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Abstract

This article proposes an amalgam of phase-shift keying and asymmetrically clipped frequency-

shift keying (i.e., AC-FPSK) for low-energy/low-data rate optical wireless communications. We

design a near-optimal, low-complexity harmonic receiver by analyzing the AC-FPSK time-domain

(TD) and frequency-domain (FD) waveforms. The Euclidean distance analysis between AC-FPSK

waveform pairs yields lower and upper bounds for theoretical bit error probability. Using numerical

simulations, we present an exhaustive evaluation of the optimal cardinality of PSK, which illustrates

the superiority of AC-FPSK. We show that AC-FPSK provides better energy efficiency versus

spectral efficiency trade-off than state-of-the-art AC-FSK, direct current-FPSK, pulse amplitude

modulation, and asymmetrically clipped optical orthogonal frequency division multiplexing. We

also demonstrate that by making a suitable choice for the cardinality of PSK, the proposed 2-tap

harmonic receiver for AC-FPSK can reach a similar complexity as the AC-FSK harmonic receiver.

Keywords: Optical wireless communications, frequency-shift keying, phase-shift keying, intensity
modulation and direct detection, energy efficient modulation.

1. Introduction

The radio-frequency (RF) spectrum scarcity is a critical issue in Internet of Things (IoT) con-

nectivity despite the fact that the data rate per device generally does not exceed 1 Mbit/s [2].

To mitigate the RF spectrum congestion, optical wireless communication (OWC) is touted as a

complementary technology as it offers unlimited un-licenced bandwidth, secure communications, no
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interference with RF bands, possible concurrent communication and illumination functionalities [3].

Besides these benefits, the omnipresence of low-cost light-emitting diode (LED) lighting infrastruc-

tures allows a cheap and non-invasive upgrade for OWC connectivity. OWC systems usually employ

simple intensity modulation and direct detection (IM/DD) to transmit and detect the information.

For IM/DD, the transmitted signal should be real-valued and non-negative [4] to IM the current of

the light source. In the recent past, significant research has been carried out regarding waveform de-

sign for high data-rate OWC systems. Since the available bandwidth is limited by the light source

and/or by the channel frequency responses, modulation waveforms with high spectral efficiency

have been investigated such as optical-orthogonal frequency-division multiplexing (O-OFDM) [5–7]

and pulse-amplitude modulation (PAM) [8, 9]. However, these modulations are power-hungry (i.e.,

with low energy efficiency) and may not be appropriate choices for ultra-reliable energy-efficient

(i.e., “low energy”) low data rate communications, as they negatively impact the battery-powered

user terminals for IoT communications. O-OFDM and PAM waveform belong to the class of linear

modulations, for which spectral efficiency increases and energy efficiency decreases with an increase

in the modulation order. Hence, the energy efficiency of linear modulations is upper bounded by

2-PAM (i.e., On-Off-Keying (OOK) modulation). On the other hand, using non-linear modulations,

it is possible to outperform the energy efficiency of the OOK by increasing the modulation order.

This behaviour of the non-linear modulations makes it attractive to target energy-efficient wireless

communications [10, 11]. The first waveform design, belonging to the class of orthogonal non-linear

modulations, which has been extensively studied for OWC, is pulse-position modulation (PPM)

[12–15]. Unfortunately, PPM has some severe limitations for OWC, such as (i) synchronization is-

sues at the receiver; (ii) strong multi-path channel impact on bit error rate (BER) performance; and

(iii) high peak to average power ratio (PAPR) [15]. IM/DD consistent frequency-shift keying (FSK)

schemes circumvent the above-mentioned limitations of PPM [16–21]. In [16], an asymmetric FSK

(AFSK) technique is presented for Visible Light Communications (VLC), but only 2 modulation

states are considered for the performance evaluation. In [17], a robust OOK-M -FSK modulation

technique is practically implemented without affecting the dimming characteristics of the LED.

In [18], a low complexity demodulation strategy for flickering-free M -FSK VLC is proposed using

Hamming autocorrelation function. In [19], direct-current (DC)-FSK and unipolar (U)-FSK have

been investigated for unipolar generation of FSK-based modulations and in [20, 22], an asymmet-

rically clipped (AC)-FSK modulation scheme is proposed and shows better energy efficiency than

DC-FSK and U-FSK. A low-complexity harmonic receiver has been proposed for AC-FSK in [20],

based on frequency-domain cross-correlation computation. In [21], phase-shift keying (PSK) and

DC-FSK are amalgamated, resulting in a hybrid frequency and phase-shift keying approach, and

is referred to as DC-FPSK. The concept of hybrid modulation is to combine linear and orthogonal

modulation properties to increase the spectral efficiency of the initial orthogonal modulation. It is

demonstrated in [21] that DC-FPSK outperforms DC-FSK in terms of energy efficiency and spectral

efficiency trade-off. In [1], DC-FPSK combined with a very low complexity convolutional code at

the transmitter side, and a turbo-decoder (i.e., BCJR algorithm) is adopted at the receiver side,

generating turbo-DC-FPSK. Simulations confirmed that turbo-DC-FPSK outperforms DC-FPSK
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in terms of energy efficiency and spectral efficiency trade-off.

Against the given background, the contributions of this article are as follows:

1. We propose a hybrid frequency and phase-shift keying approach that employs the precept

of AC-FSK, i.e., AC-FPSK. It is demonstrated that the proposed AC-FPSK provides better

energy efficiency for a given spectral efficiency than AC-FSK, DC-FPSK, PAM and asym-

metrically clipped optical (ACO)-OFDM [5]. Additionally, AC-FPSK offers better energy

efficiency as compared to PPM when LED dynamic range limitation is taken into account.

