
Landauer–Büttiker formalism gives [33]

I2 =
e

2πℏ

∫
dE T (E) (fL(E)− fR(E)) , (3)

S22 =
e2

πℏ

∫
dE

{
feq (E) (1− feq (E))+

+ T 2 (E) fL (E) (1− fL (E))

+ (1− T (E))
2
fR (E) (1− fR (E))

+ T (E) (1− T (E)) fR (E) (1− fL (E))

+ T (E) (1− T (E)) fL (E) (1− fR (E))
}
. (4)

Here we assumed that the L and R sources are described
by Fermi distributions fL (E) = f (E − µL) and fR (E) =
f (E − µR), while the drains are in equilibrium with the
sample and are defined by the equilibrium distribution
feq (E) = f (E − µ), where f (E) =

(
1 + eE/(kBT )

)−1
.

In what follows, we set µ = 0.
Often the approximation of constant transmission is

employed: T (E) = T0. In this case, the above expres-
sions simplify to

I2|T ≡T0
=
e2V

2πℏ
T0, (5)

S22|T ≡T0
=
e2

πℏ

[
2kBT

+ eV T0 (1− T0)
(
coth

(
eV

2kBT

)
− 2kBT

eV

)]
. (6)

Here we have taken µL −µR = eV to be the bias voltage
across the QPC.

Experiments often see behavior consistent with
Eqs. (5–6) for small enough V , whereas at larger V devi-
ations for this behavior (or its analogue for the fractional
case) are observed both in the integer and (most promi-
nently) in the fractional QH effect [4, 5, 20, 22]. One of
the possible explanations is that the dependence of T (E)
on the energy becomes important at larger values of the
bias voltage. Below, we introduce several models, based
on general considerations and investigate the dependence
T (E) they predict, as well as its effect on I2 and S22.
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Figure 2. Point-QPC model. Two counter-propagating
chiral edge modes approach each other at a single point, x =
0, which allows for tunneling of excitations between the edge
modes.

III. ANALYTIC MODELS OF QUANTUM
POINT CONTACT

In the previous section, we defined the key object for
our consideration: the QPC transmission T (E). Here
we introduce a number of phenomenological models that
allow for predicting the energy dependence of T (E). We
start by reminding the reader the standard point-QPC
model. We then introduce two models that account for
different aspects of the realistic geometry of the QPC:
wide QPC and long QPC. We explain their physical
meaning and calculate the T (E) for each of the mod-
els.

A. Point model

The standard model of QPC assumes that tunneling
between the two edges happens at a single point, cf. 2.
The model is described by the Hamiltonian

Hpqpc = Hedge + Htun-point, (7)

Hedge =

∫ +∞

−∞
dx
(
−iψ†

1v∂xψ1 + iψ†
2v∂xψ2

)
, (8)

Htun-point = η
(
ψ†
1 (x = 0)ψ2 (x = 0) + h.c.

)
. (9)

The edge Hamiltonian Hedge describes chiral fermionic
channels ψ1 and ψ2 propagating to the right and to the
left respectively. The tunneling Hamiltonian Htun-point
describes electron transport between the two edges. Solv-
ing the scattering problem for Hpqpc, one finds the trans-
mission function

Tpqpc (E) = T 0_2
pqpc =

(
1− η2

4v2

1 + η2

4v2

)2

. (10)

The reader can find the details of the derivation in Ap-
pendix A.

The above result, though standard, warrants a few
comments. First, note that Tpqpc (E) does not depend
on energy, which renders the transport predictions (5, 6)
exact for this model.

Second, one naturally expects bigger values of η to lead
to bigger tunneling (and, thus, smaller transmission) at
the QPC. This intuition holds for |η| ≤ 2v, at which
Tpqpc (E) = 0 vanishes. For |η| > 2v, however, one again
has Tpqpc (E) > 0. This indicates singular behavior of
this model, which has been previously pointed out in the
context of perturbative calculations [36]. The wide-QPC
and long-QPC models considered below regularize this
behavior in distinct ways. We will discuss this in more
detail in Sec. V.

B. Wide model

In the previous section, we presented the conventional
point-contact (point-QPC) model. A key assumption of
the point-QPC model is that tunneling occurs at a single
spatial point. However, quantum point contacts in real
samples inevitably possess a finite tip width. Moreover,
even in the most narrowly constructed QPCs, opposite
QH edges are in contact over a width of the order of
the magnetic length lB =

√
ℏ/(eB), as exemplified in

Fig. 3. This challenges the point-like approximation and
warrants an investigation of the effects of the finite width
of the QPC.

To this end, we introduce the wide-QPC model, which
incorporates a finite-width tunneling region between the
chiral QH edge channels(Fig. 4). In this model, the two
edge states, ψ1 and ψ2 propagate in opposite directions,
as in Fig. 2. However, the tunneling happens over edge
length L, and the tunneling amplitude is ζ:

Hwqpc = Hedge + Htun-wide, (11)

Hedge =

∫ +∞

−∞
dx
(
−iψ†

1v∂xψ1 + iψ†
2v∂xψ2

)
, (12)

Htun-wide = ζ

∫ W

0

dx
(
ψ†
1 (x)ψ2 (x) + h.c.

