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Intrinsic Bayesian Cramér-Rao Bound with an

Application to Covariance Matrix Estimation

Florent Bouchard, Alexandre Renaux, Guillaume Ginolhac, Arnaud Breloy

Abstract

This paper presents a new performance bound for estimation problems where the parameter to
estimate lies in a Riemannian manifold (a smooth manifold endowed with a Riemannian metric) and
follows a given prior distribution. In this setup, the chosen Riemannian metric induces a geometry for
the parameter manifold, as well as an intrinsic notion of the estimation error measure. Performance
bounds for such error measure were previously obtained in the non-Bayesian case (when the unknown
parameter is assumed to deterministic), and referred to as intrinsic Cramér-Rao bound. The presented
result then appears either as: a) an extension of the intrinsic Cramér-Rao bound to the Bayesian estimation
framework; b) a generalization of the Van-Trees inequality (Bayesian Cramér-Rao bound) that accounts
for the aforementioned geometric structures. In a second part, we leverage this formalism to study
the problem of covariance matrix estimation when the data follow a Gaussian distribution, and whose
covariance matrix is drawn from an inverse Wishart distribution. Performance bounds for this problem
are obtained for both the mean squared error (Euclidean metric) and the natural Riemannian distance
for Hermitian positive definite matrices (affine invariant metric). Numerical simulation illustrate that
assessing the error with the affine invariant metric is revealing of interesting properties of the maximum
a posteriori and minimum mean square error estimator, which are not observed when using the Euclidean

metric.

Index Terms

Cramér-Rao bound, Riemannian geometry, Bayesian estimation, covariance matrix estimation

I. INTRODUCTION

Performance bounds are fundamental quantities that allow to characterize the optimal accuracy (gener-

ally assessed in terms of mean squared error) that can be achieved for a fixed setup of a given estimation
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problem. Such bounds provide useful tools that can be used to evaluate the validity of estimation
procedures, or to design systems so that a certain level of accuracy is actually achievable in practice. When
the unknown parameter to be estimated is assumed to be deterministic, the most famous of these is the
Cramér-Rao bound [1]], [2], and many works addressed its generalization and refinements, e.g., to predict
so-called threshold phenomena (sometimes observed at low sample support and/or low SNR when the
observation model is non-linear) in estimation performance [3]-[7]. In Bayesian estimation, the unknown
parameter is rather assumed to follow a known distribution, that reflects some prior knowledge. A well-
known performance bound for this context is provided by the Van Trees inequality [8]], also referred to
as the Bayesian Cramér-Rao bound. As for the deterministic case, many variations, generalizations, and
refinements were proposed in the literature [5], [9]-[11].

In practice, the parameter to be estimated can often satisfy a set of constraints dictated by the model
assumptions (e.g., a fixed normalization). If these constraints can be expressed in a system of equations,
the so-called constrained Cramér-Rao bound [12]-[15] generalize the standard (i.e. non-Bayesian) Cramér-
Rao bound to account for this inherent structure. It was further studied in [[16]-[18]] (e.g., to account for
estimation bias), and extended to other classes of bounds in [19], [20]. The extension to the Bayesian
context was less studied in the literature. On can cite [21]] which deals with discrete-time nonlinear
filtering, or [22] where random constraints were addressed. Unfortunately, in many cases, the set of
constraints cannot easily be expressed in a system of equations, but actually yields a smooth manifold (e.g.,
linear subspaces, and covariance matrices). It becomes then possible to leverage tools from Riemannian
geometry, which offers several advantages to derive new performance bounds [23]-[35]]. Notably, this
paper will focus on the formalism of intrinsic (non-Bayesian) Cramér-Rao bounds proposed in [24]
(see also introductions in [26]], [29], [35]]). This work proposed a generalization of the (non-Bayesian)
Cramér-Rao inequality that is obtained when the error vector is defined from the Riemannian logarithm.
Depending on the choice of the Riemannian metric, this results allows for bounding a geometric distance
rather than the usual mean squared error. As expected, the intrinsic Cramér-Rao bound coincides with
the standard Cramér-Rao bound in the Euclidean case (i.e., the parameter lies in R% endowed with the
Euclidean metric). However, in the non-Euclidean geometry, it can reveal unexpected properties that are
inherent to the estimation problem and its geometry (intrinsic bias, effect of the curvature of the manifold,
etc.). These properties can provide a better assessment of the estimation performance actually experienced
in practice, which motivates further development of this framework.

In this work, we propose to extend some of the results of [24] to a Bayesian estimation context. The
contributions of this paper are the following:

e We derive a general intrinsic counterpart of the Bayesian Cramér-Rao bound, i.e., a performance
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bound for estimation problems where the parameter to estimate lies in a Riemannian manifold (with
any arbitrary chosen Riemannian metric) and follows an assumed prior distribution. To the best of our
knowledge, few works addressed this topic: [36] derived a scalar inequality based on the Bayesian
Cramér—-Rao bound for smooth loss functions on manifolds, and [37] considered re-obtaining the
Bayesian Cramér-Rao bound from the information theory perspective [38] i.e. the Riemannian
geometry of the parameter space induced by metrics related to the statistical model (notably, the
Fisher information metric is derived from the Hessian of the Kullback-Leibler divergence). Closer to
the formalism considered in this paper (i.e., defining the error vector from the Riemannian logarithm),
intrinsic Cramér-Rao bounds [30], variants [39]], and intrinsic Bayesian Cramér-Rao bounds [33]],
[40] were proposed for parameter that belong to Lie groups (smooth manifolds with an additional
group structure).

e We study the problem of covariance matrix estimation when the data is sampled from a Gaussian
distribution, and whose covariance matrix is drawn from an inverse Wishart distribution [41]. The
inverse Wishart distribution being the conjugate prior of the multivariate Gaussian distribution, it has
been leveraged in numerous references from the statistics [41]-[44]] and signal processing [45]-[52]
literature. Thanks to the obtained intrinsic Bayesian Cramér-Rao bound, performance bounds for this
problem are obtained for both the mean squared error (Euclidean metric) and the natural Riemannian
distance for Hermitian positive definite matrices (affine invariant metric). Both results are new to the
best of our knowledge. As in [24], the study of a proper geometry for the parameter space brings
an interesting perspective to this problem. In the deterministic case, it was shown that the maximum
likelihood estimator is biased and not efficient when investigating the affine invariant metric, while
being apparently unbiased and efficient when evaluating error with the Euclidean metric. Conversely
in the Bayesian case, we observe that the maximum a posteriori and the minimum mean square
error estimators are asymptotically efficient in the intrinsic case, while these appear not to be in the

Euclidean one.

The rest of the article is organized as follows: Section [lI| contains the background related to Bayesian
and intrinsic Cramér-Rao bounds, as well as necessary elements of Riemannian geometry. Section [I1]
presents the derivation of the intrinsic Bayesian Cramér-Rao bound. Section [IV|is dedicated to the analysis
of intrinsic Bayesian Cramér-Rao bounds for the aforementioned covariance matrix estimation problem.
Finally, section [V|shows simulations in which the obtained results allows to exhibit interesting properties
of the Bayesian estimators.

Notations: Italic type indicates a scalar quantity, lower case boldface indicates a vector quantity, and
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upper case boldface a matrix. The transpose conjugate operator is / and the conjugate one is *. Tr(-) and
| - | are respectively the trace and the determinant operators. 7—[; * is the manifold of symmetric positive
definite (SPD) matrices of size p X p. The notation A > B means that A — B is positive definite. A

complex-valued random Gaussian vector of mean v and covariance matrix X is denoted x ~ CN (v, X).

II. BAYESIAN AND INTRINSIC CRAMER-RAO LOWER BOUNDS

In this background section, we first recall the classical inequalities allowing to obtain the Cramér-Rao
lower bound and its Bayesian counterpart. We then present elements of Riemaniann geometry and the
corresponding intrinsic Cramér-Rao lower bound, which is a generalization of the Cramér-Rao inequality

obtained for a parameter lying in a Riemannian manifold [24].