It shall become apparent that AC-FSPK is the most energy-efficient approach among the

considered schemes for low energy/low data rate OWC.

2. We comprehensively elucidate the time-domain (TD) and frequency-domain (FD) AC-FPSK

waveform leading to the development of a near-optimal, low-complexity harmonic receiver for

AC-FPSK.

3. The Euclidean distance analysis between AC-FPSK waveform is realized for upper and lower

bounds derivation of the AC-FPSK theoretical bit error probability.

4. Using numerical simulations, we comprehensively analyze the optimal cardinality of PSK

which provides the best performance for a given frequency shift of AC-FPSK cardinality. This

analysis leads to a numerical study of spectral efficiency versus energy efficiency performance.

BER simulation results are compared with state-of-the-art AC-FSK, DC-FPSK, PAM, ACO-

OFDM and PPM modulation schemes.

The remainder of the article is organized as follows. Section 2 provides the AC-FPSK frame-

work, which includes explaining AC-FPSK signaling, transmitter architecture, spectral efficiency

analysis and Euclidean distance analysis. Section 3 presents three different receiver architectures

for AC-FPSK (optimal, sub-optimal and harmonic receivers), including a discussion on receivers’

complexity. Section 4 provides the upper and lower bounds on theoretical bit error probability

for AC-FPSK. Section 5 provides theoretical and simulation BER results relatively to DC-FPSK,

AC-FSK, PAM and ACO-OFDM. Conclusions are rendered in Section 6.

2. AC-FPSK Framework

In the sequel, we use the notation (M⊥,Mϕ)-AC-FPSK for the proposed modulation technique,

where M⊥ is the number of frequencies, and Mϕ is the number of phases. In this section, we present

the following in the context of (M⊥,Mϕ)-AC-FPSK: (i) IM/DD consistent AC-FPSK signaling

and transmitter design; (ii) mathematical expression of the spectral efficiency of AC-FPSK; and

(iii) mathematical expressions of the squared Euclidean distance between waveform pairs of the

dictionary.

2.1. AC-FPSK Signaling and Transmitter Design

2.1.1. Time-Domain Waveforms

AC-FPSK symbols are derived from 2M -FSK symbols (considering only the odd frequencies)

with M being the dictionary size, and amalgamating them with a phase shift. We consider M⊥
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Figure 1: (M⊥,Mϕ)-AC-FPSK TD waveforms for (M⊥,Mϕ) = (4, 4), with m = 1 and i ∈ {0, 1, 2, 3}.

orthogonal frequencies, and Mϕ Gray coded phase shifts, so that the alphabet size of the AC-

FPSK modulation is M = M⊥ ×Mϕ. The phase shift rotations applied to the complex waveform

are given as zi = exp (jϕi) with ϕi = 2πi/Mϕ, and i ∈ {0, 1, · · · ,Mϕ − 1}. AC-FPSK waveform

can be generated using an inverse discrete Fourier transform (iDFT). For that purpose, we define

a Hermitian symmetric FD vector, Xm,i that corresponds to the m-th activated frequency and

having ϕi as phase shift, where m ∈ {1, 2, · · · ,M⊥}, and i ∈ {0, 1, · · · ,Mϕ − 1}. Considering that

only odd frequencies are used, Xm,i is defined as:

Xm,i = [ 0︸︷︷︸
DC

, 0, · · · , 0, zi, 0, · · · , 0︸ ︷︷ ︸
2M⊥−1

, 0, 0, · · · , 0, zi, 0, · · · , 0︸ ︷︷ ︸
2M⊥−1

]T, (1)

where (·) denotes the complex conjugate. Xm,i is of size Mc × 1, where Mc = 4M⊥. Note that zi

is located at the index 2m − 1 in Xm,i = [X[0], · · · , X[Mc − 1]]
T
, while zi is located at the index

4M⊥−2m+1 to incorporate Hermitian symmetry, which is required to produce a real valued signal

in time-domain. The discrete time-domain bipolar FPSK waveform, sFPSK
m,i , corresponding to Xm,i,

is computed as follows:

sFPSK
m,i =

A

2
F−1

Mc
Xm,i, (2)

where F−1
Mc

is the Mc-order iDFT matrix [10] and A is the amplitude of the FPSK waveform. The

n-th discrete time sample of the m-th activated frequency and i-th activated phase bipolar FPSK
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waveform, sFPSK
m,i [n] is expressed as:

sFPSK
m,i [n] = A cos(2π(2m− 1)∆f(n− 1)Tc + ϕi)

n ∈ {1, 2, · · · ,Mc},
(3)

where Tc is the chip time, and ∆f = 1/Ts is the frequency separation between two adjacent

waveforms with Ts = McTc the symbol period. This frequency separation ensures the orthogonality

between two waveforms, sFPSK
m,i that have distinct values of the index m. The m-th activated

frequency and i-th activated phase bipolar FPSK waveform is expressed in a vectorial form as

sFPSK
m,i =

[
sFPSK
m,i [1], · · · , sFPSK

m,i [Mc]
]T

. Unipolar AC-FPSK waveform is generated by clipping the

negative samples of bipolar FPSK waveform, sFPSK
m,i . The n-th discrete time sample of the m-th

activated frequency and i-th activated phase AC-FPSK waveform, sm,i[n] is expressed as:

sm,i[n] =


sFPSK
m,i [n] sFPSK

m,i [n] ≥ 0

0 sFPSK
m,i [n] < 0

. (4)

In the sequel, M AC-FPSK modulation will be referred to as (M⊥,Mϕ)-AC-FPSK. In order to

allocate a unique waveform index in the (M⊥,Mϕ)-AC-FPSK dictionary, DAC−FPSK, an index k is

introduced, which depends on m and i as:

k = iM⊥ +m, (5)

with m ∈ {1, 2, · · · ,M⊥}, i ∈ {0, 1, · · · ,Mϕ − 1} and k ∈ {1, 2, · · · ,M}, where M = M⊥ ×Mϕ. In

the following, AC-FPSK waveform, sm,i will be denoted as sk, corresponding of the k-th waveform

in DAC−FPSK, and defined in vectorial form as sk = [sm,i[1], · · · , sm,i[Mc]]
T
. AC-FPSK dictionary,

DAC−FPSK is created by interpolating (M⊥,Mϕ)-AC-FPSK waveforms in a look-up table (LUT).