)
. (13)

Solving the scattering problem for Hwqpc (see Ap-
pendix B for derivation), one finds the transmission func-
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Figure 3. Numerical simulation of a QPC geometry
with narrow QPC-defining gates. The figure presents the
current density of QH edges in a sample that has four leads
and a QPC defined by infinite potential on narrow gates (blue
lines). The sample is modeled as 180x180 lattice, and the
QPC-defining potential is applied to regions of 1-site width
and 70-site length. The red density map represents the cur-
rent density of two edge states. The edge states go around the
gated regions smoothly, so that the tunneling would happen
over a finite QPC width of a few magnetic lengths (W ). This
motivates our wide-QPC model shown in Fig. 4. The distance
L between the edges in the QPC determines the size of the
gapped system bulk between the edges. This motivated our
long-QPC model shown in Fig. 6. The simulation has been
performed using KWANT package [37].

x=0 x=L

3

0

1

2

x

𝜓1

𝜓2

𝜓1

𝜓2

L

𝜻

W

Figure 4. Wide-QPC model. Two chiral edge channels
undergo tunneling over a finite region of width W .
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W /v = 0.1
W /v = 0.5
W /v = 1.0
W /v = 5.0
E = ±

Figure 5. The dependence of Twqpc (E) on energy for
various values of ζW/v. The value of the dimensionless
parameter ζW/v determines Twqpc (E = 0). At |E| → ∞,
the transmission becomes perfect, Twqpc (E) → 1. Oscillatory
behavior for |E| > ζ strongly depends on ζW/v.

tion for wide-QPC model (T wqpc
0_2 ) as:

Twqpc (E) = T 0_2
wqpc =

1

1 + Ξ(E, ζ,W )
, (14)

where Ξ(E, ζ,W ) =

sinh2

(
ζW
v

√
1−

(
E
ζ

)2)
(
1−

(
E
ζ

)2)

=

sin2

(
ζW
v

√(
E
ζ

)2
− 1

)
((

E
ζ

)2
− 1

) .

Note that unlike in the case of point-QPC model, here
the transmission depends on energy.

The typical scale for the energy is the tunneling ampli-
tude ζ, whereas the overall behavior of the transmission
is determined by the dimensionless parameter ζW/v. In-

deed, at Twqpc (E = 0) =
[
1 + sinh2

(
ζW
v

)]−1

. At large
energies, the transmission is perfect: Twqpc (|E| ≫ ζ) =
1. At the characteristic scale, Twqpc (|E| = ζ) =[
1 +

(
ζW
v

)2]−1

.

The behavior of Twqpc (E) at various values of ζW/v is
shown in Fig. 5. Several aspects are worth noting. The
strength of energy dependence of Twqpc (E) varies with
ζW/v in a non-trivial way. In particular, for |E| > ζ,
Twqpc (E) oscillates, cf. Eq. (14). The oscillation fre-
quency, however, depends on ζW/v and is only noticeable
for large ζW/v in Fig. 5.
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Figure 6. Long QPC model. In order to model the tunnel-
ing barrier created by the bulk gap inside the QPC (cf. Fig. 1),
we model the bulk in the spirit of the wire construction. The
region of strong electron tunneling (amplitude ∆) across the
region devoid of electrons is topologically equivalent to the
bulk of the quantum Hall sample.

C. Long model

In the models considered above (point QPC and wide
QPC), the tunneling amplitude between the edges was
treated as a phenomenological parameter. However, the
intuition based on quantum mechanics tells that the tun-
neling arises from a barrier that makes it energetically
costly for quasiparticles to be between the two edges in
the QPC. This barrier may govern the energy dependence
of the tunneling amplitude, and thus of the transmission
probability T (E).

In order to model this dependence, we model the QH
bulk region of size L inside the QPC, cf. Fig. 3, in the
spirit of the wire construction [32]. In its general form,
the wire construction models the QH bulk as a 1D array
of one-dimensional wires with appropriate tunneling pro-
cesses between them. Here we use a minimalistic model,
framing the QPC as two edges, between which electrons
tunnel across a depleted region, cf. Fig. 6. The tunnel-
ing amplitude ∆ corresponds to the bulk gap, cf. Ap-
pendix B 1, and the length of the tunneling region L cor-
responds to the distance between the edges on the differ-
ent sides of the QPC — these parameters have notably
been absent from the point- and wide-QPC models.1

The Hamiltonian for the long-QPC model is

Hlqpc = Hedge + Htun-long, (15)

Hedge =

∫ +∞

−∞
dy
(
−iψ†

1v∂yψ1 + iψ†
2v∂yψ2

)
, (16)

Htun-long = ∆

∫ L

0

dy
(
ψ†
1 (y)ψ2 (y) + h.c.

)
. (17)

1 While here we consider the example of integer QH effect, the
generalization of this model for the fractional QH effect would
reflect the famous duality of weak quasiparticle tunneling and
strong electron tunneling [19, 24, 38, 39].