A. Bayesian Cramér-Rao lower bound (Van Trees inequality)

Let y € CP be an observation vector depending on an unknown parameter Vecto 6 < R? through its
likelihood function denoted f(y|€). When the unknown parameter vector 6 is assumed to be deterministic,

the Cramér-Rao lower bound [1], [2] states that any unbiased estimator 0 satisfies
Ey6l(0 —0)(6—6)"] = Fy'', (0
where

dlog f(y|@) dlog f(y|0)
00 007

Fo = Eyg 2

is the Fisher information matrix (assumed to exists and to be non-singular throughout this paper). This
inequality can be reinterpreted in terms of Euclidean distance between the estimator and the parameter,
as

E,p[d%(6.0)] > Tr(Fy ), 3)

where dz(0,0) = |6 — 0| is the standard Euclidean distance.
In a Bayesian setting, the parameter vector is assumed to follow a prior distribution denoted fprior(0)
and the joint distribution of the couple {y, 8} is denoted f(y,0) = f(y|0) forior(@). The score function

is defined as

_ 0Olog f(y,0)

s(y,0) = 20 “4)

"Notice that if the parameter vector has several complex-valued entries, it is always possible to split their estimation problem
in terms of real and imaginary parts, so we can assume without loss of generality that € is a real vector (with properly adjusted

dimension d).
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and the corresponding Bayesian Fisher information matrix is defined as
Fy =Eyg [s(y. 0)s(v.0)"]. 5)
Since the joint log-likelihood can be expressed log f(y,0) = log f(y|€) + log fuior(@), wWe can split
the score function (@) into two components. This results in a decomposition of the Bayesian Fisher
information matrix as
Fs = Eg [Fo] + Fpior, (6)

where

0 IOg fprior(e) 0 log fprior(a)
00 00T

From these definitions, a Bayesian counterpart of the Cramér-Rao lower bound, referred to as the Van

Fprior = EO (7)

Trees inequality [8]], [9]], is stated in the following theorem.

Theorem 1 (Van Trees inequality [8[], [9]). Let 0 be an estimator of 8, and 0; (resp. éz ) denote the i*"
element of 0 (resp. 6). From [10], if f(y,0) is absolutely continuous with respect to 0 a.e.'y, if Fg in

exists and is non-singular, and if the assumption

eilgioo 0:f(y,0) =0 (8)

holds for all element i € [1,d] and for any (a.e.) y € CP, then

~

Eyol(6 - 0)(0—0)"] = Ky, ©)
which translates in expected Euclidean distance as

Ey.oldr(6,0)%] = Tr ((Eo [Fp] + Fyio) ") (10)

B. Intrinsic Cramér-Rao bound

Intrinsic Cramér-Rao lower bound refers to the seminal work of [24]], that derived a generalization
of the Cramér-Rao inequality (I) in the case where @ is assumed to be deterministic and to lie in a
Riemannian manifold. To introduce this result, we first present some notations and tools of Riemannian
geometry. The inequality of [24] then lies in a careful transposition of the notion of estimation error
vector to this context. For more detailed coverage of differential geometry, one can refer to the standard
textbooks on the topic [S3]—[55]]. The notations in this article are mostly inspired from the books [56],
[57]], which provide very good (optimization-oriented) entry points to smooth manifolds and Riemannian
geometry. Lastly, a more detailed introduction to information geometry and intrinsic Cramér-Rao bound

is proposed in [35].
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Inner product on Ty M (yYg : TgM X TgM

Norm of Xg € TgM | Xe f) = (Xp,X0)o

0:.Yo)o

— \ X,
Angle o between Xg, Yy € Tog M a(Xg, Ye arccos Tttt —
g 0, Yo 0 (Xeo,Yo) XololYollo

M

Fig. 1: A visual representation of a smooth manifold M, its tangent space TpM at point 8, and two
tangent vectors Xy and Yp. The metric (-, -)g is an an inner product on Ty M and it induces the notion

of length and angle.

1) Riemannian geometry: A smooth manifold M is a space that is locally diffeomorphic to a vector
space and that possesses a differential structure. Hence, each point @ € M admits a tangent space Ty M.
Tangent vectors in Tg M generalize directional derivatives at @ on M. To turn M into a Riemannian
manifold, it needs to be equipped with a Riemannian metric (-, -)., which defines smoothly varying inner
products on tangent spaces. It is important to notice that the definition of the metric is a choice, that will
induce — along with the geometrical constraints — a corresponding geometry for the manifold M. Figure
[T) illustrates the aforementioned spaces and objects.

a) Second-order differentiation on a Riemannian manifold: Vector fields are functions associating
one tangent vector to each point on M. The directional derivatives of vector fields (i.e., the general-
ization of the standard directional derivatives) is defined through the Levi-Civita connection V... Such
generalization is indeed needed because the tangent space changes when one moves from one point to
another on a manifold. Hence, the Levi-Civita connection provides a way of differentiating that properly
reflects the structure of the manifold — i.e., the effect of the geometrical constraints and chosen metric —
as illustrated in Figure 2] In practice, the Levi-Civita connection is obtained thanks to the Koszul formula:

given vector fields Xy, Yy and Zg at 0 € M, it is

2(Vy, Xg, Zg)o = D(Ye, Zg)o[Xo] + D(Xo, Zo)o[Yo] — D(Xo, Yo)o[Zo]
+(Zo, [ X0, Yo|)o + (Yo, [Zg, Xo])o — (Xo,[Yo. Zo))o.

where D -[] denotes the directional derivative and [, -] the Lie bracket.
b) Riemannian curvature: The Levi-Civita connection allows to define the corresponding Rieman-

nian curvature tensor, which is

R(Xe,Y9)Zo =Vx,Vy,Zo — Vy,Vx,Zo— V(x,.Y:)Z6- (1
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Fig. 2: Illustration of directional derivative D Yy[Xy] (left) and Levi-Civita connection Vy, Xy (right)
of a vector field Yy in the direction Xy at 0. As the directional derivative, an Levi-Civita connection
describes how the vector field Yy evolves in a given direction Xy. In addition, the affine connection

takes into account the structure of the manifold (curvature, and non-constant metric).

It measures how second-order differentiation fails to commute on the Riemannian manifold M. Indeed,
it is the difference between Vx,Vy, - —Vy,Vx,  and V|x, y,"- As for the Levi-Civita connection, it
reflects the effects of both the geometrical constraints and the (non-constant) Riemannian metric.

¢) Geodesics and Riemannian distance: The Levi-Civita connection also yields geodesics on M,
which generalize the concept of straight lines. The geodesic v : [0,1] — M such that (0) = 6 and

4(0) = Xg is defined through the differential equation
Vi () =0, (12)

and are illustrated in Figure [3| From there, one can define the Riemannian exponential mapping. At 6,
it is the mapping expg : TgM — M such that, for all Xg € Ty M, expg(Xg) = v(1). Its inverse, the
Riemannian logarithm is, at @ € M, the mapping logg : M — Tp.M such that, for § € M, logg(8) = Xg
where expy(Xyg) = 6. The Riemannian exponential and logarithm mappings are illustrated in Figure
The manifold M is said to be complete if for all § € M the Riemannian exponential is well defined on
the entire tangent space Tp M. Otherwise we can restrict this operator to be defined at each point only
for tangent vectors whose norm are lower than the so-called injectivity radius (largest radius for which
the exponential map at 6 is a diffeomorphism). In any case, the Riemannian logarithm log, might not be
uniquely defined (e.g., multiple windings for great-circle geodesics on the sphere). In some cases, one
can obtain a unique definition for this operator by choosing the tangent vector of shortest length. In this
study, we assume that exp, and log, are well defined on the manifold. As explained in [24], this can be
extended to the case of conjugate points for which expy is singular because such points have measure

zero. Finally, the Riemannian distance dg : M x M — R is
1
an(0.0) = [ \/B0.50) ot (13)
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Fig. 3: Illustration of geodesics (left), Riemannian exponential and logarithm mappings (right). The

Riemannian distance dp(0, é) is the length of the geodesic joining 0 and 6.

where  is the geodesic on M such that 4(0) = 6 and v(1) = 6.