The size of DAC−FPSK isM = M⊥Mϕ and the number of bits per AC-FPSK waveform is b = b⊥+bϕ,

where b⊥ = log2(M⊥), and bϕ = log2(Mϕ). Fig. 1 depicts the TD illustration of the (M⊥,Mϕ)-

AC-FPSK waveforms for (M⊥,Mϕ) = (4, 4), m = 1 and i ∈ {0, 1, 2, 3}. All the waveforms, sk in

DAC−FPSK have the same electrical symbol energy, Es(elec) given as:

Es(elec) = ∥sk∥2 =
A2

4
Ts, (6)

where ∥ · ∥ represents the Euclidean norm.

2.1.2. Frequency-Domain Waveforms

AC-FPSK FD waveforms, Sk, are attained by applying Mc-order DFT on sk as:

Sk = FMc
sk, (7)
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Figure 2: (M⊥,Mϕ)-AC-FPSK FD waveforms for (M⊥,Mϕ) = (4, 4), m = 1 and i ∈ {0, 1, 2, 3}. Real part of
waveform spectrum is in red and Imaginary (Im) part is in blue.

where FMc
is Mc-order DFT matrix [10].

Fig. 2 illustrates real (in red color) and imaginary parts (in blue color) of (M⊥,Mϕ)-AC-

FPSK waveform spectra considering (M⊥,Mϕ) = (4, 4), m = 1 and i ∈ {0, 1, 2, 3}. DC spectral

components are not illustrated; therefore, the FD waveforms show 4M⊥-1 samples. Since AC-FPSK

TD waveforms are real, spectra shown in Fig. 2 depict Hermitian symmetry. Moreover, from Fig. 2,

it can be seen that a limited number of real and imaginary spectral components (i.e., taps) have

significant amplitudes. Irrespective of (M⊥,Mϕ), we have estimated that only four taps (excluding

the DC component), for real and imaginary spectra altogether, contain more than 99% of the AC-

FPSK symbol energy. The result shown in Fig. 2 is in-line with [20], in which a single phase ϕ = 0

is considered, and inverse discrete cosine transform (iDCT) is used to generate AC-FSK waveforms,

leading to waveform spectrum (using DCT) without Hermitian symmetry property. As a result,

only two taps contain 99% of the symbol energy for AC-FSK FD waveforms, while four taps contain

99% of the symbol energy for AC-FPSK FD waveforms.
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Figure 3: Transmitter configuration of (M⊥,Mϕ)-AC-FPSK.

Table 1: Comparison between spectral efficiencies of M AC-FSK, (M⊥,Mϕ)-DC-FPSK and (M⊥,Mϕ)-AC-FPSK.
Here M = M⊥ ×Mϕ with Mϕ = 1 for M AC-FSK.

Modulation Scheme η

M AC-FSK log2(M)
M

(M⊥,Mϕ)-DC-FPSK Mϕ × log2(M)
M

(M⊥,Mϕ)-AC-FPSK Mϕ × log2(M)
2M

2.1.3. AC-FPSK Transmitter Design

Fig. 3 illustrates the transmitter configuration for (M⊥,Mϕ)-AC-FPSK, where the m-th fre-

quency is chosen using b⊥ bits, and the i-th phase shift is chosen considering bϕ bits. {m; i} identifies
the waveform index k (5), to generate sk from a LUT that contains the dictionary DAC−FPSK.

2.2. AC-FPSK Spectral Efficiency

Since (M⊥,Mϕ)-AC-FPSK transmits b = b⊥ + bϕ bits per waveform, bit rate, Rb is Rb = b/Ts.

Moreover, (M⊥,Mϕ)-AC-FPSK occupies bandwidth equal to B ≈ 2M⊥∆f = 2M⊥/Ts (neglecting

the out-of-band harmonics generated by clipping [20]). Consequently, (M⊥,Mϕ)-AC-FPSK spectral

efficiency, η can be expressed as:

η =
Rb

B
=

log2(M⊥Mϕ)

2M⊥
. (8)

Eq. (8) suggests that η increases by increasing the number of phases, Mϕ, while keeping M⊥
constant (as for a linear modulation). On the other hand, η decreases by increasing M⊥, while

keepingMϕ constant (as for an orthogonal modulation). Table 1 summarizes the spectral efficiencies

of the conventional M AC-FSK [20], (M⊥,Mϕ)-DC-FPSK [21], and the proposed (M⊥,Mϕ)-AC-

FPSK for the same modulation order, M = M⊥ × Mϕ. It can be noticed from Table 1 that

the spectral efficiency of (M⊥,Mϕ)-AC-FPSK increases by Mϕ compared to the spectral efficiency

of M AC-FSK due to the use of additional phase shifts. However, it is decreased by a factor

2 due to the use of iDFT for AC-FPSK generation instead of iDCT as in the case of AC-FSK
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waveform generation. It may be noticed that the spectral separation between adjacent frequency

tones is double for iDFT (i.e., ∆f = 1/Ts [21]) relative to DCT (i.e., ∆f = 1/2Ts [19]) to maintain

orthogonality between the (phase-shifted) discrete frequency tones. Table 1 also shows that the

spectral efficiency of (M⊥,Mϕ)-AC-FPSK is half the spectral efficiency of (M⊥,Mϕ)-DC-FPSK for

the same modulation order, due to the use of only odd frequencies to generate AC-FPSK waveforms.

