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Categories of Graph Rewrite Rules

Thierry Boy de la Tour

CNRS and University Grenoble Alpes, LIG Lab. Grenoble, France,
thierry.boy-de-la-tour@imag.fr

Abstract. What are the legitimate morphisms between graph rewrite
rules? The question is complicated by the diversity of approaches. From
the familiar Double-Pushout (DPO) to the more recent PBPO and many
others, the rules have different shapes, semantics (defined by direct trans-
formations) and even matchings. We propose to represent these ap-
proaches by categories of rules, direct transformations and matchings
related by functors in Rewriting Environments with Matchings. From
these we extract a so-called X-functor whose properties are key to make
rule morphisms meaningful. We show that these properties are preserved
by combining approaches and by restricting them to strict matchings.

1 Introduction

An “approach” to graph rewriting is characterized by a particular notion of rules
in a category C, whose objects are those we wish to rewrite (generally graph-like
data structures), together with a notion of direct transformations that defines
how an individual rule transforms an input object G.

It is generally expected that such transformations proceed by local replace-
ment of a part of G by something else, as in term rewriting. This replacement is
usually decomposed as the deletion of a part of G followed by the addition of a
new part. However, the deletion step may also involve some duplications of parts
of G, as in the Sesqui-Pushout (or SqPO, see [6]) and the Pullback-Pushout (or
PBPO, see [5]) approaches.

All in all there is no general agreement on what is a graph rewrite rule and
how it should be applied. A closer look reveals that the disagreement concerns
the deletion/duplication step, while most approaches agree that the addition step
is a pushout (that may also merge parts of GG), though in the SPO approach both
steps are performed by one pushout in a category of partial morphisms, see [10].
But partial pushouts are also obtained as pushouts of C-spans.

This observation leads to a natural notion of partial transformations of C-
objects (see [4] and Section below) and morphisms between them, thus
defining a category Cp¢. These morphisms can be understood as subsumptions.
Informally, a transformation is subsumed by another one if it performs fewer
modifications to G; that is both fewer deletions/duplications and fewer addi-
tions/mergings. It is therefore based on comparing how the results are obtained
and not on comparing the results themselves (earning less and spending less can
make one either poorer or richer in the end).



The category Cpt can be used to provide a semantics to morphisms between
direct transformations of most approaches, through functors P : D — C,; where
D is any category of such morphisms, that can therefore be understood as sub-
sumptions (in particular a discrete category D of direct transformations is valid).

But how can we link morphisms between rules (or any category R whose
objects are the rules of a given approach) to P? We can easily assume that any
direct transformation contains the rule that it uses, hence a functor R: D - R
(the two functors make a Rewriting Environment in [4], RE for short). But this
is clearly not sufficient to provide a semantics for rule morphisms: if D is discrete
then non trivial R-morphisms are meaningless.

We therefore need a constraint on R-morphisms (w.r.t. to D-morphisms); it
will be given by a Correctness Condition. Informally, this condition means that
any rule morphism yields a corresponding subsumption between direct transfor-
mations provided that they are obtained by overlapping matchings. The overlap
should be consistent with the subsumption.

For this reason we need to enhance REs with a notion of matchings of left-
hand sides of rules, and of morphisms (representing overlaps) between matchings.
This notion should be general enough to encompass the standard situation, where
matchings are C-morphisms, but also the non standard matchings used in PBPO
direct transformations (that involve two consecutive C-morphisms, a match and
a co-match), and possibly others. This is the subject of Section [3] where it is
also shown how different notions of matchings can be combined, and how the
standard notions of monic matches and identity matching may be generalized.

In Section {4 this general notion of matching is plugged into REs, and it is
shown how it can contribute to analyze their properties. The analysis involves
the definition of a category of redezes (i.e., pairs of a rule and a matching of its
left-hand side). This allows to define a so-called X-functor whose properties are
shown to characterize some key properties of REs, since in particular it is fully
faithful iff the Correctness Condition holds. It is also shown how different REs
can be combined and how they can be restricted to strict matchings.

But first we need to compile some definitions and results, mostly concerning
functors.

2 Background

The standard notions of Category Theory are assumed, see [I1]. For any category
C, we write G € C to indicate that G is a C-object, and |C| is the discrete category
on C-objects. Then G may also denote the functor from the terminal category 1
to C or to |C| (as specified in the context) that maps the object of 1 to G.

2.1 Functors
We will use the following notion from [4].

Definition 1 (right-full). A functor F : A — B is right-full if for all a’ € A,
all b € B and all B-morphism g : b — Fd’, there exist a € A and an A-morphism
f:a—da suchthatF f =g.
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Note that a full functor may not be right-full (since b may have no preimage)
and a right-full functor may not be full (since a depends on g). It is obvious that
right-fullness is closed by composition and that all isomorphisms are right-full.