2) From Riemannian geometry to performance bound: We consider the problem of estimating a
parameter € in a manifold M from some data y in CP. In the considered setting, the data at hand
are drawn from a distribution with probability density function f(y|@). As for the classical Euclidean
case, one wishes to establish a lower performance bound for the estimation problem. This is achieved
by the so-called intrinsic Cramér-Rao lower bound [24], [29].

a) Estimation error: First, one needs to re-define the estimation error of an unbiased estimator
6 € M of the true parameter 8 € M. Indeed, the notion of subtraction “@ — 0” from the Euclidean
case described in Section [[I] is not defined intrinsically on M. A proper definition of the error that is in
accordance with the manifold M and the geometry induced by the chosen Riemannian metric (-, -). is
provided by the Riemannian logarithm: an element of the tangent space Ty M of @ that “points towards”
6, and whose norm corresponds to the Riemannian distance dr(6, é) (cf. Section and Section m
and Figure [3). Furthermore, it will be helpful to handle this object using a system of coordinates [30].
To do so, let {Qi}?zl be an orthonormal basis of Tyg.M, where d is the dimension of M. In practice,
such a basis can be obtained either analytically from mathematical calculations or numerically, thanks to

the Gram-Schmidt orthonormalization process. This basis yields the decomposition

d

logg(0) = > (£6)if2. (14)

=1

The vector €g = [(gg)i]%; € R? is the coordinates error vector, which is obtained as

(€0)i = (logg(H), i)e. (15)

The covariance matrix of this error measure is Cy = E, [sgsg]. Further note that the squared norm of
this vector €9 — which is the trace of Cy — corresponds to the squared Riemannian distance between 6
and é, ie.,

d%(6,8) = (logg(0),logg(8))e = |l€al|3 = Tr(Ch). (16)
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b) Fisher information matrix: To obtain an inequality such as (I}, we need to redefine the Fisher

information matrix as follows: it is the matrix Fy € R%*?¢ whose i7" element is

(Fo)ij = (4, Q2;)p™, (17)

where (-, -)g™ is the Fisher information metric. As explained in [24], this metric is defined, for all 8 € M,

Xg,Yy € Ty M as

(Xo,Yo)p™ = Ey[Dglog f(y|6)[Xe] - Dglog f(y|0)[Ys]] = —Ey[Dg log f(y|0)[Xe, Ye]], (18)

where D2 [, ] is the second order directional derivativef}

Remark 1. Notice that we consider a geometry and notion of estimation error induced by any chosen

metric (-,-).. In particular, the geometry induced by the Fisher information metric (-,-Y*™ is referred

to as the Fisher-Rao information geometry (of the considered statistical model) [35]]. Interestingly, the
choice {-,-). = (-, "™ always yields Fg = I, which underlines the inherent match between the Fisher
information metric with the estimation problem. However, the Fisher-Rao information geometry might
not always be tractable, or might not always be of interest for measuring the estimation performance in

some contexts. Hence, being able to rely on any arbitrary metric (-,-). is a key point in this work.

¢) Intrinsic Cramér-Rao lower bound: The Fisher information matrix Fyg can be leveraged to define
a performance lower bound on the covariance Cy of the coordinates error vector &g, it yields the inequality

stated in Theorem

Theorem 2 (intrinsic Cramér-Rao lower bound [24]). Let 0 be an unbiased estimator of 0 in M. The

intrinsic Cramér-Rao lower bound of the covariance Cy = Ey[egel] of the error vector defined in (13) is
IR D _
Co = Fy ' — 2 (Fg 'Rn(Fo) + R (Fo)Fy ), (19)

where the Fisher matrix Fg is defined in and R, is a curvature related term such that, for i,j €
{1,...,d},

(Rin(Co))ij = Ey[(R(logg(8), )R, 10g(8))s)- (20)
Taking the trace of this inequality further yields

o 1
Ey[d7(0,0)] > Te(Fy ' — S (Fy 'Run(Fo) + Rin(Fo) Fy 1)). @1

*When differentiating functions with several variables such as f(y|@), we indicate the variable that is differentiated with a

subscript, i.e., Dg log f(y|@)[] is the directional derivative of log f(y|@) with respect to the variable 6.
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Remark 2 (From intrinsic (Riemannian) to Euclidean Cramér-Rao bound). If we consider the manifold
M as the Euclidean space R? equipped with the Euclidean metric, then the Cramér-Rao inequality
from Theorem 2| is equal to (1). Indeed, in this case, the logarithm mapping is simply logg(é) —6-0,
hence the error vector is eg = O — 6. The Fisher information matrix is then reduced to definition (2)).

Finally, R? is flat and the curvature tensor (I1)) is equal to zero.

III. INTRINSIC BAYESIAN CRAMER-RAO BOUND

In this section, an intrinsic Bayesian Cramér-Rao lower bound is proposed. More specifically, an
intrinsic derivation of the Van-Trees inequality is presented. It consists in the generalization of Theorem [I]
for an error vector defined from objects on a manifold M as in Section This section is divided
in two subsections. Section contains the required assumptions. Section presents the intrinsic

Bayesian Cramér-Rao lower bound along with its proof.

A. Hypotheses

To derive the intrinsic Bayesian Cramér-Rao bound stated in Theorem (3| we first need several assump-
tions on the model. These ensure that the computed derivatives, expectations, and matrix inversions
are indeed well defined. These assumptions are provided below, along with some explanations and

interpretations.
Assumption 1. f(y, 0) is absolutely continuous with respect to 6 for anyy.

Assumptions [I]simply state a standard regularity condition that is used when studying Bayesian bounds (cf.

(10D).

Assumption 2. The parameterization of chosen orthonormal bases {Qi}?zl of tangent spaces TgM is

smooth with respect to 6.

Assumption [2] is simply technical and usually satisfied: bases are in practice constructed with canonical

elements and smooth functions of @ to ensure orthonormality with respect to the chosen metric (-, )..
Assumption 3. The manifold M is measurable, and the function u(-) defines a measure for this space.

Assumption [3| allows to define the expectation over 6 as

Eglg(6)] = /9 5O fn(8)utd0) 22)

Notice that, in the general case, the notion of integration over a manifold is not trivial, and conditions

the design of fior, that needs to integrate to one over M. In this setup, even computing the normalizing
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constant is often challenging. Examples of such distributions include Wishart-based priors (cf. Section
, distributions on orthonormal frames and subspaces (cf. [58|]] and references therein), Riemannian

Gaussian distribution [59], and concentrated Gaussian distributions on Lie groups [39].

Assumption 4. Fy defined for each element by (Fg); j = Ey 9[Dglog f(y,0)[£2;] - Dglog f(y, 0)[£2;]]

exists and is non-singular.

As for assumption [I] assumption [4] states a standard regularity condition that is used when studying

Bayesian bounds (cf. [10]).

Assumption 5. For all i,j € {1,...,d}, the relationship

| [ (Ve (7(3-6)102 ). 2)odyutde) =0 ©3)
is satisfied.

Assumption [5] also appears as rather technical, but is related to assumption in the usual derivation of

the Bayesian Cramér-Rao bound. Indeed a proof strategy of Theorem [I] involves an integration by parts,

06 -0)f(y.0) , o _
/R d / p g dyde =0 (24)

before concludin Assumption |5|is the Riemannian counterpart of (24)), i.e., it states the same condition

requiring to state

when using the formalism of intrinsic Cramér-Rao bound detailed in Section Further notice that in
the case where M is a unimodular Lie group [39], an equivalent condition to Assumption [3] is required

and always satisfied — see Equation (11) in [39].

B. Main theorem

We are now able to provide our main result, i.e., an intrinsic derivation of the Van Trees inequality,
in Theorem (3| As for the usual intrinsic Cramér-Rao bound, it extends the (Euclidean) Bayesian bound

from Theorem [1] to the context of a Riemannian manifold M.

Theorem 3 (Intrinsic Bayesian Cramér-Rao lower bound). Let 0 be an estimator of a parameter 8 € M
constructed from y € CP, with'y ~ f(y|0) and 0 ~ fuio:(0). Under assumptions the covariance

matrix of the error C = Eyﬂ[sgsg] satisfies the following inequality

1
C+ 3 (Fy ' R(C) + Rp(C)Fy ) = Fy (25)

3In [10], the authors used assumption only since their work is conducted for a special case of a parameter vector lying

on R
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in which the Bayesian Fisher matrix Fy is defined with
(F3)ij = Ey 0[Dolog f(y, 0)[%] - Do log f(y, 0)[€2;] = Ey o[ Dglog f(y,0)[; Q;]],  (26)
and where the curvature-related term Ry, defined from C as
(Rim(C))ij = Ey 6[(R(logg(8), )€, logg(8))e]. 27)
Proof. As in the Euclidean case, we start by defining the score sg € R?, whose i element is defined as
(sg)i = Dglog f(y, 0)[2]. (28)