Note that the Hamiltonian for the long-QPC model
is formally identical to that of the wide-QPC model,
Eqs. (11–13). The two Hamiltonians differ by the substi-
tutions x → y, ζ → ∆, and W → L, which reflects the
conceptual difference between the models. Most impor-
tantly, the models differ by the connection of ψ1 and ψ2

to different Ohmic contacts, cf. Figs. 4 and 6.
This enables us to reuse the solution of the wide-QPC

model (14), while accounting for these distinctions:

Tlqpc (E) = T 0_2
lqpc = 1− T 0_1

lqpc

= 1− T 0_2
wqpc

∣∣
ζ → ∆
W → L

=
Ξ(E,∆, L)

1 + Ξ(E,∆, L)
, (18)

where Ξ(E,∆, L) =

sinh2
(

L∆
v

√
1−

(
E
∆

)2)
(
1−

(
E
∆

)2)

=

sin2
(

L∆
v

√(
E
∆

)2 − 1

)
((

E
∆

)2 − 1
) .

Similarly to the wide-QPC model and in contrast to the
standard point-QPC model, the transmission function in
the long-QPC model explicitly depends on energy. How-
ever, the nature of the dependence is drastically different
as compared to the wide-QPC model.

Indeed, the transmission is maximum at E = 0 and
goes to zero at large energies, Tlqpc (|E| ≫ ∆) = 0,
cf. Fig. 7. This is natural as for |E| ≪ ∆ the quasiparti-
cles are unlikely to tunnel across the QPC, and are likely
to be transmitted. Conversely, for |E| ≫ ∆, the bulk
gap does not present a significant obstacle for quasipar-
ticles to travel to a different edge. Of course, our crude
model does not capture all the important aspects of the
QH bulk, notably its disordered nature. However, our
model does capture the concept of the tunneling barrier.

The value of transmission Tlqpc (E = 0) =[
1 + sinh−2

(
L∆
v

)]−1
is controlled by the dimen-

sionless parameter L∆/v that captures the barrier
height ∆ and length L. We do not expect our model
to be valid beyond |E| = ∆, where proper bulk mod-
eling needs to be performed. At this energy scale,

Tlqpc (|E| = ∆) =
[
1 +

(
L∆
v

)−2
]−1

.

IV. POINT-QPC LIMIT

The models introduced in the previous section can be
viewed as generalizations of the point-QPC model, in-
corporating aspects of realistic QPC setups. The wide-
and long-QPC models allow a parameter regime (L→ 0)
that reduces them back to the point-QPC geometry. It
is natural to expect the predictions for T (E) to reduce
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Figure 7. The dependence of Tlqpc (E) on energy for var-
ious values of L∆/v. The dimensionless parameter L∆/v
is associated to the “area of the tunneling barrier”, L∆. Its
value determines Tlqpc (E = 0). At |E| → ∞, the transmis-
sion decays to zero, Tlqpc (E) → 0. The vertical black lines
E = ±∆, marks the magnitude of the bulk gap ∆; we do not
expect our model to be valid beyond this energy scale.

to those of the point-QPC model in this limit. Below
we show that this is not the case, which points at the
singularity of the point-QPC model.

Consider the wide-QPC model. Taking the limit W →
0, ζ → ∞ such that ζW = const, the Hamiltonian of the
wide-QPC model (11–13) reduces to that of the point-
QPC model (7–9) with ηwqpc = ζW . Taking the limit
for the transmission function (14) yields

Twqpc (E) = T (point limit)
wqpc =

1

1 + sinh2
(ηwqpc

v

) . (19)

Compare this to Tpqpc (E) in Eq. (10). Both expres-
sions predict no energy dependence of the transmission
function and both predict T (E) ≈ 1− η2/v2 for |η| ≪ v.
However, for η comparable or larger than v, the mod-
els yield drastically different predictions, despite having
the identical Hamiltonian in this limit. In particular, the
point-QPC model predicts Tpqpc (E) = 0 at η = 2v and
Tpqpc (E) = 1 at η → ∞. At the same time, T (point limit)

wqpc

is monotonous with respect to ηwqpc and vanishes for
ηwqpc → ∞.

The long-QPC model also features a point limit L →
0, ∆ → ∞ such that L∆ = const. In this limit, its
Hamiltonian (15–17) reduces to that of the point-QPC
model (7–9) with ηlong = L∆. However, the roles of the
contacts 1 and 2 are interchanged compared to the wide-
and point-QPC models, cf. Figs. 2, 4, 6. Taking the limit
for the transmission function, one gets

Tlqpc (E) = T (point limit)
lqpc =

sinh2
(ηlqpc

v

)
1 + sinh2

(ηlqpc
v

) . (20)

Again, this predicts an energy-independent transmission
function in the point limit, yet does not match T 0_1

pqpc =

1− T 0_2
pqpc in its dependence on η, see Eq. (10).

This shows that the point-QPC model (7–9) is ill-
defined: depending on the regularization of the point
tunneling, the model produces different results. This has,
in fact, been highlighted before in Ref. [36].

These results are in stark contrast to the case of
point barrier in the conventional quantum mechanics
for p2/(2m) dispersion relation, where the transmission
across the delta-barrier is reproduced by taking the point
limit of a rectangular potential, see Appendix C. It may
be interesting to investigate in the future whether incor-
porating the curvature of the dispersion relation into the
model (i.e., the terms ∼ ψ†

i ∂
2
xψi) would eliminate the

above singularity of the point-QPC model.