Lemma 1. For any functors F: A — B and G : B — C such that G is faithful
then F is faithful iff G o F is faithful. If G is faithful and right-full then F is
right-full iff G o F is right-full.

Proof. Suppose G o F is right-full and let «’ € A, be Band g : b —» Fa' in B,
then Gg: Gb — GFa’ is a C-morphism, hence there exists ae A and f:a — da’
in A such that G (F f) = Gg, hence such that F f = g, which shows that F is
right-full. The other claims are proven similarly (or well known). m]

Definition 2 (embedding, meet, inverse image). We call embedding a
functor that is both faithful and injective on objects (equivalently, that is left-
cancellable). If A is a subcategory of B then the canonical embedding of A into
B is the functor J : A — B defined by Ja == a for allae A and J f = f for all
A-morphisms f.

A meet of two functors F: A — C and G : B — C consists in a category P
and two functors G' : P — A and F' : P — B such that Fo G’ = Go F’ and for
all functors F", G” such that F o G” = G o F” there is a unique functor H such
that F” = F oH and G” = G’ o H.

If F is an embedding then F' is called an inverse image of F along G.

Since meets have the universal property of pullbacks (they are pullbacks in
the “category” of categories) they will be pictured as are standard pullbacks:
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P— A
F// J
F’J JF
B——C

G

It is well-known (see [9]) that meets always exist: take for P the subcategory
of A x B with objects (a,b) such that Fa = Gb and with morphisms (f, g) such
that F f = G g, and take for G’ the projection w4 : P — A on the first coordinate
and for F’ the projection 75 : P — B on the second coordinate. All meets are
isomorphic to this one, that we may therefore call the meet of F and G.



If F is an embedding of A into C, then F (A) is a subcategory of C and (a
restriction of) F is an isomorphism from A to its image F (A), with inverse, say,
F~1 : F(A) — A. Let B’ be the subcategory of B with all b € B such that
Gbe F(A) and all B-morphisms g such that Gg is a F (A)-morphism. It is easy
to see that the second projection 75 : P — B’ is an isomorphism, that w3 o 7o !
is the canonical embedding of B’ into B and that m4 o m~! = F~! o G’ where
G : B — F(A) is a restriction of G. Hence all inverse images of F along G are
isomorphic to B, that we may therefore call the inverse image of F along G.

Besides, the following properties of functors are preserved by meets:

Lemma 2. If F is right-full (resp. full, resp. faithful, resp. an embedding, resp.
surjective on objects) then so is F'.

Proof. Suppose F is right-full and let (a’,b’) be an object in the meet of F and
G,letbe Band g:b— ¥ in B (since w5 (a’,b') = b'), then Gg: Gb — Fa' is a
C-morphism (since Fa’' = G¥'), hence there exists a € A and an A-morphism f :
a — a' such that F f = Gg (and hence Fa = Gb), so that (f,g) : (a,b) — (a’, V)
is a morphism such that 75 (f,g) = ¢, hence 7 is right-full. This holds for F/
since it is obtained by composing 7z with an isomorphism. The other claims are
proven similarly. O

We will also use an instance of the well-known pullback composition and
decomposition lemma (see [I, Proposition 11.10]), applied to meets of functors:

Lemma 3. If the following diagram of functors

commutes and the right face is a meet, then the left face is a meet iff the back
face is a meet.

Similarly we will use the fact that meets are mono-sources (see [I, Proposition
11.6)):

Lemma 4. If P with F' and G’ is a meet of F and G, and H,H' : P — P are
such that FoH =F oH and G oH = G oH’ then H=H".

Definition 3 (sum A; +As, injections | 4,, functors [Fy, F2], F1 +F2). Given
two categories Ay and As, their sum is the category A; + As whose objects are
pairs (i,a) where i € {1,2} and a € A;, and morphisms f : (i,a) — (i,a)
are the A;-morphisms [ : a — a', with the obvious composition (the union of
the compositions in Ay and As). The injections are the two embeddings |4, :
A; — Ay + Ay defined by |4, a = (iya) for alla € A; and |4, f = f for all
A;-morphisms f.



For any functors F; : A; — C let [F1,Fs] : Ay + A2 — C be the functor
defined by [F1,F2] (i,a) = F;a for all (i,a) € Ay + As and [F1,F2] f =F; f for
all A;-morphisms f.

For any functors G; : A; — B; let Gy + Gy : Ay + Ay — By + B be the functor
defined by Gy + Gz = [Ig, 0 Gy, 15, 0 Go].

Injections have the universal property of coproducts, i.e., that [Fq, F2] is the
unique functor such that [F1,F3] ol4, = F; for ¢ = 1,2. From this it is easy to
deduce that [lAl, |A2:| = 1A1+A27 [FOFl7 H OFQ] = FO [Fl, FQ], [F1 OG17 FQOGQ] =
[Fl, Fg] o (G1 + GQ) and (Hl + H2) [¢) (G1 + GQ) = (H1 o Gl) + (H2 o Gg)

As above the following properties of functors are preserved by sums.