2.3. Euclidean Distance between AC-FPSK Symbols

The squared Euclidean distance, d2k,k′ between any waveform pair {sk; sk′}, k ̸= k′ in AC-FPSK

dictionary can be evaluated as [21]:

d2k,k′ = ∥sk − sk′∥2

= 2Es(elec) − 2⟨sk, sk′⟩.
(9)

To find the minimum squared Euclidean distance, d2min between waveform pairs, {sk; sk′}, we

determine the maximum inner product ⟨sk, sk′⟩max in (9). It is highlighted that the inner product

⟨sk, sk′⟩ between any pair of waveform in DAC−FPSK is not null, because AC-FPSK waveform are

no longer orthogonal to each other due to the clipping process [20]. Therefore, it is viable to define

an upper bound for ⟨sk, sk′⟩, leading to d2min by using (9). Through simulations, it is found that
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the maximum inner product ⟨sk, sk′⟩max, for k ̸= k′, can be approximated as:

⟨sk, sk′⟩max ≈


0.5Es(elec) for Mϕ = 2, 4

2Es(elec) cos
(

2π
Mϕ

)
for Mϕ ≥ 8

. (10)

By incorporating (10) in (9), d2min is expressed as:

d2min ≈


Es(elec) for Mϕ = 2, 4

2Es(elec)

[
1− cos

(
2π
Mϕ

)]
for Mϕ ≥ 8

. (11)

From (11), d2min can be simplified as:

d2min = 2γEs(elec) , (12)
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where γ is the penalty factor on the minimum squared Euclidean distance induced by the loss of

orthogonality (γ = 1 for conventional FSK modulation [19]) and is given as:

γ ≈


0.5 for Mϕ = 2, 4

1− cos
(

2π
Mϕ

)
for Mϕ ≥ 8

. (13)

Fig. 4 depicts simulation results for γ from ⟨sk, sk′⟩max numerical computation and appro-

ximated γ evaluation from (13) for Mϕ ∈ {4, 8, · · · , 128} and M⊥ ∈ {4, 8, · · · , 32}. It can be

observed from Fig. 4 that γ is independent from M⊥, which is in-line with the theoretical ap-

proximation of Eq. (13). Fig. 5 represents a heat-map of the normalized squared Euclidean

distance, d2k,k′/2Es(elec) between sk and sk′ for (4, 4)-AC-FPSK. It can be observed from Fig. 5

that d2min/2Es(elec) = γ = 0.5, which is in-line with (13). Moreover, it can be seen that, for any

AC-FPSK waveform sk, d
2
min/2Es(elec) is reached only with 2 neighboured waveforms, sk′ (i.e., 2

black boxes per column in Fig. 5). It means that, for any AC-FPSK waveform, only 2 neighboured

waveforms are at an Euclidean distance corresponding to the minimum Euclidean distance, dmin.

3. AC-FPSK Receivers

The received waveform, r contaminated by the ambient noise, n is given as:

r = sm,i + n, (14)

where n is an additive white Gaussian noise (AWGN) having a mono-lateral power spectral density

(PSD) ofN0. For clarity of exposition, n and r in vectorial forms are given as n = [n[1], · · · , n[Mc]]
T

and r = [r[1], · · · , r[Mc]]
T
.

3.1. Optimal time-domain ML receiver

The receiver architecture for the optimal TD ML receiver for (M⊥,Mϕ)-AC-FPSK is illustrated

in Fig. 6 (red/black). Since all AC-FPSK waveforms, sk in the dictionary, DAC−FPSK have identical

electrical symbol energy, Es(elec), and considering the equal probability of transmit waveforms, i.e.,

p(sk) = 1/M⊥Mϕ, the optimal TD ML receiver identifies sk in the dictionary, DAC−FPSK by

maximizing the likelihood function, p(r|sk) [21]. Here p(r|sk) is the conditional probability density

function of receiving r when sk is transmitted. Considering an AWGN channel having noise variance

σ2 = NoB, the likelihood function is given as [21]:

p(r|sk) =
(

1

2πσ2

)Mc

exp

(
−∥r − sk∥2

2σ2

)
= Γexp

(
⟨r, sk⟩
σ2

)
,

(15)
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where Γ = (1/2πσ2)Mc exp(−(∥r∥2+ ∥sk∥2)/2σ2), while ∥r−sk∥2 = ∥r∥2+ ∥sk∥2− 2⟨r, sk⟩. Note

that ∥r∥2 and ∥sk∥2 = Es(elec) are constant for any k ∈ {1, 2, · · · ,M⊥Mϕ}. Therefore, the TD

ML receiver identifies the symbol index, k̂ that maximizes the TD cross-correlation between r and

sk ∈ DAC−FPSK as:

k̂ = arg max
k

⟨r, sk⟩, k ∈ {1, 2, · · · ,M⊥Mϕ}. (16)

The Fourier transform ensures the inner product preservation, thanks to the Plancherel-Parseval

theorem (with a real valued result in our case). As a consequence, the symbol index, k̂ can be also

identified through the FD cross-correlation as:

k̂ = argmax
k

{
⟨R,Sk⟩

}
, k ∈ {1, 2, · · · ,M⊥Mϕ}. (17)

where R is the Mc-order DFT of r, and Sk are the AC-FPSK FD waveforms. The computational

complexity of the FD ML receiver increases comparatively to the TD ML receiver, due to the

additional Mc-order DFT operation together with the FD cross-correlations. Since the FD ML

receiver shows a larger complexity than the TD ML receiver, it will not be considered in the

following.