V. MODEL COMPARISON WITH REALISTIC
PARAMETERS

Above, we have defined three distinct QPC models and
derived their predictions for the transmission function
T (E). In this section, we compare these models using
experimentally realistic parameters. In Sec. V A, we com-
pare their predictions for the transmission functions. In
Sec. V B, we show how these predictions translate to ex-
perimentally observable quantitites.

A. Model comparison with experimentally realistic
parameters

Above, we have derived the energy dependence of the
transmission function T (E) as predicted by the point-
QPC, wide-QPC, and long-QPC models. These pre-
dictions exhibit qualitatively different behaviors: for
the wide-QPC model, the minimum value of T (E) is
achieved at E = 0 (Fig 5) whereas in long-QPC model
E = 0 corresponds to the maximum of T (E) (Fig 7).
Therefore, different aspects of realistic QPC geometry
predict different energy dependences of T (E). However,
what is the significance of those dependences in realistic
systems? We investigate this question below.

We begin by estimating the experimental parameters
appropriate for typical QPC setups. Consider a GaAs-
based quantum Hall sample with an electron density ns =
1 × 1015 m−2. Given the effective mass m∗ = 0.067me

(with me is the bare electron mass), the filling factor
ν = 1 is achieved for the magnetic field B = 4.14T,
which further sets the magnetic length lB = 12.6 nm and
the cyclotron energy Ec = ℏωc = 7.17 meV.

The edge state velocity may vary depending on the
sample: values of the orders v = 104–106 m/s have been
reported depending on whether the quantum Hall edge
is defined by a gate or by the boundary of the sample
[12, 40–46]. Given that the velocity of interest for us is
the velocity inside the QPC that is typically gate-defined,
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we take the value on the lower end of the range, v =
2 · 104 m/s [44].

Given the system parameters, we can now estimate the
relevant parameters of our QPC models. For the wide-
QPC model, the parameters are the tunneling amplitude,
ζ, and the width of the tunneling region, W . The QPC
width can hardly be smaller than a few magnetic lengths.
Indeed, Fig. 3 shows that even for infinitely-small QPC-
defining gate, the tunneling region has double the width
of the edge wave function. With the edge wave function
having the width lB

√
2 [47, Section 9.5.4], we take W =

2
√
2lB . The tunneling amplitude ζ is then determined by

the transmission value at zero energy, T0 = T (E = 0),
from Eq. (14):

ζ =
ℏv
W

sinh−1

(√
1− T0
T0

)
, (21)

where we have explicitly restored ℏ. This gives the values
of ζ = 0.45, 0.22, and 0.08 meV for T0 = 0.1, T0 = 0.5,
and T0 = 0.9 respectively.

For the long-QPC model, the parameters are the tun-
neling amplitude, ∆, and the QPC length, L. The
value of 2∆ is natural to identify with the bulk gap of
the quantum Hall sample, cf. Appendix B 1. Therefore,
∆ = Ec/2 = 3.58 meV. The length of the QPC is then
determined by the zero-energy transmission T0 through
Eq. (18):

L =
ℏv
∆

sinh−1

(√
T0

1− T0

)
. (22)

This yields the values of L = 1.2, 3.2, and 6.7 nm for
T0 = 0.1, T0 = 0.5, and T0 = 0.9 respectively.

Given the parameters estimated above, the depen-
dences T (E) are shown in Fig. 8(a). The range of ener-
gies on the horizontal axis is chosen to correspond to the
typical bias voltages (100–300 µV) used in experiments.
One sees that the long-QPC does not predict any notice-
able deviation of T (E) from constant. This is due to the
energies of interest being much smaller than the bulk gap
2∆ = Ec. The wide-QPC model, though, produces no-
ticeable deviations. This shows that the QPC width is an
important effect even for the narrowest QPCs possible.

We investigate the variation of T (E) at energies
beyond the typical voltage range in experiments in
Fig. 8(b). One sees a much stronger variation of trans-
mission. Here, the long-QPC model predicts a noticeable
deviation from the point-QPC model. The wide-QPC
model exhibits an extremely strong variation of trans-
mission, with saturation at T (E) = 1 and oscillations
indicative of resonances in the QPC region.

These T (E) dependences translate into experimen-
tally measurable quantities: the QPC current, the cur-
rent noise, and the Fano factor. We investigate predic-
tions for those quantities in Sec. V B.

300 200 100 0 100 200 300
E ( eV)

0.0

0.2

0.4

0.6

0.8

1.0

(E
)

0 = 10%

0 = 50%

0 = 90%

(a) Transmission as a function of Energy
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Long
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E ( eV)

0.0
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0.6

0.8

1.0

(E
)

0 = 10%

0 = 50%

0 = 90%

(b) Transmission as a function of Energy

Point
Wide
Long

Figure 8. Transmission T (E) for various models for
experimentally realistic parameters. (a) Comparison of
the dependence of QPC transmission on energy that point-,
wide-, and long-QPC models predict for realistic experimental
parameters. The effects of the long-QPC model are negligi-
ble in the experimentally relevant regime. Whereas the width
of the QPC does have a noticeable effect. These predictions
are obtained using edge velocity v = 2 · 104 m/s. The role
of velocity is further discussed in Appendix D. (b) Compari-
son of QPC energy-dependent transmission for the same set
of models for energy scales beyond the typical experimental
range. The effects of the long-QPC model become notice-
able as the scale becomes comparable with the cyclotron gap
Ec = ℏωc = 7.17meV. The wide-QPC model predicts an even
stronger dependence with transmission saturating at 1 (up to
small oscillations) at large energies.