Lemma 5. If F; : A; — B; are right-full (resp. full, resp. faithful, resp. embed-
dings) for i = 1,2 then so is F; + Fa.

Proof. Suppose F; and Fy are right-full and let (i',a’) € A; + As, (i,b) € By + B>
and g : (i,b) — (F1 + F2) (¢',a') a By + By-morphism, since (F1 + F2) (¢',a") =
(¢/,Fira’) then i = ¢ and g : b — F;a’ is a B;-morphism, hence there exist
a € A; and an A;-morphism f : a — a such that F; f = g, and therefore
(F1+F2) f=(lg, oF;) f =F; f = g, hence Fy + F5 is right-full. The other claims
are proven similarly. ]

We will also use the fact that meets are preserved by sums.

G; + Gh
ZT.AZ 'P1+'P21*>A1+.A2
Lemma 6. If F’J JF fori=1,2then F} +F’2J JF1+F2
B, —— C; By + By ——C1 +Co
Gz G1+G2

2.2 Rewriting Environments

All considered approaches to graph rewriting produce a C-span D LA QIR
R, where D is called the context, K the interface and R the right-hand side.
The context D is obtained from the input G' by deletions/duplications so that,
equivalently, we can see G as being obtained from D by additions/mergings
(inverse to deletions/duplications) hence that there is a morphism f : D — G.
Hence the notion of partial transformations in Definition [] below.

Following the informal description of a subsumption, we say that a partial
transformation p is subsumed by p’ if the latter’s context D’ is be obtained from
the former’s D (from the same input G) by further deletions/duplications, so
that there must be a morphism from D’ to D. Similarly, p’ should make further
additions/mergings than p, hence there should ba a morphism from R to R’
and also from K to K’ (the interface glues the new part to the old, and further
additions may require a bigger interface).



Definition 4 (category C,, functor In, Rewriting Environments). A par-
tial transformation p in C is a diagram

el pek g g

For any category C, let Cp be the category whose objects are partial transfor-
mations and morphisms s : p — p’ are triples (s1, s2,83) of C-morphisms such
that

/ k
G D K—"—-R
B SII S2J JSS
G’ D’ K’ R
f/ kl T/
commutes in C, with the obvious composition (s}, sh,ss) o (s1,82,83) = (s1 0

Y, 850 89,85 083).

Let In : Cpy — |C| be the input functor defined as Inp == G.

A Rewriting Environment (or RE) Z for C consists of a category D of direct
transformations, a category R of rules and two functors

R P
R+—— D — Cp

A rule system in Z is a category S with an embedding J : S — R (alternately,
S is a subcategory of R and J is the canonical embedding).

Given a rule system and an input C-object G, we build the categories D),
’D\‘é and functors Ja, Js as inverse images of the embeddings G and J.

J

S—R
|
R D—" s —" ] 1)
/| I
DI Dl - 1

Note that by our construction of inverse images and by Lemma [2] (since
G : 1 — |C| is full), D], is a full subcategory of D. Similarly, D|2 is a subcat-
egory of D that may not be full if J is not full. Hence D|‘(S; contains all direct
transformations of G by the rules in S, and all the subsumptions between these
whose image by R also belongs to S (or its image by J). In this way rule systems
are used to specify subcategories of direct transformations of an input object G.



Neither R nor R are generally full, for the simple reason that if a rule can be
applied with two unrelated (say disjoint) matchings in G, then the corresponding
direct transformations (say d; and d3) may not subsume each other. Indeed, their
contexts (i.e. the contexts of P d; and P d3) may be obtained by deleting disjoint
parts of G, and then none can be obtained by further deletions from the other.
Hence, not every morphism in S is reflected by a morphism in D|‘é

Another important property is whether R’ is right-full, for this means that
for any direct transformation d’ € D|2 and any rule morphism f : r — R'd’
in the rule system S, there exists a transformation d € D|$ subsumed by d’
(with subsumption s s.t. R"s = f), i.e., when a rule R’ d’ applies any “subrule”
r necessarily applies. This is a property that seems all too natural but it does
not always hold, e.g., in the DPO approach with unrestricted matchings. It is
shown in [4, Proposition 6.3] that R’ is right-full whenever R is right-full, hence
we will focus on R.

One important feature of REs is that they can be combined:

Definition 5. Given two REs %; = R; R D; P, IC| for C fori = 1,2, their
sum %1 + % is the RE

Ri +R P1, P
R1+ Ro <1;2D1+’D2M>Cpt

By Lemma [f] we obviously have:

Proposition 1. If Ry and Ry are right-full (resp. faithful) then so is Ry + Ra.