We also define the Fisher matrix as Fy = Ey g[sgs}] — also defined in (26). As for the Euclidean

derivation of the Bayesian bound, we set
Vg = €9 — FB_ISQ, (29)
where &g is the coordinates error vector defined in (I3). By definition, we have Eyyg[vgvg;] > 0. Hence,
Eyolvevg] = C + Fy ' — F3 'Ey o[secy] — Eyoleaspy|Fy * = 0, (30)

where C = Eyﬂ[é‘gé‘g]. As in the Euclidean case, the key issue is the computation of Ey,g[sépeg’] (or

equivalently Ey g[egsh]). Let A = Ey g[egs}]. Each element (i,5) € {1,...,d}? is defined as
A= [ [ {1089(6). 20 Datox 1y 0)8 11y 0)dy(ab). 61
Since
Dolog (3.0)18] = 7= Do /(3.0)[]. ()

we get
Aij = [ Jer(loge(8),9:)0 Do f(y,0)[;]dys(d0)
= f_/\/l f([jp <D9 f(y7 9)[9]] loge(é); Qz>9dy,u(d0)

Since the Levi-Civita connection satisfies Leibniz rule, we have

(33)

(Va,(f(y,0)logg(8)), )e = (Do f(y,0)[]logg(0), i)o + (f(y,0)Va, logg(0), )e.  (34)

From there, we obtain

A= [ [ (Ve (1. 0)1080(0). R)odyutan) ~ | [ (1(y.0)Va, 1029(0). 2odystao)
(35
Assumption [3] further yields

A= / / (f(y,0)Ve, log(), ) odyu(d0) = Ey o[(— Ve, logg(8), 2)al.  (36)
M P
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From there, the end of the proof is very similar to the ones of the (non-Bayesian) intrinsic Cramér-Rao

bound that can be found in [24f], [27]. From Equations (38) and (39) in [24], we have

. 1 R R .
(=Va, logg(0), i)e = (2, 2j)e — 5 (R(loge(6), €2;)€2;, logg())e + O(| logg(0)]°). (37

Recall that {Qi},d:l is an orthonormal basis of Ty M (i.e., (£2;,Q;)¢ = 0;;) and let the operator R,
defined as in (27). From combining and and by neglecting the higher order terms O(|| logg (8)||?,

one gets
A=TEygleasp] = I, éRm(C). (38)
Injecting this in (30), one obtains
C-F '+ %(FB_lRm(C) + Rp(C)FY) = 0. (39)
which concludes the proof. O

Notice that Theorem [3| provides an inequality relating the covariance matrix of the error and the Bayesian
Fisher information matrix, as in the classical case of Theorem E} However, as for the (non-Bayesian)
intrinsic Cramer-Rao bound, the result is obtained according to a chosen error metric, which brings some
notable differences regarding the definition of these objects, and the involvement of curvature-related
terms within the inequality. Still, Theorem [3] does not provide a practical way for bounding the expected
estimation error because of the terms in R,,(C). For small errors, the inequality can be simplified to a

tractable expression in the following corollary.

Corollary 1 (First approximation of intrinsic Bayesian Cramér-Rao lower bound). For sufficiently small

errors, the inequality in Theorem 3| can be simplified to
_ 1, _ AN e _
Cr-Fy t- g(FB 1Rm(FB D+ Ry (Fy 1)FB D+ O(Amax (Fy H?) (40)

where Amax(Fy V) is the largest eigenvalue of Fy ', and where the linear operator R,,(M) is defined
for any matrix M € C™? [60] as
(R (M))ij = > (R(Qk, )y, )oMy. 1)
k,l
Proof. Let the operator A be defined as

A(C) = 5 (Fy " R(C) + R (C)Fy ). “2)

and Td denotes the identity operator. The result in Theorem [3| then reads (Id +A)(C) = F *. For small
expected errors (referred to as large signal to noise ratio in [24]), F5 ! is negligible compared to I, so

the operator A can be assumed to be a small perturbation of Id. Thus, Id +A is positive definite and its
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inverse has the first order Taylor expansion (Id +A)~! =Id —A + A% — ... Applying this approximated
inverse operator to both sides of the inequality yields the desired result. The term in O(Apax(F5 ')?)

corresponds to A? (that is a linear operator involving an order two of FB_l) applied to Fy Vitself. O

As presented in Theorem [2] neglecting the curvature terms and taking the trace of the inequality is
usually valid in practice. Notice that neglecting the curvature terms still yields a different result than the
standard Cramér-Rao bound because the error is here defined according to any chosen metric. Hence we

can obtain performance bounds for different Riemannian distances (rather than the mean squared error).

Corollary 2 (Second Approximation of intrinsic Bayesian Cramér-Rao lower bound). Neglecting curva-

ture terms in ([40), the expected estimation error is bounded as
Ey 0[d7(,0)] > Tr((Eg[Fo] + Fprior) "), (43)
where Fg is defined in and Fo; is defined as
(Fprior)i.j = Eo[D10g forior(0)[Q2i] - D10 firior (0)[€25]] = Eo[— D?10g forior(0) [, ;1] (44)

Proof. We start by removing the curvature terms in Theorem 3| which reads C = Fy ! Next, we take

the trace of this inequality which yields
Ey 0[d7(9,0)] > Tx(Fy ). (45)

As for the Euclidean Bayesian case (cf. Equation (6)), since the joint log-likelihood can be expressed as
log f(y,0) = log f(y]€) + log forior(@), one can decompose the Bayesian Fisher information matrix as
Fy = Eg[Fp| + Fprior, Which concludes the proof. ]

IV. INTRINSIC BAYESIAN CRAMER-RAO BOUNDS FOR COVARIANCE MATRIX ESTIMATION

We consider the fundamental problem of covariance matrix estimation when the data is assumed to
follow a centered Gaussian distribution. In the corresponding Bayesian setup, using the conjugate prior
consists in assuming that the underlying covariance matrix is drawn from an inverse Wishart distribution.
Though this prior distribution has been extensively used in practical estimation problems [41]]—[52f], there
is, to the best of our knowledge, no derivation of a Bayesian performance bound for estimation in this
setup (even in the classical framework of Section [I). Following from Corollary [2] we obtain these bounds
for two performance metrics: the Euclidean one (that yields to a standard performance bound on the mean
squared error), and the affine invariant metric for Hermitian positive definite matrices (that yields a bound
on the a distance more naturally suited to the space of covariance matrices). Hence, the two proposed

Theorems extend the results of [24] on covariance matrix estimation to a Bayesian context.

September 10, 2024 DRAFT



A. Data model and MAP (Maximum A Posteriori) and MMSE (Minimum Mean Square Error) estimators

We first present the data model, as well as the associated maximum a posteriori and minimum mean
square error estimators: the sample set {y}}_; € C? is assumed to be i.i.d. and drawn from a Complex
Gaussian distribution, denoted y ~ CN (0, X), with (unknown) covariance matrix. This covariance matrix

belongs to the manifold of Hermitian positive definite matrices, i.e., 3 € H; +, where
Hit=[ZeH,: VxeC\{0}, x"=x>0], (46)

and where H, denotes the set of p X p Hermitian matrices. The log-likelihood for this sample set is

expressed as:

log f({yx}h=1|%) o —nlog |B] = > Tr(S'yryf)). (47)
k=1

Moreover we assume that the covariance matrix is drawn from an inverse Wishart distribution, denoted
Y ~ IW((v — p)Xo,v), with center Xy and v degrees of freedom (both known). Notice that the
choice of scaling in this definition is set so that we have a consistent mean Ex[3] = ¥ for any value
of v < p + 1. The corresponding probability density function with respect to the Lebesgue measure

(u(dX) = dX) restricted to H*:
log fw (E[Zo, ) o< (v + p) log |B] = Tr((v — p) S~ Zo). (48)

The choice of this conjugate prior of the Gaussian distribution to model prior knowledge about the
covariance matrix has been leveraged in numerous workﬂ [41[]-[52]. Given those assumptions, the

maximum a posteriori (MAP) estimator of 3 is defined as

Suap—zw = argmaxy,  f({yr}r_i|) fon ([0, v). (49)

The log of the posterior distribution is

log fp o< —(v+p+n)log|B| — (v —p) (B 80) — Y Te(S 'yryf), (50)
k=1

from which is is easy to obtain a closed form expression for the MAP estimator:

1

Saiap oy =
MAP—-IW V+n+p

(v =p)Zo+ Y yryh). (51)
k=1

* A notable mention is [47] that derives Cramér-Rao bounds for the different problem of estimating the deterministic parameter
3 from heterogeneous samples yi ~ CN(0, X) with X ~ X ~ ZW((v — p)Xo, v). The considered Bayesian scenario of
estimating the random parameter 3 with prior information about its distribution is more classical, and used in most of the other

mentioned references. For this setup, performance bounds were, to the best of our knowledge, not investigated.
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The MMSE estimator is given by the posterior mean:

By = [ BEHyb)is. 652
From [48]], we have:
S ~IW ((y—p)Eo—l—Zykyf,y—l—n). (53)
k=1
Therefore the computation of the mean (52)) is direct and gives us:
. 1 -
pY ow=——|(v-p)= Ay 4
MMSE-IW = o ((V p) 0+;kak> (54)

Finally, we emphasize that ’H;‘ T in is a smooth manifold, as it is an open of the linear space H,,.
Its tangent space at each point X is identifiable to Tg’;‘—[; * = 1,. Endowing this tangent space with a
Riemannian metric yields a Riemannian manifold and its corresponding geometry (cf. [35]] for a more
detailed introduction on this topic). In the following, we study the intrinsic Bayesian Cramér-Rao bound

for two of these metrics: the Euclidean metric, and the affine invariant metric on ’H;; +,

B. Performance bound based on the Euclidean metric

When endowing #,f* with the Euclidean metri(ﬂ
(Q, )5 = Re{Tr(Q:2))}, VO, Q; € TeH,; T, (55)

With this metric, the error vector constructed from the Riemannian logarithm is simply the standard error
vector, 1.e.:

logh(3) =% - %, (56)
and the corresponding error measure is the Euclidean distance
dp(2,2) = |2 - 27 (57)

For the upcoming derivations, we first need to define a basis of 73 z’H; * that is orthonormal with respect
to the Euclidean metric (53). In practice, we will use the canonical basis {2¥ }ie[1,p2] that is indexed
over i € [1,p?] as follows:

« For indexes i € [1,p], the basis elements QF € TsH;™ refer to the matrices denoted Q% which

are p by p symmetric matrices whose ith diagonal element is one, and zeros elsewhere

>When dealing with complex-valued matrices, the real part ensures that the metric defines a proper inner product on ’H; *.As
in most works (e.g., [24]]), we will however keep this implicit, and omit the notation $e to lighten the exposition (in particular

in the derivations of the appendix).
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o For indexes i € [p+1,p(p+1)/2], the basis elements QF € TsyH, ™" refer to the matrices denoted

1/2 and zeros

QL which are p by p symmetric matrices whose mnth and nmth elements are both 2~
elsewhere. The mapping between the index i and (m,n) € [((1,2),(1,3)...(1,p),(2,3),...... (p—
1,p)] is left implicit.

o For indexes i € [p(p + 1)/2 + 1,p?], the basis elements ij € Tg?-[; T refer to the matrices
denoted Q/~F which are p by p Hermitian matrices whose mnth element is 2-'/2\/=1, and nmth
element is —2~1/2,/—1, and zeros elsewhere. Again, the second mapping between the index i and

(m,n) € [((1,2),(1,3)...(1,p),(2,3),...... (p — 1,p)] is left implicit.

For the Euclidean distance (57), we obtain the following bound:

Theorem 4 (Bayesian Euclidean Cramér-Rao bound for covariance matrix estimation). Let {y;}}_, € CP
be iid. as'y ~ CN(0,%), with & ~ IW((v — p)Xo,v). Let 3 be an estimator of X built from
{yi}r_, € CP, then

Ey s [d?E(E,ﬁ])} > Tr(Ffy ), (58)

where (i, j) € [1,p*]?
2

(Féw),, = # (' P 0F) + # Te(S5'QF) Te(25'QF) + FEo i, j)  (59)
and
(Fﬁior)m = o Tr(5,'QP5'0F) + s Te(Z ') Te (25 ' QF), (60)
where o = % and B = ‘?Zz_;’));'
Proof. cf Section and appendix O

C. Performance bound based on the affine invariant metric

The affine invariant metric on ’H; T is defined as [61], [62] (see footnote 3 concerning the real part
operator Re):

(Q, )5 = Re{Tr(T'X71Q;)}, VO, Q; € ToH, (61)

Among many other interesting invariance properties, this metric is quadratically dependent on the point
3~ 1. This makes the norm of tangent vectors (cf. Figure |1)) tends to infinity when the point 3 goes to the
boundaries of 7—[;; T (when any number of its eigenvalues tend to 0). This Riemannian metric therefore
allows us to perceive the boundary of the manifold as being infinitely far, which is more in accordance
with the actual geometry of this space than when using the Euclidean metric. The affine invariant metric

also appears as the Fisher information metric of the Gaussian model, and the study of the corresponding
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geometry may reveal unexpected properties of related estimation problems [24]. When endowing ’H; +

with the metric (61)), the error vector constructed from the Riemannian logarithm is defined as
logsl(2) = Zlogm(T~1%), (62)

where logm denotes the standard matrix logarithm. The corresponding error measure is the so-called

natural Riemannian distance on 7 *:
d31(3, %) = [|logm(Z7'%))3. (63)
For the natural Riemannian distance (63), we obtain the following bound:

Theorem 5 (Intrinsic Bayesian Cramér-Rao bound for covariance matrix estimation). Let {y;}}_, € CP
be iid asy ~ CN(0,%), with & ~ IW((v — p)Xo,v). Let 3 be an estimator of X built from
{yr}i_, € CP, then the application of Corollary 2] yields

By [d4i(S,9)] = Tr(FAL 7, (64)
where
Fiyy =nl + Fl (65)

and (i, j) € [1,p°]

(Fal). = w+p)%i;— (v +p) (( )+ (fan) ) + (FaL).  irii<p
“e ' ’ i . (66)
(Fat) = (Fa)
Zhj Z?]
with
v+p—2i+1ifi<p
(Foier), = , (67)
Oifi>p
and

v—i+1+w+p—2i+1)> if (i,7) € [1,p)? and i = j

(FAL) = (v+p—2i+1)(w+p—2j+1) if if (i,5) € [1,p]* and i # j 68)
Pt v+p—2m+41 ift>pand i=j

0 otherwise

2
and where m stands for the column index of non-zero element in the element of the basis {Q{LJ W, when

identifying QF = QF ificp+1,p(p+1)/2], or QF = QL E ifi € [p(p+1)/2+ 1,p?].
Proof. cf section and Appendix O

Remark 3. The main justification for omitting the non-zero curvature terms in the case of the affine

invariant metric (i.e. applying Corollary [2| rather than Corollary[I)) is that these have been shown to be
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negligible in the case of deterministic covariance matrix estimation in [24]] (which was also observed for
other distributions [31|]). Ultimately, our simulations also validate this choice because the performance

of the estimators is well described by the bound without needing these additional terms.

To conclude on this result, we notice that, contrarily to the Euclidean case of Theorem [Zl_f], the intrinsic
bound on the natural Riemannian distance in Theorem [5| does not depend on the hyperparameter X, but
only on the dimensions n, p, and the degrees of freedom v. This interesting property offers an easier
interpretation of the bound, but will also have a more fundamental impact (the possibility of statistical

efficiency regarding the chosen metric), as illustrated in the next section.

D. Proofs outline

Independently of the chosen metric, we consider that we have an orthonormal basis of the tangent
2
space that is denoted {€2;}!_,; (the canonical one for the Euclidean metric and a more complex for the

affine invariant metric which is developed in appendix . We then have to compute the matrixE]
FIW =E [FE(Z)] + Fpriory (69)

where

(Fs(X)); =nTr (Z7'2,27'9)) (70)

is the Fisher information matrix of the Gaussian model (cf. [24], [31]], [35]] for its derivation with matching

notations). The second term F;,, is defined as

(Fprior)i,j =E [DZ IOg fIW(E)[Qz] DZ lOg fIW(E)[Q]H . (71)

Given the directional derivatives

D (log | %) [¢] = Tr(271€)

(72)
Dy (Tr(E271%))) [¢] = — Tr(Z1em1%).
We have:
D log fow(2)[Q:] = —(v +p) Te(Z7'Q) + (v — p) TH(Z 7' Z7 ). (73)
Hence, we have
(Fprior)ij = (v+p)°E [Tr(Z710Q) Tr(2719;)]
+(v = p)’E [Tr(E71QE 18 Tr(Z71Q; 2715 4

—(? = pHE [Tr(Z71) Tr(Z719,;3715)]
—(? = pHE [Tr(Z71Q)) Tr(Z 12 13%)] .