B. Transport predictions

In the previous section, we analyzed the transmission
functions associated with three distinct models with real-
istic experimental parameters in the conventional experi-
mental regime. In this section, we investigate the predic-
tions for transport quantities — specifically, the differ-
ential conductance, current, noise, and the Fano factor
— within the point-, wide-, and long-QPC models. We
use the same parameters as above for the three models,
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and take the chemical potential values for the contacts as
µL = −µR = eV/2, where V is the bias voltage. We take
the system temperature to be T = 10 mK (experiments
typically use T = 10–40 mK).

Using Eqs. (3–4), the current I2(V ) and noise S22 for
each model are obtained directly from the correspond-
ing transmission function T (E). The differential con-
ductance is defined as

g = dI2/dV. (23)

We define the excess noise as the component of the noise
beyond the Johnson–Nyquist contribution:

SE = S22 (V )− S22 (V = 0) .

Further, we consider a dimensionless parameter called
the Fano factor. We define it as,

F =
SE (V )

2e
(
e2

h V
)
T̄ (V )

(
1− T̄ (V )

) ; T̄ (V ) =
I2
I0

(24)

where T̄ (V ) is average transmission at a given voltage,
defined as ratio of the transmitted current I2 to the in-
jected current

(
I0 = e2

h V
)
. Note that this definition is

slightly different from the standard Fano factor definition
due to inclusion of

(
1− T̄ (V )

)
in the denominator. This

modification allows one to treat T̄ ≈ 0 and T̄ ≈ 1 on
an equal footing and is often employed in experimental
papers.

The results for |V | ≤ 300 µV (which is the typical
voltage range in modern experiments) are presented in
Fig. 9. Similarly to the behavior of transmission T (E) in
Fig. 8(a), the long-QPC model is indistinguishable from
the point-QPC model in this volatge range. The wide-
QPC model does exhibit noticeable yet small deviations
from the point-QPC predictions. These deviations are
can be seen in the behavior of the differential conduc-
tance g and the excess noise SE , yet are completely un-
noticeable in the behaviors of the total current I2 and
the Fano factor F .

Extending the energy range in the spirit of Fig. 8(b),
we consider also the voltages up to 3000 µV. The trans-
port observables in this voltage range are presented in
Fig.10. Here the long-QPC model exhibits small devia-
tions from the point-QPC model for large V (noticeable
in g2 and, for large T0, in SE , but not in I2 or F ). The
deviations predicted by the wide-QPC model become sig-
nificant for all observables in this voltage range (for which
e |V | is still significantly smaller than the bulk gap of
Ec = 7.17 meV).

VI. CONCLUSION

In this work, we have considered extension of the stan-
dard point-QPC model to account for realistic QPC ge-
ometry. Specifically, we have introduced a model that

accounts for the QPC width (wide-QPC model), and an-
other model that accounts for a finite distance between
the edges across the QPC (“length of the tunneling bar-
rier”, long-QPC model). We have shown that, in contrast
to the point-QPC model, both models predict energy de-
pendence of the transmission function T (E).

We have investigated this prediction for realistic pa-
rameters in the regime of integer (ν = 1) quantum Hall
effect. We have shown that the effect of the QPC width,
W , on the behavior of the transmission function is much
more significant than that of the “QPC length”, L. For
standard experimental parameters and typical ranges in-
vestigated, the wide-QPC model does predict a notice-
able energy dependence of T (E) (cf. Fig. 8), which, how-
ever, hardly translates into noticeable effects in transport
experiments (cf. Fig. 9). This shows that the energy de-
pendences of T (E) stemming from QPC geometries are
unlikely to explain any deviations from point-QPC pre-
dictions, at least in the integer QH regime.

Extending the range of bias voltages beyond the ones
used in modern experiments, one can see clear effects of
the QPC width in transport observables (cf. Fig. 10),
even if the width is of the order of the magnetic length
lB . This extended bias voltage range still corresponds to
energies significantly below the bulk gap. Therefore, per-
forming experiments within the extended range and com-
paring their results to predictions of edge models would
be meaningful.