3 Matching Environments

A matching is generally understood as a kind of relation between a source object,
that we call a pattern p, and a target object, in our case the input object G €
C. In most approaches this is simply a C-morphism, so that matchings may
be composed. In Term Rewriting a matching is a substitution together with
a position in G, but once again matchings can be composed since G can be
understood also as a pattern (a term with variables). However, in the PBPO
approach a matching in G is a commuting diagram

L
lm
Ll G

lc

17

t

where t;, belongs to the PBPO rule. More precisely, the pattern appears to be
the C-morphism tr,, and the matching that relates it to G is the pair (m, ¢) that
factors t;, through G. Anyway, the pattern and the target have different natures



and it therefore seems difficult to consider a target as a pattern. Thus we have
to drop the possibility to compose matchings.

For this reason we treat matchings and patterns as objects each in their
respective category. Informally, a matching designates the location in G of its
pattern. Pattern morphisms are generalizing in the sense that a matching of the
codomain pattern induces a matching of the domain pattern. Matching mor-
phisms describe overlaps in the sense that the domain pattern and location are
overlapped by a more general pattern at a nearby location (hence in the same
G). This yields a definition similar to REs.

Definition 6 (Matching Environment .#, categories M|%, M|,, M[5).
A Matching Environment (or ME) .# for C consists of a category M whose
objects are called matchings, a category P whose objects are called patterns,
and two source and target functors

S T
P+—M—|C|

An object m € M is a matching of Sm into T m.

As in REs we extract from M the category M|, of matchings of a pattern
p € P, the category M|® of matchings into an object G € C, and the category
M|§ of matchings of p into G, by taking the inverse image of the corresponding
embeddings p:1 — P and G: 1 — |C| along S and T as pictured below (so that
we obtain subcategories of M).

1—2 p
s
Ml — i — e
I o
Mlg’7 /\/llCj 1

This general definition is easily illustrated by the standard notion of match-
ings, where patterns are C-objects and matchings are C-morphisms to G and
are connected by pattern morphisms restricted by a trivial commuting condi-
tion. For PBPO rules the notions of matchings and patterns should be clear, but
their morphisms may not. The notion of subsumption morphism between PBPO
rules given in 4 Definition 6.8] spills the beans: a morphism from ¢, to ¢t is a
factorization of ¢ty through ¢.

Definition 7 (Matching Environments #q, #sct). Let Mgiq be the cate-
gory whose objects are the C-morphisms and whose morphisms f : m — m/ are
C-morphisms such that



G—a

commutes, with the same composition as C. The functor Sgq : Mgaq — C is
defined by Ssgq m == L where L is the domain of m, and Sgq f == f. The functor
Tsta : Msta — |C] is defined by Tseam = G where G is the codomain of m, and

Tsa f = 1g for all f : m — m’ in Mgq and G is the common codomain of m

and m'. Let Myq be the Matching Environment C Satd Meta Tota, IC].

Let Pyt be the category whose objects are C-morphisms and whose morphisms
are pairs of C-morphisms (f,g) : p — p' such that

commutes, with obvious composition (f',g' Vo (f,9) = (f'of,gog’). The category
of matchings Mict has as objects pairs (m,c) of consecutive C-morphisms, i.e.,
such that com exists, and as morphisms pairs of C-morphisms (f,g) : (m,c) —
(m/, ) such that

T— 1T

commutes, with composition as in Prey. The functor Sgey : My — Prey 18 defined
by Stct(m, c) == com and St (f,9) = (f,g). The functor Tey : Meey — |C| is
deﬁned by Sfct(m7c) = G and Sfct(f, g) = ]-G fOT’ all (fv g) : (m,c) - (m,acl)7

where G is the common codomain of m, m’ and domain of ¢, ¢'. Let M, be the

. . S C T C
Matching Environment Py <= My —= |C|.

Ezxample 1. In #q where C is the category of graphs, we consider the pattern

{ ]
p=»5 ?—»a e and the graph G = ¢

ay

az



There are two monic matchings m; == {b — ¢, a — a;} of p into G for
i = 1,2, and one non monic matching mg = {a,b — c¢}. The C-morphism
f={a,b— b} :p— pisan Myqg-morphism from mg to m; since my o f = my,
and also a Miq-morphism from mg to ms since moo f = mg. Hence the category
Mstdlg is a span my < mg — mo.

We have the same problem with MEs as with REs since the notion allows M
to be discrete even when P is not. One may hope to constrain M-morphisms by
requiring S to be full, but neither Sg;q nor S are full. Fortunately they share
the following properties.

Proposition 2. The functors Sgtq and Stey are right-full and faithful.