®From now, all expectations are only taken over X, but denoted E to lighten the exposition.
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Hence, the computation of Fp, and E [F5(X)] involves the calculus of four core expectations:

T1(i,j) = E [Ty(S7'0Q:) Te(S7'Q))]

To(i, j) = B [Te(S71 037! 5) TS0, 57! 5)] 75)
T3(i,5) = E [Tr(E71Q)) Tr(S-1Q,515)]

Ty(i,j) = E [Tt (S, 27'Q;)]

At this point, the proof of the two Theorems differ because we need to define a basis of the tangent

2
space {€2;}¥_, that is orthogonal with respect to the chosen error metric:

o For the Euclidean metric, we can use the standard canonical basis of H, presented in section m
The computation of the four expectations then requires to derive new results about traces of functions
of inverse Wishart matrices. Full derivations are provided in Appendix [A]

e The affine invariant metric requires a more careful construction of the basis thanks to the Bartlett
decomposition, in order for the expectations to be actually tractable. The detailed derivation are
provided in Appendix [B]

These tedious derivations being achieved, we have all the necessary objects to obtain the final inequalities:
the results are obtained by applying Corollary [2] and the relation (I6). As in [24] the curvature terms are

neglected in the case of the affine invariant metric.

V. NUMERICAL EXPERIMENTS
A. Parameters and method

We consider a Toeplitz matrix (3);; = pl"=3l where p = 0.5. The data size is p = 5. The degrees
of freedom for the ZW prior is denoted v and will take two values v = 40,100. The number of
trials for estimating the MSE (Mean Square Error) is equal to 1000. We sample the data by using
3o and X7yy. We compute the SCM, the MAP and the MMSE estimators (54). And finally, we
evaluate the MSE either by using the Euclidean distance d% for the Euclidean inequality or the natural
distance da‘I for the intrinsic inequality. The Euclidean and intrinsic Cramér-Rao bounds are computed
by using the formulas from theorems [4] and [5] The code is available at the following address https:
//github.com/flbouchard/intrinsic_Bayesian_CRB.

B. Results

Figures [4a] and [4b] show the MSE computed either with the Euclidean distance or the natural distance
and the corresponding Cramér-Rao bounds (CRB). We retrieve the classical result in the Euclidean case

where the SCM is proven to be efficiency. On the opposite, this efficiency is lost when we consider the
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natural properties of a covariance matrix. This result is also known and firstly reported in [24]] and shows
the interest of the intrinsic bound in demonstrating properties of an estimator that the classical Euclidean

bound fails to exhibit.

Parameter: p =5 Parameter: p =5
1%, ~e-MSE SCM ] —e- Natural MSE SCM
0 Na CRB 1 Natural CRB
100 4 LN
1 ° 10° 4
— ] L 3
W 1 LN ]
2 “\sa 1
51) 10 E EBEH 10-1 3
= ] Y ]
-2 | R N —2 | Ea\ﬁ
1072 4 ° 1072 5 o
- e e — H‘ e e —
10! 102 103 10! 102 10?
n n
(a) Euclidean Cramér-Rao bound (b) Intrinsic Cramér-Rao bound

Fig. 4: Euclidean Cramér-Rao bound and MSE (left) and intrinsic Cramér-Rao bound and distance w.r.t.

n. The data size is p = 5.

Now, we turn on the study of the MAP and MMSE estimators as well as the corresponding Bayesian
Cramér-Rao bounds (BCRB). In particular, we also show the asymptotic Bayesian bounds which are
computed without considering the term F,.;,, (i.e., only Tr(Ex [Fx] ")) in (39) and (83). We consider
two cases: v = 40 and v = 100. The results are shown in Figures [5a] and [5b| for the first value of v and
in Figures [6a] and [6b] for the second one. For both values, conclusions are similar. We have the property
of non efficiency for both the MAP and MMSE estimators in the Euclidean study. Concerning the MAP
estimator, this result was expected from [9]] p.7 since the expression of the classical (non-Bayesian) Fisher
information matrix Fx(X) depends on 3. In the Riemannian framework, the asymptotic efficiency is
achieved, which was also expected for the MAP estimator for the same aforementioned reason since, in
this case, the intrinsic non-Bayesian Fisher information matrix is proven to be independent of the studied
parameter 3. This intrinsic analysis allows to conclude that the MAP and MMSE estimators are valid
estimators as soon as we have enough samples to estimate them (depending on r). As expected, the

MMSE estimator performs slightly better than the MAP in particular for a low sample support.
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Bayesian Euclidean CRB. Parameters: p = 5, v = 40

Bayesian Intrinsic CRB. Parameters: p = 5, v = 40
-&- MAP -&-MAP
10° A MMSE 100 - MMSE
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(a) Euclidean CRB (b) Intrinsic CRB
Fig. 5: Euclidean Bayesian Cramér-Rao bound and MSE (left) and intrinsic Bayesian Cramér-Rao bound

and expectation of the natural distance w.r.t. n. The data size is p = 5 and the number of degrees of
freedom of the ZW prior is v = 40.

Bayesian Euclidean CRB. Parameters: p = 5, v = 100

Bayesian Intrinsic CRB. Parameters: p = 5, v = 100
-&- MAP -e- MAP
10° MMSE 100 - MMSE
—+— BCRB —«— BICRB
— —— BCRB-Asymptotic — —— BICRB-Asymptotic
3 2
wﬁ "t::;:-\.\.\- N ;F:itﬁt‘
107t %\& 1071 1
2 *\»\\ 7
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(a) Euclidean CRB (b) Intrinsic CRB

Fig. 6: Euclidean Bayesian Cramér-Rao bound and MSE (left) and intrinsic Bayesian Cramér-Rao bound

and expectation of the natural distance w.r.t. n. The data size is p = 5 and the number of degrees of
freedom of the ZW prior is v = 100.

VI. CONCLUSION

In the context of Bayesian estimation, when the parameter to estimate lies in a manifold, we have

proposed a new intrinsic Van Trees inequality between a covariance of the estimation error defined
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with geometric tools and an intrinsic Bayesian Fisher information. This derivation is made by using

some assumptions on the manifold of interest and the prior distribution. We illustrated this result by

considering the problem of covariance estimation when the data follow a Gaussian distribution and the

prior distribution is an inverse Wishart. Numerical simulation leaded to interesting conclusions on the

MAP and the MMSE estimators which seem to be asymptotic efficiency in the natural inequality which

is not the case when the study is made with the Euclidean formalism.
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APPENDIX A

EXPECTATIONS [73]FOR THEOREM [4] (EUCLIDEAN METRIC)

This proof is based on the computation of expectations of traces of functions of Wishart matrices.
Main results have been derived in [63]], however they do not cover the higher orders that we have to deal

with here. The required results are obtained thanks to the following lemma:

Lemma 1. Let S ~ W(K, %E) which follows a Wishart distribution of scale matrix 3 and degrees of
freedom K, then we have the following expectations
E[Tr(ASBS)Tr(CS)] = Tr(AXBY) Tr(CX)
+%(Tr(AEBZCE) + Tr(AXCXYBY) + Tr(AX) Tr(BX) Tr(CY)) (76)
+75(Tr(AECE) Tr(BE) + Tr(BECY) Tr(AY)),
and
E[Tr(ASBS) Tr(CSDS)] = Tr(AXBY) Tr(CY¥DY)
+%(Tr(AZBECZ]DE) + Tr(AXCYXDXBY) + Tr(AXBYXDXCY)
+Tr(AXDXCYBY) + Tr(AYXBY) Tr(CY) Tr(DX) + Tr(CEDX) Tr(AY) Tr(BY))
%(Tr(AEDEBZ) Tr(CY) + Tr(AXCYBY) Tr(DY) + Tr(AYXDY) Tr(BXCY)
+Tr(AXBYDY) Tr(CYX) + Tr(AXBXCY) Tr(DY) + Tr(AXCY) Tr(BXDY)
AY)Tr(BY) Tr(CX) Tr(DX) 4+ Tr(BECYDY) Tr(AY) + Tr(AXCEDY) Tr(BY)
AYDYCY) Tr(BXY) + Tr(BEXDXCY) Tr(AY))
Tr(AXDYBYCY) + Tr(AXCY) Tr(BX) Tr(DX) + Tr(AYXDY) Tr(BX) Tr(CX)
BYCY) Tr(AY) Tr(DX) 4+ Tr(BEDX) Tr(AX) Tr(CX) + Tr(AXCYXBYDY))

+Tr
+ Tr
b

+Tr

— —_

(77
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Proof. The derivations are very long and are therefore omitted in this paper. Nevertheless, they can be re-
trieved by using the method of [63] (in particular the relation Tr(A ... Apy)) = > V) a™ )

Ulyeensln 1172 ’Lnll

but considering a higher order than in this reference. O

Let go back to the proof of Theorem @ We recall that we have to compute the following expectations:
(i.3) = B[ Tx(=710F) Tr(zflnf)},

« To(i,j) = E | Te(S1QF B15) Tr(Z_IQJEE_lEO)},
(i,j) = E | Te(510F) Tr(z:—lnfz—lzo)],

e« Ty(i,j) =E |Tr [zflﬂEzflnEH.