3.2. Sub-optimal (1-tap DFT) Receiver

The sub-optimal (1-tap DFT) receiver structure for (M⊥,Mϕ)-AC-FPSK is illustrated in Fig. 7.

As a first step, Mc-order DFT of r is computed as:

R = FMcr, (18)

where FMc is the Mc-order DFT matrix and R = [R[1], · · · , R[Mc]]
T
. Afterward, the decision is

taken on a single tap per sub-carrier, having maximum amplitude to identify the activated frequency

11
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Figure 7: Sub-optimal 1-tap DFT receiver architecture for (M⊥,Mϕ)-AC-FPSK.

index, m as:

m̂ = arg max
m

{
|R[2m− 1]|

}
, m ∈ {1, 2, · · · ,M}, (19)

where R[2m− 1] represents the Mc-order DFT of r evaluated at the odd frequency index 2m− 1.

Note that frequency index identification is realized only on the first Mc/2 samples of R because of

the Hermitian symmetry. The estimated phase index î, is identified using phase demodulation on

R[2m̂− 1]. Finally, decoding of m̂ and î is operated to define the output bits.

3.3. 2-tap Harmonic receiver

Extending the work of [20], harmonic receiver evaluates the cross-correlation of the FD re-

ceived waveform, R with a limited number, L, of components (i.e., taps) from the AC-FPSK FD

waveforms, with L < Mc. By analyzing the (M⊥,Mϕ)-AC-FPSK FD waveforms (cf. Fig. 2),

we have shown that the waveform spectrum exhibits Hermitian symmetry property and that four

taps contain 99% of the symbol energy. However, since the noise at receiver input is also a real

signal, FD cross-correlation between the received FD waveform and the AC-FPSK FD waveforms

can be computed only over the first Mc/2 chips, without any penalty on signal-to-noise ratio at

the FD correlator output. Fig. 6 in (blue/black) illustrates the harmonic receiver architecture

for (M⊥,Mϕ)-AC-FPSK. In a first step (off-line step to do only once), the two most significant

taps over the first Mc/2 chips of AC-FPSK FD waveforms (leaving aside the DC component) are

selected. The other samples are forced to zero, to build a dictionary of M S
(2)
k waveforms, that are

then interpolated in a LUT. In a second step (on-line step to do at symbol rate), Mc-order DFT is

applied on r to obtain R as in (18). Lastly, the FD cross-correlation is evaluated between R and

S
(2)
k to identify the transmit frequency index, k̂ as:

k̂ = arg max
k

ℜ⟨R,S
(2)
k ⟩, k ∈ {1, 2, · · · ,M⊥Mϕ}. (20)

where ℜ is the real part operator. Here, real part selection is necessary because weak values of

imaginary parts emerge from the FD cross-correlations (20), which is due to the derivation of S
(2)
k

that integrates only the 2 most significant taps of Sk and discards the others.
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3.4. AC-FPSK Receiver Complexity Analysis

It can be noticed that the major contributor in receiver complexity is the number of non-zero

multiplications [22].

3.4.1. TD ML receiver complexity

There are (M = M⊥Mϕ) waveforms in the dictionary, DAC−FPSK and each waveform consists

of Mc = 4M⊥ chips with half of the chips clipped to zero. The optimal TD ML receiver realizes M

TD cross-correlations between the received signal, r and the dictionary waveforms, so it requires

CTDML = 2M2
⊥Mϕ non-zero real multiplications.

3.4.2. 1-tap DFT receiver complexity

We assume that the Fast Fourier transform (FFT) algorithm is used to implement the 1-tap

DFT receiver, therefore, it requires 8M⊥ log2(4M⊥) real multiplications. After FFT computation

and frequency index identification, phase demodulation is performed, which requires additional

4Mϕ real multiplications. As a result, the overall complexity for the 1-tap DFT receiver is C1−tap =

8M⊥ log2(4M⊥) + 4Mϕ.

3.4.3. 2-tap harmonic receiver complexity

The 2-tap harmonic receiver is also based on Mc-order DFT as initial stage, followed by

M = M⊥Mϕ FD cross-correlations. For each FD correlation, 2 complex chips from DFT mul-
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tiply with 2-taps (real or imaginary), which leads to a total of 4M⊥Mϕ multiplications for M⊥Mϕ

FD correlations. As a result, the overall complexity for the 2-tap harmonic receiver is Charm =

8M⊥ log2(4M⊥) + 4M⊥Mϕ.

Fig. 8 presents the complexity variation parameters, β = (1− Charm/CTDML)× 100% and β′ =

(Charm/C1−tap − 1)× 100%, that compute the complexity reduction of the 2-tap harmonic receiver

as compared to the optimal TD ML receiver and the complexity overhead of the 2-tap harmonic

receiver as compared to the 1-tap DFT receiver, respectively, for different M⊥ and Mϕ. From Fig.

8, it can be seen that the complexity of the harmonic receiver is drastically reduced compared to

the TD ML receiver. This complexity reduction is almost 95% for M⊥ = 512 irrespective of Mϕ.

It can also be seen from Fig. 8 that the complexity overhead of the harmonic receiver relatively to

the 1-tap DFT receiver is moderate: not more than 40% complexity overhead for M⊥ = 512 and

Mϕ ≤ 8.