Proof. Faithfulness is obvious. To show that Sgq is right-full, take m’ : L' — G’
an object of Mgiq and f : L — Sgqm’ a morphism in C, since Sg;q m’ = L’ then
f:m' o f — m’is a morphism in Mgyq such that Sgq f = f.

Let (m/, ') € My and (f,g) : p — ¢'om’ in Py, then (f, g) : (m'of,gocd) —
(m/, ) is a morphism in M., hence Sge is also right-full. O

It therefore seems reasonable to require, at least, that S be right-full, which
obviously imposes a constraint on M-morphisms w.r.t. P-morphisms. It also
embodies the informal description of pattern morphisms as ways of obtaining
a matching of the domain pattern from a matching of the codomain pattern.
Requiring further that S be faithful means that such ways are unique once the
location of the patterns (i.e., the matchings) are fixed.

Next we see that, as in Definition [5| for REs, MEs can easily be combined
while preserving the properties of the source functors.

Definition 8 (sum of ME). The sum .#, +.#5 of two Matching Environments
M =P; S M; LN |C| fori=1,2 is the Matching Environment

S1+S T, T
Py + Ps 1%"’/\/11+/\42M> c|

By Lemma [f] we have:
Proposition 3. If Sy and Sy are right-full (resp. faithful) then so is S1 + Sa.

3.1 Strict and trivial matchings

We now try to generalize the notion of monic matchings in .#q. Since match-
ings do not compose, we cannot rely on the standard notion of regularity (or
cancellability) on the left. Intuitively, we wish to avoid matchings that relate
distinct items (vertices, edges or whatever) of a pattern to the same item in G,
and hence to avoid that locations that exist in patterns should be confused by
matchings. If we see a matching as a map, we want every part of the map to
have a unique location. The location of a part of a map within the whole map
being given by a morphism, we are asking for a 1-1 correspondence between such
morphisms and the parts of the map. This idea leads to a simple definition.



Definition 9 (strict matchings). A matching s € M is strict if for all mor-
phisms f:m — s and f':m' — s in M, m =m' entails f = .

We first check that this notion corresponds to monic standard matchings.
Proposition 4. A matching in Mgq is strict iff it is monic.

Proof. Obvious since for all f: m — sand f': m' — sin Mgq we have m = m/
iff sof=s0f". a

We then see that strict factor matchings appear as a quite natural extension
of the standard case.

Proposition 5. A matching (m,c) € My is strict iff m is monic and c is epic.

Proof. Suppose (m,c) is strict, for all C-morphisms fi, fo, g1, g2 such that
mo fi =mo fy and g1 oc = gs o¢, since (f1,91) : (mo f1,91 0¢) = (m,c) and
(f2,92) : (mo fa,g2 0¢) — (m,c) are Mi-morphisms with identical domains,
then fi = fo and g1 = g¢o, hence m is monic and c¢ is epic. The converse is
similar. O

We now devise a way to build a ME that only contains strict matchings and
monic overlaps.

Definition 10 (strict restriction .#* of .#). Given a ME /4 as in Defini-
tion@ let P* be the subcategory of monomorphisms of P and J, : P — P* the
canonical embedding. Let Mg be the full subcategory of strict matchings of M
and Js : Mg — M the (full) canonical embedding. Finally, let S* : M* — P* be
the inverse image of J,, along S o Jg.

S*
P M*
L
I J
Mg
P S M Js

The strict restriction .#* of A is the Matching Environment
* -I—*
oy VORI

where T* :== T o JsoJ (the restriction of T to M*).

Ezample 2. The pattern category of the standard ME .#q is C, hence its re-
striction C* is the category with all C-objects and whose morphisms are the C-
monomorphisms. Similarly, the M, ;-objects are the C-monomorphisms, and the
M, s-morphisms f : m — m’ are the C-monomorphisms such that m = m’ o f.
The functors S, and T% 4 are the obvious restrictions of Sgtq and Tgiq to monic
matchings and monomorphisms. Note that M3 is a full subcategory of Myq
(since m/ o f monic entails f monic).



We can then prove that the relevant property of the source functor is pre-
served by this restriction. We first need an easy lemma.

Lemma 7. For any M-monomorphism f : m — m/', if m’ is strict then so is
m.

Proof. Let g:n—->mand ¢ :n' > m,if n=n'then fog= fog :n—> m,

hence g = ¢'. o
Proposition 6. If S is right-full and faithful then so is S*.