Since ¥ ~ IW(v, (v — p)Xp), it is easy to notice that X~1 ~ W(v ) Therefore, we can apply the

Y, o=
results of Lemma [I] but taking into account the scale of the problem considered in our case.

Let us introduce the changes of variables >l = %Z_l and f]a 1= %_pZO* ! In this case, we have
)P W(v, %) We are then in the conditions of the Lemma |1| which can be applied to each term
involving £~! in (73), then properly re-scaled by /(v — p) to have the final expectations. We finally

obtain for the 4 terms:

Ti(i,j) = (Vjp)Q (12A+vB)

Da(i,j) = oA+ 1P (4B +2pA) +v*(5A + 5pB + p*A) + v(3pA + 2B + p*B)) a8
T3(i,j) = = p)g( V3A+1v2(2B + pA)v(pB + A))

Ty(i,j) = (Ujp)Q (V2B +vA)

where A = Tr(Z;'QF) Tr(Zalﬂ]E) and B = Tr(ZalﬂiEEalﬂf). Finally, after basic manipulations,

we have the following result:

(Fprior) aTr(zglnfzganE) + B Te(Zy ' QF) Tr(2,'QF), (79)
where a = % and 8 = o= p)2 . By using again the term 74(¢, j), the final result is factorized as
£ nv? -10Ey—10E nv -10E -10E £
(FIW),-J = WTT(EO Q7% Q)) + WTr(EO Q) Tr(Zg ' Q) + (Fpior); PR CY)
APPENDIX B

EXPECTATIONS [75| FOR THEOREM [5| (AFFINE INVARIANT METRIC)

This proof is decomposed in three steps. Firstly, we have to choose a basis which has been to be
orthonormal w.r.t. the affine invariant metric (6I). Secondly, from this chosen basis, we reduce the terms
Ty, T and T3 of (we will show that the computation of T} is not needed for this bound). Finally,

the expectations for these reduced terms are computed.
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A. Choice of the basis

In this section, we have to make a choice for the basis {€2;}. This basis has been to be orthonormal w.r.t.
the natural inner product n Tr [X~10,;%71€;]. As for the Euclidean proof, since ¥ ~ ZW(v, (v—p) ),
we have:

1
!~ ——35h. 81
W(Vv v—p 0 ) ( )
Let us consider the Cholesky decomposition of Xy L.
¥, =LL?, (82)

where L is a lower triangular matrix. We also use the Bartlett decomposition of X~

1
v—p

> =

LAATLH, (83)

where A is also a lower triangular matrix and where all the elements are independent random variables:

g ~ CN(O, 1), 7 >j

2 1.2 84
Qii ™~ 2Xo(—i+1)
Let us define a square root of 3:
>=HH". (85)
We know there exists an unitary matrix U € U, such thatﬂ:
H=3'?U. (86)

Based on this definition of the square root, we choose to build the natural basis from the Euclidean basis
and H:
Q, = HQFHT. (87)

Let us choose now a matrix H. From the Bartlett decomposition (§3):

S=w-pL A ALt (88)
Therefore, we choose
H=\v—pL TA ", (89)

It is easy to see that the basis defined in with H given as in (89) is orthonormal w.r.t. the natural

inner product.

"U,, is the set of unitary matrices of size p X p
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B. Computation of the terms Ty, T and T3 of

We recall that we have to compute the matrix
Fiyy = Ex [Fe(2)] + Fyigr (90)
where F5(3) = nI, [31] and

(Fpﬁgr)iJ = [(V +p)2T1(iaj) + (V _p)2T2(i’j) - (VQ _p2)T3(i’j) - (V2 _p2)T3(j’i)] . (91)

We notice, compared to the Euclidean bound, that we only have to compute 74, 7> and 73 since Fx ()
does not involve 3.
Let us start to compute the terms Tr(X71€;) and Tr(X1€2;271%)) by using the basis chosen in
the previous section. For the first term, we have:
(1) = (= 'HQFHH)
= Tr(%_pLAAHLHL_HA_H\/V —pQE\ /v —pA~lLY) 92)
= Tr(QF).

The second term is
Tr(Z1E13)) = Tr((v—p- DHELHAHQFA-IL1E-15))
= T(;2E'L A QP A LIS L L)
= T&«(V—ipLAAHLHL*HA*HQfA*lL*lLAAHLHL*HLfl)
— L Tr(AQPAl).

93)

Therefore we obtain:
Ti(i,j) = iy
Ty(ij) = eE {Tr(AQzEAH)Tr(AQJEAH)}. (94)
Ty(i,j) = ol THQP)E [Tr(AanH)}

Finally the new formulation for Fp’?i{)r could be reduced to:

(FI;‘”) = [(u + p)2 Tr(QF) Te(QF) + E [Tr(AanH) Tr(AQfAH)]
—(v+p) Tr(QF)E [Tr(AQJEAH )] 95)
—(v+p) TH(QP)E [Tr(AQfAH)H ,

where the expectation is taken over X. Therefore we have to compute:

(£iih,), = E[Tr(AQFA™)

prior

FAL)  —E|Tr(AQFAH) Tr(AQFAH)|
(Firwe),, = Fan)

prior | .
7 7.]

(96)

where A is a lower triangular matrix and where all the elements are independent random variables :

a;ij ~ Nc(0,1),0>j oD
) )

1.2
ii ™~ 2Xo(y—it1)
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C. Computation of

Instead of using the notation ¥ for the basis, we come back to QZ, QF and QF F which is recalled

in the following:

. 95 is an p by p symmetric matrix whose ith diagonal element is one, zeros elsewhere

1/ 2. zeros elsewhere.

e QF isan p by p symmetric matrix whose mnth and nmth elements are both 2~
By convention, we use m > n.

e Q"F is an p by p Hermitian matrix whose mnth element is 2~/2,/=1, and nmth element is
—2_1/2\/jl, zeros elsewhere (m > n).

For the calculation of f4! | we have

prior?

(faib), = E[Tr(AQS AM)) = E[Tr(Q] A7 A)] = Tr(QFE[A" A)). (98)

prior

First, we are looking for the (i, j) —element of the matrix A A. The i*" row of the matrix A7 is the

following vector

= O --- 0 a;i a;—i—l,i eeoaX . s (99)

i—1 elements p—i+1 elements

and the j*" column of the matrix A is the following vector

T
Aljorcotumn = | 0 =+ 0 aj; ajpy e oapy | (100)
j—1elements p—j+1 ;?ements
Then, if i > j the (4,7) —element of the matrix A” A is given by
AHA‘i,j = AHA‘j,i = 05+ Qi Qi1 T A ap (101)
and E[AH A’ij] = 0 since all the random variables are independent and E[a; ;] = 0 for i # j.