Finally, we note that our models do not account for
the energy dependence of the edge velocity. Introducing
this aspect to the models in the future has twofold impor-
tance. It may be necessary for modeling realistic exper-
iments. And from a purely theoretical point of view, it
could lift the singular behavior of the point-QPC model
(see the discussion in Sec. IV).
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Figure 9. Transport observables for point-, wide-, and long-QPC models for experimentally realistic parameters
as a function of the bias voltage V . (a) Differential conductance g. The wide-QPC model predicts a slightly higher g at
large |V |, as compared to the point-QPC model. (b) Current I2. No deviation between the models is noticeable. (c) Excess
noise SE . At low and high transmissions T0, the noise is slightly increased in the wide-QPC model at large |V |. (d) Fano-factor
F . No deviation between the models is noticeable.
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Figure 10. Transport observables for different QPC models for a voltage range larger than typically investigated,
yet experimentally reasonable. (a) Differential conductance g. (b) Current I2. (c) Excess noise SE . (d) Fano-factor F .
The long-QPC model exhibits small deviations from the point-QPC for some observables. The deviations predicted by the
wide-QPC model are significant for all observables.
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Appendix A: Derivation of the transmission function
for point QPC

In this Appendix, we provide the derivation of the
point-QPC transmission function (10). For brevity of
notation, we put ℏ = 1 in this section.

We start with the Hamiltonian (7–9). This yields the
following equations of motion for the fields:

∂tψ1 (x) = i [H,ψ1 (x)]

= −v∂xψ1 (x)− iηψ2 (x) δ (x) , (A1)

∂tψ2 (x) = i [H,ψ2 (x)]

= v∂xψ2 (x)− iηψ1 (x) δ (x) . (A2)

Looking for solutions in the form

ψ1 (x) =
∑
n

ânϕn,1 (x) e
−iEnt, (A3)

ψ2 (x) =
∑
n

ânϕn,2 (x) e
−iEnt, (A4)

where ân are the Fermionic annihilation operators, we
arrive at equations for the wave functions of the system’s
eigenmodes:

Enϕn,1 (x)

= −iv∂xϕn,1 (x) + ηϕn,2 (x = 0) δ (x) , (A5)

Enϕn,2 (x)

= iv∂xϕn,2 (x) + ηϕn,1 (x = 0) δ (x) . (A6)

Integrating these equations around x = 0, one finds the
boundary condition enforced by the delta function:

ϕ1
(
0+
)
− ϕ1

(
0−
)

= − iη
v
ϕ2 (x = 0) , (A7)

ϕ2
(
0+
)
− ϕ2

(
0−
)

=
iη

v
ϕ1 (x = 0) . (A8)

Equations (A5–A6) away from x = 0 are solved by

ϕ1 (x) =

{
He(i

Ex
v ) for x > 0

Ae(i
Ex
v ) for x < 0

, (A9)

ϕ2 (x) =

{
Ge(−iEx

v ) for x > 0

Be(−iEx
v ) for x < 0

. (A10)

The boundary conditions (A7–A8) then yield

H −A = − iη
v

(
B +G

2

)
, (A11)

G−B =
iη

v

(
A+H

2

)
, (A12)

A H

B G

Tunnelling point

(Outgoing states)

(Incoming states) (Outgoing states)

(Incoming states)

x

y

𝐒𝐑

𝐒𝐋 𝐃𝐑

𝐃𝐋

Figure 11. Scattering point of view on the QPC
physics.The sketch represents the QPC setup of Fig. 1 with
explicit connection to the wave function in Eqs. (A9–A10).
SL and SR are the sources on the left and the right side of
the QPC. The dotted lines represent the incoming edge states
while the dark lines are the outgoing edge states.

leading to the solution

H = − iG(
v
η + η

4v

) +
A
(

v
η − η

4v

)
(

v
η + η

4v

) , (A13)

B = − iA(
v
η + η

4v

) +
G
(

v
η − η

4v

)
(

v
η + η

4v

) . (A14)

Identifying A and G with the amplitudes of the incom-
ing states, and H and B with those of outgoing states
(cf. Fig. 11), one can infer the transmission and reflec-
tion amplitudes. Setting G = 0 (SR is off), one finds

tL =
H

A
=

(
v
η − η

4v

)
(

v
η + η

4v

) =

(
1− η2

4v2

)
(
1 + η2

4v2

) , (A15)

rL =
B

A
=

−i(
v
η + η

4v

) . (A16)

Similarly, setting A = 0 (SL is off) leads to

tR =
B

G
=

(
v
η − η

4v

)
(

v
η + η

4v

) =

(
1− η2

4v2

)
(
1 + η2

4v2

) , (A17)

rR =
H

G
=

−i(
v
η + η

4v

) . (A18)

One readily checks the unitarity of the scattering matrix
S (1): SS† = S†S = I, where I is the identity matrix.
The transmission function Tpqpc (E) = |tL|2 is then given
by Eq. (10).

Appendix B: Derivation of the transmission function
for wide QPC

Here we derive the transmission function for the wide-
QPC model (Fig. 4), which is defined through Eqs. (11–
13). Before providing the derivation in Sec. B 2, we
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discuss the properties of the extended region that fea-
tures tunneling processes. For brevity of notation, we
put ℏ = 1 in this section.

1. The properties of the region with tunneling

In order to understand the properties of the extended
region that features tunneling processes, it is instructive
to consider Hamiltonian

H =

∫ +∞

−∞
dx
(
−iψ†

1v∂xψ1 + iψ†
2v∂xψ2

)
+ ζ

∫ +∞

−∞
dx
(
ψ†
1 (x)ψ2 (x) + ψ†

2 (x)ψ1 (x)
)
. (B1)

Compared to Eqs. (11–13), we have taken the tunneling
region to be infinite.