Proof. Since S o Jg is faithful then so is S* by Lemma [2] Assuming furthermore
that S is right-full, let m’ € M* and g : p — S*m/, since S*m’ = Sm’ there
exists f : m — m’ in M such that S f = g. Monomorphisms are reflected by
faithful functors [7, Proposition 12.8] hence f is monic and by Lemma (7| m is
strict, so that f is an Mg-morphism. Hence by construction of inverse images f
is a M*-morphism and S* f =S f = g, thus S* is right-full. m]

It is easy to see that (.#™*)* = .#*, hence this restriction is one-shot. Simi-
larly we see that restrictions and sums commute, i.e., () + Mo)* = M7+ A5

Another notion that seems difficult to generalize in absence of composable
matchings is that of an identity matching, that first requires an identity between
a pattern and the input object G, which is out of reach. Obviously the notion
can only be generalized up to a point, and only up to M-isomorphisms. The idea
is to say that a matching into G is trivial if it is wider than all other matchings
into G, in the sense that they are all a part of it.

Definition 11 (trivial matchings). For any g € C, a matching into G is
trivial if it is terminal in M|©.

Hence a matching m into G is trivial if for all matchings m’ into G there is
a unique f : m’ — m. This unicity obviously entails that m is strict.

We see that trivial standard matchings are only an approximation of identity
matchings, but the best we can expect.

Proposition 7. A matching in Mga is trivial iff it is an isomorphism.

Proof. If m € Mgq is a trivial matching into G, since 1¢ is a matching into G
then there exists f : 1¢ — m, so that mo f = 14, i.e., m is a retraction, and
since m is monic by Proposition then m is an isomorphism (by [7, Proposition
6.7]). The converse is obvious. m]

Proposition 8. A matching (m,c) € Mg is trivial iff m and ¢ are isomor-
phisms.

Proof. If (m,c) is a strict matching into G then there exists (f, g) : (1g,1¢) —
(m,c), hence mo f = 1g and goc = 1g, i.e,, m is a retraction and c is a
section, and since m is monic and c is epic by Proposition [p| then m and ¢ are
isomorphisms. The converse is obvious. ]

This obviously means that a pattern p € Pg admits trivial matchings (in
M|,) iff p is a C-isomorphism (and then only into C-objects isomorphic to p’s
domain and codomain).



4 Rewriting Environments with Matchings

We can now enhance Rewriting Environments by stating that every direct trans-
formation has a matching of the left-hand side of its rule into its input object.
This matching and the left-hand side are accessed by means of two new functors,
and their relations are expressed as commuting conditions.

Definition 12 (REM). A Rewriting Environment with Matchings (or REM)
& consists of a Rewriting Environment % as in Definition[J], a Matching Envi-
ronment A as in Definition[f] and two functors L and M such that

R P
R D Cpt
LJ JM Jln
P M— IC|

commutes. For every rule r € R, the pattern Lr is the left-hand side of r.

Ezample 3. In [] the category Rppo of DPO rules (in C) is defined with mor-
phisms as triples (s, 2, $3) of C-morphisms such that

L K R
L
S1 J JSQ JSg
Ll K/ R/

commutes and the left square is a pullback. Hence there is an obvious functor
Lppo : Rppo — C where Lppo (1, 82, 83) = s1. Similarly, the category Dppo
has DPO diagrams as objects, and morphisms (s, $2, $3, S4) such that

commutes and the top left square is a pullback. Again there is an obvious functor
Mppo : Dppo — Mgia where Mppo (51, S2, 83, 54) = s1. The DPO RE together
with A#sq and the two functors Lppo and Mppo constitute a REM. These
functors are neither full nor faithful. If C does not have pullbacks they are not
right-full either.



Using these functors we can now express the relevant condition for rule
morphisms to specify subsumptions. Following Diagram , we expect every
f:r — 7" in S to be uniquely reflected through R’ by a subsumption s in D|,
whenever there exist two direct transformations d, d’ € D|, using rules Jr and
J 1’ respectively, whose matchings M d and M d’ overlap consistently with f (i.e.,
with a ¢ : Md — Md’ such that Sg = L(J f)) with of course s : d — d’ and
M s = g. Dispensing with r and 1’ we can express this Correctness Condition as

for all rule system S, input G € C, direct transformations d,d’ € D|‘g,
S-morphism f : R"d —» R’ d’ and M-morphism g : Md — Md’ such that )
L(J f) = Sg, there exists a unique D|2-morphism s : d — d’ such that
R's=fand Ms = g.

We can further dispense with § and G with the equivalent formulation

for all direct transformations d,d’ € D, R-morphism f : Rd — Rd’ and
M-morphism g : Md — Md’ such that L f = Sg, there exists a unique (3)
D-morphism s : d — d’ such that Rs = f and Ms = g.

Proposition 9. (@ and (@ are equivalent.

Proof. = Let d,d € D, f : Rd - Rd and g : Md — Md’ such that
Lf =Sg. Let S =R and G = (Poln)d = (ToM)d, since Tg = 1g then
(Poln)d' = (ToM)d = G so that d,d’ € D|3. We have R'd = Rd and similarly
for d’, hence by a unique s : d — d’ exists.