Fig. 9 shows the evolution of the AC-FPSK 2-tap harmonic receiver complexity for different

alphabet cardinalities, M = M⊥Mϕ, as a function of M⊥ and Mϕ. As shown from Fig. 9, for a

given M , the 2-tap harmonic receiver complexity can be reduced by increasing Mϕ. Indeed, by

increasing Mϕ, for a fixed M = M⊥Mϕ, M⊥ is reduced, leading a reduction of the DFT order (and

related FFT order). Since FFT computation has the largest contribution to the harmonic receiver

complexity, increasing Mϕ leads to a decrease in the overall 2-tap harmonic receiver complexity.
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4. Bit Error Probability for AC-FPSK

The theoretical bit error probability expression for ML detection of conventional M FSK in

AWGN channel is well known and demonstrated in [10]. It is a function of the minimum squared

Euclidean distance between FSK waveforms, d2min,FSK which is equal to the distance between any

FSK waveform pairs, due to the orthogonality property.

4.1. Upper bound for Theoretical Bit Error Probability

In Section 2.3, we have approximated the minimum squared Euclidean distance between any

pair of AC-FPSK waveforms, d2min (12). Supposing that the squared Euclidean distance between

any AC-FPSK waveform pair is d2min, an upper bound for the AC-FPSK bit error probability, P ub
e

can be easily obtained by substituting d2min,FSK with d2min found for AC-FPSK (12) in the FSK bit

error probability expression [10], which leads to:

P ub
e =

M

2
√
2π(M − 1)

∫ +∞

−∞

[
1− (1−Q(x))

M−1
]

× exp

(
− 1

2

(
x−

√
2
Es(elec)

N0
γ

)2
)
dx,

(21)

where Q(·) is the Gaussian Q-function [10], M = M⊥ ×Mϕ and Es(elec) = log2(M)Eb(elec), Eb(elec)

being the average energy per bit. Note that, in Eq. (21), the term (1−Q(x))
M−1

is related to the

contribution of the M − 1 neighboured waveforms into the bit error probability. All these M − 1

neighboured waveforms are supposed to be at a squared Euclidean distance d2min. As a consequence,

Eq. (21) is an upper bound for AC-FPSK bit error probability since it has been shown in Fig. 5

that only a limited number of AC-FPSK waveform pairs show a squared Euclidean distance equal

to d2min.

4.2. Lower bound for Theoretical Bit Error Probability

Taking into account that only a limited number, N of AC-FPSK waveform pairs show a squared

Euclidean distance equal to d2min (5), a lower bound for the AC-FPSK theoretical bit error proba-

bility, P lb
e can be derived as:

P lb
e =

M

2
√
2π(M − 1)

∫ +∞

−∞

[
1− (1−Q(x))

N
]

× exp

(
− 1

2

(
x−

√
2
Es(elec)

N0
γ

)2
)
dx,

(22)

where the (1−Q(x))
N

term accounts for the contribution of the N closest AC-FPSK neighboured

waveforms at squared Euclidean distance d2min. This time, all neighboured AC-FPSK waveforms

located at a squared Euclidean distance larger than d2min have been neglected in the bit error

probability evaluation.

15



0 2 4 6 8 10 12

 E
b(elec)

/ N
0
 (dB)

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

B
E

R

TD ML Rx AC-FPSK

2-tap Harm Rx AC-FPSK

1-tap DFT Rx AC-FPSK

Theory ub AC-FPSK

Theory lb AC-FPSK

TD ML Rx DC-FPSK

1-tap DFT Rx DC-FPSK

Figure 10: Simulated BER performance against Eb(elec)/N0 for (M⊥,Mϕ)-AC-FPSK versus (M⊥,Mϕ)-DC-FPSK
in AWGN channel, considering M⊥ = 16,Mϕ = 4. Lower and upper bounds for the AC-FPSK theoretical bit error
probability have been reported in dashed lines.

5. Theoretical and Simulation Results

In this section, we present the theoretical and simulation results for the proposed (M⊥,Mϕ)-

AC-FPSK scheme, and compare the results with the state-of-the-art (M⊥,Mϕ)-DC-FPSK [21], M

AC-FSK [20], M PAM and ACO-OFDM. ACO-OFDM has been considered with low modulation

orders here, since it offers one of the best energy efficiency among O-OFDM modulation schemes [7].

For simulation purpose, a Monte-Carlo Matlab model has been developed integrating the AC-FPSK

transmitter presented in section 2, the different receivers investigated in section 3, and considering

an AWGN channel. Monte Carlo simulation results are averaged over 106 separate runs for BER

averaging. We evaluate the following performance parameters: (i) BER performance comparison in

AWGN channel considering the different receivers for (M⊥,Mϕ)-AC-FPSK; (ii) BER performance

comparison in AWGN channel between (M⊥,Mϕ)-AC-FPSK, (M⊥,Mϕ)-DC-FPSK, M AC-FSK,

M PAM and ACO-OFDM.

5.1. BER performance comparison between receivers for (M⊥,Mϕ)-AC-FPSK versus (M⊥,Mϕ)-
DC-FPSK

Fig. 10 illustrates the simulation results for BER performance against Eb(elec)/N0 (where

Eb(elec) = Es(elec)/ log2(M)) of optimal TD ML receiver, 1-tap DFT receiver and 2-tap harmonic

receiver (Harm Rx) for (M⊥,Mϕ)-AC-FPSK and optimal TD ML receiver and 1-tap DFT receiver

for (M⊥,Mϕ)-DC-FPSK [21], considering an AWGN channel, M⊥ = 16 and Mϕ = 4. Theoretical
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Figure 11: Evaluation of necessary Eb(elec)/N0 to achieve a BER = 10−3 for different Mϕ and M⊥, considering
2-tap harmonic receiver for (M⊥,Mϕ)-AC-FPSK.