Since the system is translationally invariant, one can
represent the solution to the equations of motion

∂tψ1 (x) = i [H,ψ1 (x)] = −v∂xψ1 (x)− iζψ2 (x) , (B2)
∂tψ2 (x) = i [H,ψ2 (x)] = v∂xψ2 (x)− iζψ1 (x) , (B3)

in the form

ψ1 (x) =
∑
k

âkA1e
ikx−iEkt, (B4)

ψ2 (x) =
∑
k

âkA2e
ikx−iEkt, (B5)

where âk are the fermionic annihilation operators. The
equations of motion then yield(

vk ζ
ζ −vk

)(
A1

A2

)
= Ek

(
A1

A2

)
. (B6)

The solution of this equation for eigenmodes leads to

the spectrum Ek = ±
√

(vk)
2
+ ζ2. We thus see that the

region with tunneling features an energy gap of the size
2ζ (cf. Fig. 12), which serves as an extended tunneling
barrier in the wide-QPC model.

Note that the long-QPC model, cf. Fig. 6 and Eqs. (15–
17), features the same Hamiltonian as the wide-QPC one
— up to renaming x → y, ζ → ∆, and W → L. The
interpretation of the long-QPC model is very different,
though. The tunneling region in the long-QPC model is
designed to mimic the bulk of the system. Therefore, 2∆
is natural to identify with the bulk gap. This was used
to estimate the realistic model parameters in Sec. V.

4 2 0 2 4
3

2

1

0

1

2

3

(Forbidden zone)

k

E

Dispersion relation: Ek vs k

Figure 12. Dispersion relation of the fermions in an infi-
nite tunneling region, cf. Eq. (B1). The dispersion relation of
edges without tunneling Ek = ±vk is shown in green. In the

presence of tunneling, Ek = ±
√

(vk)2 + ζ2 (red), exhibiting
a forbidden zone of size 2ζ.

2. The transmission function

Now that we understand the effect of an extended re-
gion with tunneling, we are in position to derive the
transmission function for the wide-QPC model. Starting
from Eqs. (11–13), one obtains the equations of motion
for the right-moving edge:

∂tψ1 (x) = i [H,ψ1 (x)] (B7)

=

{
−v∂xψ1 (x) , x /∈ (0,W ) ,

−v∂xψ1 (x)− iζψ2 (x) , x ∈ (0,W ) .
(B8)

Similarly, for the left-moving edge:

∂tψ2 (x) = i [H,ψ2 (x)] (B9)

=

{
v∂xψ2 (x) , x /∈ (0,W ) ,

v∂xψ2 (x)− iζψ1 (x) , x ∈ (0,W ) .
(B10)

Looking for the solution in the form (A3–A4), we find

d
dx

(
ϕ1 (x)
ϕ2 (x)

)
= i

v

(
E 0
0 −E

)(
ϕ1 (x)
ϕ2 (x)

)
for x ∈ (0,W ) ,

(B11)

and

d
dx

(
ϕ1 (x)
ϕ2 (x)

)
= i

v

(
E −ζ
ζ −E

)(
ϕ1 (x)
ϕ2 (x)

)
for x /∈ (0,W ) .

(B12)



13

The wave function Φ(x) = (ϕ1(x), ϕ2(x))
T can thus be expressed in three regions:

Φ (x) =



ΦI =

(
Ae−iEx/v

BeiEx/v

)
=

(
Ae−ikx

Beikx

)
, x < 0,

ΦII =
C√

2E(E+iκv)

(
E + iκv

ζ

)
e−κx + D√

2E(E+iκv)

(
ζ

E + iκv

)
eκx, 0 < x < W,

ΦIII =

(
He−iEx/v

GeiEx/v

)
=

(
He−ikx

Geikx

)
, x > W.

(B13)

Here k = E/v and κ =
√
ζ2 − E2/v.

The boundary conditions at x = 0 and x =W , enable expressing A, C, D, and G in terms of C and D.

ΦI (x = 0) = ΦII (x = 0) (B14)

=⇒
(
A
B

)
=

C√
2E (E + iκv)

(
E + iκv

ζ

)
+

D√
2E (E + iκv)

(
ζ

E + iκv

)
, (B15)

ΦII (x =W ) = ΦIII (x =W ) (B16)

=⇒ C√
2E (E + iκv)

(
E + iκv

ζ

)
e−κW +

D√
2E (E + iκv)

(
ζ

E + iκv

)
eκW =

(
He−ikW

GeikW

)
. (B17)

Denoting

α = E + iκv, β = ζ, γ =
√
2E (E + iκv), (B18)

and e±κW = cosh (κW )± sinh (κW ) ,

one can write

γA = αC + βD, γB = αD + βC, (B19)

γH = eikW
[
αCe−κW + βDeκW

]
, γG = e−ikW

[
βCe−κW + αDeκW

]
. (B20)

Conversely,

C =
γ (αA− βB)

(α2 − β2)
, D =

γ (αB − βA)

(α2 − β2)
, (B21)

which enables one to find H and G in terms of A and B:

H = eikW
[(

cosh (κW ) +

(
iE

κv

)
sinh (κW )