= @) Let d,d" € DI, f : R'd > R'd and g : Md — Md’ such that
(LoJ)f = Sg, then Jf : Rd — Rd hence by there exists a unique D-
morphism s : d — d’ such that Rs = J f and M s = g. Since (Poln) s = 15 then s
is a D|;-morphism, and a D|2-morphism by Rs = J f. Since J (R's) =Rs =J f
then R's = f. o

A much simpler formulation can be obtained with the following tools.

Definition 13 (redex category X, X-functor). In « REM & as in Defini-
tion [I3, the redex category X of & and the projection functors g : X — R,
Tpm 2 X — M are obtained as the meet of L and S. We call X-functor of & the
unique functor X : D — X such that R = g o X and M = w0 X,




Proposition 10. (@ holds iff the X-functor is fully faithful.

Proof. Suppose X is fully faithful. Let d, d, f and g as in (3), then (f,g) :
(Rd,Md) — (Rd',Md’) is an X-morphism, hence there exists a unique D-
morphism s : d — d’ such that Xs = (f, g), i.e., such that Rs = f and Ms = g.
Thus property holds.

Suppose that holds. Let d,d’ € D and (f,g) : Xd — Xd' be any X-
morphism, then f = 7 (f,9) : Rd —> Rd’ is a R-morphism and g = 7w (f, 9) :
Md — Md’' is an M-morphism such that L f = Sg, hence by there exists
s:d— d in D such that Rs = f and M s = g, i.e., such that Xs = (Rs,Ms) =
(f,9)- Hence X is fully faithful. o

Other properties of the X-functor are relevant. As explained in Section [2.2
we are interested in whether R is right-full and faithful. We easily see that these
are equivalent to the same properties of the X-functor.

Proposition 11. IfS is faithful then R is faithful iff X is faithful. If S is right-
full and faithful then R is right-full iff X is right-full.

Proof. By Lemmaﬂ'R is faithful (resp. right-full and faithful), hence by Lemmall}
X is faithful (resp. right-full) iff so is 7g o X = R. o

Ezample 4. Tt is shown in [4, Proposition 6.4] that if C is adhesive [8] then for
all d, d/ € DDPO, all (81,82,83) : RDde g RDPO d/ n RDPO such that m =
m’ o s1 there exists a unique s : d — d’ in Dppo such that Rppo s = (s1, s2, 83).
Since m and m’ refer to the corresponding morphisms in the DPO diagrams
d and d’, the equation m = m' o s; means that s; : Mppod — Mppo d’ is a
morphism in Msq, and since Lppo (81, 82,83) = $1 = Sstd S1, it is equivalent
to Lppo (81, S2, 83) = Ssta g for any g : Mppo d — Mppo d’. Hence property
holds for the DPO REM, and its X-functor is therefore fully faithful (in adhesive
categories).

We leave it to the reader to check that this also holds for the SPO REM
(in categories of presheaves) by [12 Theorem 3.5]), for the SqPO REM by [4,
Proposition 6.6] and for the PBPO REM by [4, Proposition 6.9].

4.1 Combining REMs

We can easily combine REMs as we did with REs and MEs. This can be done
by preserving the properties of the X-functors.

Definition 14 (sum of REMs). The sum &) + &5 of two REMs &; given by

R: P;

Ri D; Cpt
e ]
Pi M; C|

Si T:



fori=1,2is the REM

Ri +R [P1, Ps]
Ry + R &2 Dy + Dy — 5 Cp

L1+L2J JM1+M2 J{In

Pr+Py+——— M+ Mg —— |C|
S1+ S [T1,T2]

Note that this diagram is easily seen to commute.

Proposition 12. If the X;-functor and the Xo-functor are right-full (resp. full,
resp. faithful, resp. embeddings) then so is the X-functor of the sum.

Proof. Let X be the redex category of the sum, i.e., the meet of Ly + Ly and
S1+ Sy, and X : Dy + Dy — X be the unique functor such that Ry + Ry =
TR,+R, © X and My + Mg = x4 A, © X. By Lemmal[6] Xy + Ao with mg, + g,
and maq, + T, s also a meet of Ly + Ly and S; + Sa, hence there exists a
unique isomorphism H : &} + &y — & such that g, + ™, = TR, +®r, o H and
My + TMy = Ty +Mz © H.

Dy + Doy

Ri + Ry X1 + Xo
TR, + TR, /

X1+ Xy

TRI+R 1
Ry + Ry +—— x H /Ty + Tr My + M

L
L1 + LQJ TMq+Mg

P14+ Py +—— M1+ My
S1+5S:

But then we see that

TR, +Rs © Ho (X1 + Xg) = (7TR1 + 7T732) o (X1 + XQ)
= (mr, 0 X1) + (7R, 0 X2) = R1 + Ry

and similarly that 7 a4, + a1, oHo (X1 +X3) = My + My. By Lemma [4] we therefore
have X = H o (X1 + X3) and we conclude with Lemma m]

4.2 The strict restriction of a REM

We finally see that it is possible to construct a REM that contains only direct
transformations obtained with strict matchings. The restriction also concerns
subsumption morphisms since only monic overlaps are available, and therefore
also rule morphisms in order to preserve the Correctness Condition.