Consequently, with the same reasoning when j > i one can conclude that E[A A] is a diagonal matrix.
If now i = j, then

AHA‘z’,z‘ = “z?,i + |ai+1,i|2 +o At ap 2, (102)

p—i+1elements

2

Since a;; ~ %X%(u—i—i-l) and a; j+; ~ CN (0,1), and the independence of all the random variables, one

has E [a?l] = v — ¢+ 1 (which appears once) and E [|ai’j¢i|2} = 1 (which appears p — ¢ times) and

IE[AHA’“}:y—i+1+p—i:y+p—2i+1. (103)
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Now if ©2F := QF, one obtains ( Al ) = Tr(QEE[AT A]) = E [AHA‘“} =v+p—2i+1 and, if

2 ° prior i
QF .= QF  (or equivalently Q" F), then QZ E[A A] is a matrix with zeros on its diagonal and its
trace is then equal to zero. Consequently,
rOF . OF h—E
0if Q7 := Q. or Q-

(fal) = : (104)
P vap-2i+1ifQF = QF

Now we are interested in the calculation of Fpﬁgr- Let’s first analyze the term Tr(2F AH A) (since we
know from the calculus of FA! the structure of A7 A ij)'

prior
If QZE = Qg then

Te(QfATA) = ATA|, = al; + |aper i + - + lap. (105)

p—i+1elements

If QF .= QF  then

Te(R, AT A) = 5 (ammtmp + G im0+ 106
"‘a;map,n + amma:z,n + am+1,ma:n+1,n +oot anma;n) )
where we have 2 (p — i + 1) elements.
If QF := Q" F then
Tr(an_nEAHA) = \/? (_amﬂnam,n - a;knJrl,mam—&-Ln - (107)
_a;,map,n + am,ma;kn,n + am+1,na;fn+1,n +ooet %,ma;,n) .
Second, let’s study Tr(QFAH A) Tr(QjE AM A) and its expectation. Several cases appear:
Case I: 1f QF := QF .= QF
(Fak) = EM*(QEAMA)
= E [(az +laiprl + - + lap, 2)1
- 0,8 1+12 D,
, (108)
2 2 2 2 2 21\ ?
= VAR (@, +lais1il -+ lapal?) + (E |02, + lairral + -+ lapil’))
= W—i+)+(w+p—2i+1)>°.
Case 2: If QF := Qf and QF := QF with i # j
(Fpﬁgr)” — E[Tr(QFATA) Tr(QE AT A)]
2 2 2 2 2 2
= E || ai +lasal™ + - +lapl” | | af; +lajragl” + -+ lay,l (109)

p—i+1elements p—j+1elements
= (v—2i+p+1)(v—2j+p+1).
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Case 3: If QF := QF and Qf .= QF  (with m > n but where possibly m or n can be equal to 7)

‘)
* * * * *
(am,mam,n + Ayt 1,mIm+1,n +---+ ap mpn + Am,mQm n + Am+1,mp4+1,n + -+ ap,map,n)] .

(110)

_ ) )
(Fpﬁgr)ij = ﬁE [(a?z +lait1al” + -+ ap,

Each terms is the product of an expectation of up to 3 random variables. More precisely, (F;;igr)i _is made
with terms that can only be in one of following situations: (i) E [a?’iam,mam,n} =E {aziamm} ]E [amn] =
0 since m # n and E[ay,] = 0 (same thing when we have E af’iammag’n} ). (i) with N =
{1,....,p—m], E [a%ia:l_s_]vvmaerN’n] =K [afz} E [a;kn—f—N,m] E [am+Nn) = 0sincem # nand N > 0
one always has @y, Nm # Gm+nNn 7 ai; (same thing when we have E [a?’iamJr Nm@y, " N,n:| ). (iii) with
Q=1{1,....p—m], E [a%JrQ,iam,mam,n] = 0 because, the random variables a?JrQ,i and ay, ., are the
same (i.e. not independent) if and only if m = ¢ 4+ () and n = ¢ which leads to E [a? +Q7iam7mam7n} =
E [am,m]E [a?

m,n]

=0 since m # n and E [af’mn} = 0 (recall that a,, , ~ CN (0, 1)). Otherwise, airQ’i
and a,,,, are independent, then E [azerQ,iam,mam,n] = E [amm] E [a?JrQ,i] E [am,5) = 0 since m # n and

E [am.n] = 0. (iv) with N = {1,....p—m]and Q = {1,...,p—m), E [|ai+Q,i

2
a:rz+N,mam+N:n} =0
because a4+ N,mLam+ N, since m > n and N > 0 (same thing when we have E {|ai+Q,i|2 At Nm Gy N n] ).

Consequently, for the Case 3, one always has

(Fyier);; =0, (111)

and, trivially, the case QJE = QJE] and QF := QF  (with > n but where possibly m or n can be equal
to j) leads also to (F;;i{)r), =0.
)

Case 4: 1f QF := QF (with m > n) and QF := Qf (with k > 1)

Al _ 1 *
(Fprior) i j - §E [(am,mam,n + Ayt 1,nAm+1n +oe

* * * *
+ap,mapan + Am,mm n + Am+1,mpt1n +ot alﬁmap,n) (112)
(ak,kak,l + Qg g Okt1,
+a;kap’l + akaazJ + ak+17kaz+1,l + -+ ap’ka;l)} .
Concerning terms such that E[am7mam7nak,ka,”;7l] (or Elam, may, nakkak,]), if m = k and n = I, one has
2 2 . 2 2 2 .
E[am’mam,nakyka,t’l] = Elag, i |Ellamn|"] = v—m+1since az, ,,, ~ X;_ 41 and E[ay, »|] = 1. Again
if m = k and n = [ one also have terms such that E[amma;’nak’ka};,l] = Elam,m@m nak rak,] = 0 since
E[a? n) = 0. Otherwise, E[am mamnarraj;| =0 and E[am may, ,ax rar] = 0 because amnLax,; and
E [ak,] = E [am,»] = 0. Concerning terms such that E[am7mam,na’,;+N7kak+N7l}, E[ammam,naHN’ka};JrN,l},
E[a;‘nJrQ mOm+Q nk kak,] and E[am+Q7mafn+Q 20k k1], they are always equal to 0 since aj4 n k-Lakn,

and aprQmlamiQn.
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2 =

: 2

Flnally, E[a;’L+Q,mam+Q7nak+N7kaz+N7l] = E[am+Q,ma;‘n+Q7naZ+N7kak_,_N’l] = E[’am+Q’m| |am+Q’n
1 if and only if m = k, n =1 and P = N (otherwise one always have at least on zero mean random
variable independent other the three others, or the fact that E[a, ] = 0, and these terms are equal to 0).

Consequently for case 4, if QF .= QF = Qf
(Fyror); ;= (v =m+1+p—m)=(v—2m+p+1), (113)

and <F5§igr)' = 0 otherwise.
Z7‘7

Case 5: If QzE = QE and QJE = Q'~F (with m > n but where possibly m or n can be equal to

i)
Al _ V1 2 2 2
(Fprior)iJ VG) E |:<ai,i + ’ai+17i| + e+ |ap7i| )
(_am,mam,n - a%ﬂ,mam—i-l,n T a;,map,n + am,ma:;m,n + am+17nafn+1,n +oet ap,ma;;,n)] .
(114)
An analysis, similar to the one provided in case 3, and using the fact that VN = {1,...,p—m],
E [a:@-&-N,mam*‘NﬂairL—&-N,m} =E [a:@—&-N,mam*‘Nﬂam*‘N,n} = 0 leads to
Al
(Fprior)i’j =0. (115)

Of course, the case QJE = Q]b; and QF = Q~F (with m > n but where possibly m or n can be equal

to j) leads also to <FAI ) =0.
Z7j

prior
Case 6: 1If QF := QF  (with m > n) and QF := Q" (with k > 1)
i V=1
(ij?'lgr) .. = 2 E [(amzmam7n + a;le+1,nam+17n + e
* * * *
+ap,map7n + Am,m0m n + am+1,mam+1,n +ooet alhmap,n) (116)
(—ak,kak,l —Qp i g Q41—
— G kOpl F QhkG + W1kt ap,ka;,)} :
Using all the aforementioned arguments, one find after calculus that
Al
(Fprior)i’j =0. (117)
Of course, the case QlE = ansz (with m > n) and QJE = QEI (with k£ > [) leads also to (Fp‘;‘iﬁr) - =0.
Case 7: 1f QF := QI F (with m > n) and QF := Q)" (with k > 1)
(Fpéigr)ij = _%E [(_am,mamm - a;kn+1,mam+1,n -
* * * *
—Ap mp,n + Am,m0m n + Am+1mpt1n +o apamap,n) (118)

(_ak,kak,l — Qp i gk~

* * * *
—0y, 1 Op,l + Ak kO, | + Akt 1,k g1 + -+ apv’fap,lﬂ .
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An analysis, similar to the one provided in case 4, shows that (F’AI ) ~# 0if and only if m = k and

prior
7 7‘7

n = (. In this case, one obtains easily

(FAI)i7j:1/—2m+p—|—1. (119)

prior

Final result: Then one can summary the value of <F’AI ) ~# 0 as:
17‘7

If Qf =

o If QF =
. IfQZE =
o If QF =

September 10, 2024

prior

95 = QJE then (Fpﬁgr) = (V—i+1)+(u+p—2i+1)2.
Z7‘7
QF and QF := QF with i £ j then (FAL) = (v=2i+p+1)(v=2j +p+1).
z’]
prior

Qfmzﬂf then (FAI)'lzy—2m+p+1.
&

,

Qh-E — QF then (Fpﬁgr)ij —v—2m+p+1.
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