)
A−

(
iζ

κv

)
sinh (κW )B

]
, (B22)

G = e−ikW

[(
cosh (κW )−

(
iE

κv

)
sinh (κW )

)
B +

(
iζ

κv

)
sinh (κW )A

]
. (B23)

Here we used relations

α2 + β2

α2 − β2
=

−iE
κv

,
2αβ

α2 − β2
=

−iζ
κv

. (B24)

Similarly to the consideration in Appendix A, one can
find the transmission and reflection amplitudes. Setting

A = 0 (switching off SL) leads to

tR =
B

G
=

(κv) eikW

(κv) cosh (κW )− iE sinh (κW )
, (B25)

rR =
H

G
= − iζ sinh (κW ) e2ikW

(κv) cosh (κW )− iE sinh (κW )
. (B26)
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Setting G = 0 (switching off SR), one gets

tL =
H

A
=

(κv) eikW

(κv) cosh (κW )− iE sinh (κW )
, (B27)

rL =
B

A
= − iζ sinh (κW )

(κv) cosh (κW )− iE sinh (κW )
. (B28)

One checks that the unitarity of the S-matrix is satisfied.
The transmission function

Twqpc (E) = |tL|2 =
(
1 + ζ2 sinh2 (κW ) / (κv)

2
)−1

(B29)
can be represented as Eq. (14).

Appendix C: Point limit of transmission function in
conventional quantum mechanics

k
𝐕𝟎

𝐕 

-a/2 -a/2 x

Figure 13. Rectangular potential barrier.

Here we discuss the point limit of a rectangular bar-
rier for a conventional quantum particle with dispersion
relation p2/(2m). For brevity of notation, we put ℏ = 1
in this section.

Consider Hamiltonian

H =

∫ +∞

−∞
dx

(
−ψ† (x)

∂2x
2m

ψ (x) + V (x)ψ† (x)ψ (x)

)
,

(C1)

where the potential

V (x) =

{
V0, |x| < a

2 ,

0, |x| > a
2 .

(C2)

For energies E ≤ V0 this potential represents a potential
barrier for a quantum particle, cf. Fig. 13. The probabil-
ity for a particle to be transmitted through the barrier is
given by [47, Section 1.3.11]

Trect (E) =

(
1 +

sinh2 (κa)

4

[
κ2 + k2

kκ

]2)−1

, (C3)

where k =
√
2mE, and κ =

√
2m (V0 − E).

Putting V0 = α/a and taking the limit a → 0 makes
the potential a delta-function barrier: V (x) = αδ(x).
The transmission probability for the delta potential is
given by [47, Section 1.3.12]

Tdelta (E) =
(
1 + [mα/k]

2
)−1

. (C4)

This expression can be reproduced by taking the limit
of Trect (E). Indeed, in the limit V0 = α/a, a→ 0,

κ ≈
√
2mV0 =

√
2mα/a→ ∞, (C5)

κa ≈
√
2mαa→ 0, (C6)

sinh (κa) ≈ κa, (C7)

so that

sinh2 (κa)

4

[
κ2 + k2

kκ

]2
≈ (κa)

2

4

[κ
k

]2
=

[
κ2a

2k

]2
=
[mα
k

]2
. (C8)

Therefore,

lim
a→0, V0=α/a

Trect (E) = Tdelta (E) . (C9)

This consideration shows that in the conventional
quantum-mechanical problem with dispersion relation
p2/(2m), the properties of a delta-barrier can be obtained
from the properties of the narrow and high rectangular
potential. Contrast this to the consideration of Sec. IV:
the transmission function Tpqpc (E) obtained from the
point-QPC model (which corresponds to delta-tunneling
at x = 0) does not coincide with the point limit of the
transmission functions obtained from the wide-QPC and
long-QPC models (Twqpc (E) and Tlqpc (E)). It would be
interesting to check whether taking a non-linear edge dis-
persion in the point-, wide-, and long-QPC models would
fix this discrepancy.

Appendix D: The role of edge velocity

In the main text (cf. Fig. 8), we have discussed the
results for the transmission function behavior when using
realistic parameters. We chose the value of velocity v =
2×104 m/s for consideration there. Here we demonstrate
the effect of velocity value. In experiments, values in the
range of v = 104–106 m/s have been reported [12, 40–46].

We take the same parameters as in the main text and
plot the transmission function for v = 2 × 103, 2 × 104,
and 2 × 105 m/s. The results are presented in Fig. 14.
One observes that velocity strongly affects the predic-
tions of the wide-QPC model for all values of T0. The
point-QPC prediction is unaffected as it is equal to T0
for all energies. Similarly, the long-QPC model is also
hardly affected since its transmission function is fully de-
termined by T0 when E ≪ ∆. This shows that whenever
energy dependence of the transmission function is signif-
icant, the edge state velocity is an important factor.
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Figure 14. The predictions of the point-QPC, wide-QPC, and long-QPC models for the transmission function T (E) several
values of edge velocity v. The models that predict insignificant energy dependence of T (E) are also not sensitive to the velocity.
By contrast, whenever the energy dependence of transmission function is noticeable (in this energy range, wide-QPC model
only), velocity strongly affects the predictions.
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