Definition 15 (strict restriction &* of REM &). Given a REM & as in
Definition[14 and its strict restriction #* as in Definition[10, let Jg : R* > R
be the inverse image of the canonical embedding Jp : P* — P along L, and
L* : R* — P* be the corresponding restriction of L.

Similarly, let Jp : D* — D be the inverse image of the canonical embedding
Ipm o M* > M along M, and M* : D* — M* be the corresponding restriction
of M. Let P* =P o Jp.

It is easy to see that Jp o S* o M* = Lo Ro Jp, and since R* with Jg,L*
is a meet of L and Jp, then there exists a unique R* : D* — R* such that
L* o R* = S* o M* and Jg o R* = Ro Jp. Hence we get a REM &* (the top two
faces in the diagram above), called the strict restriction of &.

Note that by our special construction of inverse images, the functors Jg and
Jp are canonical embeddings, so that L*, M*, R* and P* are restrictions of L,
M, R and P respectively. Besides, since P* and P have the same objects (Jp
is surjective on objects) then so do R* and R (Jg is surjective on objects by
Lemma [2)), so that all rules are preserved by the restriction, i.e., all the rules are
liable to be applied with strict matchings.

Ezample 5. We have build £, in Example 2, We now build the strict restric-
tion of the DPO REM. We first see that Rf)p( is obtained as the inverse image
of the canonical embedding of C* in C along Lppo, hence the Rijpy-objects
are all the Rppo-objects (all DPO-rules), and the RYpo-morphisms are all the
(s1,82,83) : m — 1’ such that Lppo (s1, 82, $3) is in C*, i.e., such that s; is monic.
This is the category Rmppo in [, Definition 3.3].

Similarly, the Djpy-objects are the direct DPO-transformations d € Dppo
such that Mppo d is monic, and the Dfjpo-morphisms are the Dppo-morphisms
(s1,82,83,84) : d = d' such that s; is monic. This is a full subcategory of Dppo,
denoted Dy,ppo in [4, Definition 38]

Proposition 13. If X is right-full (resp. full, resp. faithful, resp. an embedding)
then so is X*.

Proof. We consider the following diagram where both X-functors are depicted,
together with their construction.



TR* xX*
R* X* D*
L* < oy
V] e V[
MR
*( * ‘
[ S*,E,i/l TR )‘;_X\D
JP[ L £
/ iR
P M

It is easy to see that So Ja o mar = Lo Jg o R+, and since X with 7g,
T 18 a meet of L and S then there exists a unique Jy : X* — X such that
Tmody =Jpmomar and mr o Jy = Jg o TRx.

We therefore have a commuting cube from X* to P. Since its left and top
faces are meets, then by Lemmathe diagonal square (mpqx, JpoS*, Jg omgs, L)
is a meet, and since its bottom face is also a meet then again by Lemma [3| its
right face is a meet. Hence Jy is an embedding by Lemma [2}

We also have a square of X-functors, and we now show that it commutes.
Indeed, it is easy to see that myq 0 XoJp = mag0Jy 0o X* and that mg o XoJp =
7R o Jxy o X*, hence by Lemma@we get XoJp = Jy o X*.

We can thus apply again Lemma [3| to get that the square of X-functors is a
meet, and we conclude with Lemma [2] o

5 Conclusion

We conclude that any combination of the REMs for DPO, SPO, SqPO and
PBPO approaches and their strict restrictions yields a REM with a fully faithful
X-functor. This means that in the Global Coherent Transformation presented in
[4], it is possible to apply simultaneously, say, a DPO-rule restricted to strict
matchings and a PBPO-rule.

This way of defining rule morphisms through REMs that satisfy the Cor-
rectness Condition has yet been pursued only for algebraic approaches to graph
rewriting. It is however perfectly possible to follow the same method with al-
gorithmic approaches; the objects of the category D do not have to be defined
algebraically. It is then possible that such approaches would turn out to require
non algebraic constructions to define subsumption morphisms that satisfy the
Correctness Condition. This of course assumes that direct transformations can
be transformed into partial transformations (Definition |4)) and therefore that
their result can be obtained as a pushout. But considering that any H € C is the

pushout of @ Loty , this is always possible provided that C has an initial
object &.

In particular this abstract representation of rules and rule morphisms yields
a general understanding of the notion of symmetries of rules, as in [2I3]. The
specific construction of the automorphism group of a rule in [3] should then



appear as an instance of a general construction, provided the corresponding
category of rules is defined.
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