upper (21) and lower (22) bounds for the bit error probability have also been reported in Fig. 10,

considering that, for any transmitted waveform, the number of neighboured waveforms at squared

Euclidean distance d2min is N = 2 (see Fig. 5). Fig. 10 shows that the optimal TD ML and the

1-tap DFT receivers for (M⊥,Mϕ)-AC-FPSK have around 2 dB improvement in Eb(elec)/N0 rela-

tively to their counterpart for (M⊥,Mϕ)-DC-FPSK, to reach a BER of 10−4 . It can also be seen

in Fig. 10 that the theoretical lower and upper bounds for the AC-FPSK bit error probability give

a relatively accurate range to estimate the bit error probability. For example, for a target BER

of 10−5, the Eb(elec)/N0 interval between the lower and upper bounds for bit error probability is

of only 1 dB. Furthermore, Fig. 10 reveals that the 2-tap harmonic receiver has exactly the same

BER performance as the optimal TD ML receiver for (M⊥,Mϕ)-AC-FPSK, while the 1-tap DFT

receiver shows degraded performance of about 0.5 dB in Eb(elec)/N0 to reach a BER of 10−4. In

the following sections, we will only consider the 2-tap harmonic receiver for AC-FPSK performance

evaluation, since it shows similar performance as the optimal TD ML receiver but with a drastically

reduced complexity (see section 3.4).

5.2. Evaluation of Optimum Mϕ for Energy Efficiency

Fig. 11 illustrates the required Eb(elec)/N0 for (M⊥,Mϕ)-AC-FPSK to target a BER = 10−3 for

differentM⊥ andMϕ, considering the 2-tap harmonic receiver. From Fig. 11, it can be observed that

the optimum number of phases that minimizes the required Eb(elec)/N0 to reach a BER = 10−3 (i.e.,

which maximises the energy efficiency) is Mϕ = 4 when M⊥ ≤ 32 and is Mϕ = 8 when M⊥ > 32.

However, since the number of phases Mϕ, impacts the AC-FPSK spectral efficiency (see Table 1),
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it is necessary to find out the optimal Mϕ to achieve the best trade-off between energy efficiency

and spectral efficiency. It is the purpose of the next section.

5.3. Spectral Efficiency versus Energy Efficiency Trade-off

Fig. 12 depicts the spectral efficiency, η versus the required Eb(elec)/N0 to achieve a BER = 10−3

for (M⊥,Mϕ)-AC-FPSK, M AC-FSK, (M⊥,Mϕ)-DC-FPSK, M PAM and ACO-OFDM . Note

that different Mϕ and M⊥ are considered for AC-FPSK and DC-FPSK, i.e., Mϕ ∈ {4, 8, 16} and

M⊥ ∈ {4, 8, 16, · · · , 512}. The 2-tap harmonic receiver is used for AC-FPSK and AC-FSK [20] and

the TD ML receiver is used for DC-FPSK [21] and M -PAM [19],[20]. It can be seen from Fig. 12

that, for a target spectral efficiency η = 10−1 bit/s/Hz, (M⊥, 4)-AC-FPSK requires 2 dB lower

Eb(elec)/N0 as compared to (M⊥, 4)-DC-FPSK to reach a BER of 10−3. This is due to the DC offset

added in DC-FPSK waveforms that significantly increases the symbol energy without increasing

the minimum squared Euclidean distance, d2min between the waveforms [19]. Furthermore, it can be

noticed from Fig. 12 that (M⊥, 4)-AC-FPSK and (M⊥, 8)-AC-FPSK have improved performance

over conventional M AC-FSK (from 0.35 to 3 dB energy gain when η goes from 10−1 to 5× 10−1

bit/s/Hz, and about 0.3 dB energy gain for η < 10−1 bit/s/Hz). This is due to the increase of

AC-FPSK spectral efficiency relatively to M AC-FSK (see Table 1) while the minimum squared

Euclidean distance, d2min between AC-FPSK waveforms (11) is not strongly impacted when Mϕ ≤ 8.

However, for Mϕ = 16, (M⊥, 16)-AC-FPSK shows significant degradation in performance relative

to M AC-FSK due to the strong reduction of the minimum squared Euclidean distance between

AC-FPSK waveforms, d2min (cf. Fig. 4) while the spectral efficiency is improved with a limited gain.
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Table 2: Average electrical power and peak electrical power for M PPM and (M⊥,Mϕ)-AC-FPSK (A being the
waveform maximum amplitude) and related PAPR.

Modulation Scheme P(elec) P peak
(elec) PAPR

M PPM A2

M A2 M

(M⊥,Mϕ)-AC-FPSK
A2

4 A2 4

Finally, from Fig. 12, it can be concluded that the optimum number of phases, Mϕ to reach

the best spectral efficiency versus energy efficiency trade-off for AC-FPSK is Mϕ = 4 or Mϕ = 8,

depending on M⊥ (i.e., on the target spectral efficiency). Mϕ = 8 offers a marginal improvement

in terms of spectral efficiency versus energy efficiency trade-off over Mϕ = 4; however it allows

reducing M⊥ by a factor of 2 for a given target M = M⊥ ×Mϕ. Since M⊥ has a more significant

weight in the harmonic receiver complexity than Mϕ (cf. Fig. 9), Mϕ = 8 is a suitable choice to

minimize the receiver complexity and to optimize the spectral efficiency versus energy efficiency

trade-off. Moreover, the performances of the M PAM [10] and ACO-OFDM M -QAM [5] have

also been reported in Fig. 12. The spectral efficiency of the M PAM and ACO-OFDM M -QAM

is increasing with M [23], but the BER performances of M PAM and ACO-OFDM M -QAM are

worse than the proposed (M⊥,Mϕ)-AC-FPSK when targetting high energy efficiency at low spectral

efficiency.

Considering Mϕ = 4 and M = 512, the complexity of the 2-tap harmonic receiver for (M⊥,

4)-AC-FPSK is found to be 83.3% larger than the complexity of the 2-tap harmonic receiver for

M AC-FSK [20], whereas considering Mϕ = 8 and for any M value, the complexity of the 2-tap

harmonic receiver for (M⊥, 8)-AC-FPSK is found to be strictly equal to the complexity of the 2-tap

harmonic receiver for M AC-FSK.

5.4. Comparison of (M⊥, 8)-AC-FPSK with pure orthogonal modulation (M PPM)

In practical environments, large PAPR modulations driving LEDs with limited dynamic range

induce serious performance limitations [24]. Therefore, it is relevant to consider the peak energy

per bit, Epeak
b(elec), to evaluate the BER performance as a function of Epeak

b(elec)/N0 metrics. According

to [19], the peak electrical power, P peak
(elec), and the average electrical power, P(elec), are related as:

P peak
(elec) = λ(elec)P(elec), (23)

where λ(elec) is the modulation PAPR whose values for M PPM and (M⊥,Mϕ)-AC-FPSK are

presented in Table 2. As a result, Epeak
b(elec)/N0 can be evaluated as:

Epeak
b(elec)

N0
= λ(elec)

Eb(elec)

N0
. (24)
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(M⊥, 8)-AC-FPSK versus M PPM in AWGN channel, considering optimal TD ML receiver, M⊥ = {16, 32}.

where Eb(elec) is the average energy per bit. Fig. 13 illustrates the BER performance as a function

of Eb(elec)/N0 (in red) and Epeak
b(elec)/N0 (in blue) for the proposed (M⊥, 8)-AC-FPSK and for pure

orthogonal PPM modulation (i.e., M PPM) using optimal TD ML receiver, for almost similar

spectral efficiencies (η). Large dictionary sizes have been considered for both PPM (M ≥ 16) and

AC-FPSK (M ≥ 128) to target high energy efficiencies. From Fig. 13, it can be seen that M PPM

shows around 1.5 dB better energy efficiency relative to (M⊥, 8)-AC-FPSK at a BER = 10−3 for the

same spectral efficiency due to the perfect orthogonality between M PPM waveforms. However,

considering LED dynamic range limitation with related Epeak
b(elec)/N0 metrics, it is obvious from

Fig. 13 that the BER performance of M PPM is significantly degraded comparatively to the case

when no dynamic range limitation is included (i.e. Eb(elec)/N0 metrics) due to the large PAPR

of PPM (PAPR = M with M ≥ 16, see Table 2). On the other hand, the BER performance of

(M⊥, 8)-AC-FPSK is also degraded but the energy efficiency penalty is lower than for M PPM

due to a smaller PAPR value for (M⊥, 8)-AC-FPSK (PAPR = 4, see Table 2). Interestingly, Fig.

13 also shows that, by increasing modulation order M , M PPM shows degraded energy efficiency

when considering limited dynamic range LED (i.e. considering Epeak
b(elec)/N0 metrics), despite the

gain obtained from the orthogonal nature of the PPM modulation. This is due to the penalty

induced by the PAPR of PPM, which increases linearly with M . On the other hand, since PAPR of

(M⊥, 8)-AC-FPSK is constant for any M , energy efficiency of (M⊥, 8)-AC-FPSK is still improved

by increasing M , even when considering limited dynamic range LED.
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6. Conclusion

In this paper, we have proposed and analyzed (M⊥,Mϕ)-AC-FPSK modulation scheme to ad-

dress energy efficient OWC. It is based on aggregating asymmetrically-clipped FSK signaling with

PSK modulation. Three different AC-FPSK receiver architectures have been proposed: the opti-

mal TD ML receiver, the sub-optimal 1-tap DFT receiver, and the FD 2-tap harmonic receiver.

The theoretical bounds for bit error probability, derived from minimum squared Euclidean distance

analysis, are relatively close to the simulated BER results. Moreover, the 2-tap harmonic receiver

for (M⊥,Mϕ)-AC-FPSK attains similar performance as the TD ML receiver while showing a signif-

icantly reduced receiver complexity. Simulation results also reveal the optimum numbers of phases,

Mϕ = 4 or 8, to obtain the best energy efficiency versus spectral efficiency trade-off compared to

M AC-FSK and (M⊥,Mϕ)-DC-FPSK modulation schemes. Actually, Mϕ = 8 is the best choice to

lower the receiver complexity, reducing M⊥ and then the DFT order for a given modulation size

M = M⊥ × Mϕ. Considering Mϕ = 8, the complexity of harmonic receiver is the same for (M⊥,

8)-AC-FPSK and M AC-FSK, while (M⊥, 8)-AC-FPSK shows improved spectral efficiency versus

energy efficiency trade-off. (M⊥,Mϕ)-AC-FPSK achieves better energy efficiency than usual linear

M PAM modulation and ACO-OFDM. Additionally, (M⊥,Mϕ)-AC-FPSK attains better energy ef-

ficiency as compared to pure orthogonal M PPM modulation when LED dynamic range limitation

is taken into account. The advantages over classical approaches identified at this moment make

(M⊥,Mϕ)-AC-FPSK a good candidate for low-energy and low-data rate OWC.

An extension of this work may include: i) investigating the performance of (M⊥,Mϕ)-AC-FPSK

over a time-dispersive OWC channel, ii) providing experimental results to prove (M⊥,Mϕ)-AC-

FPSK modulation benefits under practical OWC scenario, and iii) investigating a joint modula-

tion/coding approach to improve further the energy efficiency of the proposed modulation technique.
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