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1 Introduction
With the popularity of Model Predictive Control (MPC) in both research and industrial appli-
cations, the explicit MPC [1] has promised to be a solution for surpassing the computational
limitation of the implicit/on-line MPC (which has high requirement in computation time).
However, real-time implementation of explicit MPC is rather challenging when it comes to
handling the nonlinear nature of the model. In this paper, we show, as a first step, how to
bypass such difficulty for a multicopter system via differential flatness properties. With the
representation of all states and inputs in terms of a special output, called the flat output,
and its derivatives, a coordinate change can be deduced to linearize the system’s model via
feedback [5, 3]. Furthermore, with a suitable inner-approximation of the feasible domain in
the new convoluted coordinates [3], a standard explicit MPC setup is formulated, which, thus,
promises a fast control calculation. Preliminary simulations, comparisons and discussions over
applicability of the method are presented.

2 Explicit MPC setup and simulation for a quadcopter model
In this section, we first recall the coordinate change which linearizes the quadcopter model in
closed-loop and the inner approximation of its corresponding new nonlinear input constraints.
Then, with those ingredients, the explicit MPC setup is presented for later implementation.
2.1 System characterization with exact linearization deduced by flatness
Recall the discretized model of the translational dynamics of the quadcopter [5]:

xk+1 = Axk +Bhψ(uk) (1)
where, at time step k, xk = [x, y, z, ẋk, ẏk, żk]⊤ ∈ R6 gather the positions of the drone and
their derivatives. uk = [Tk, ϕk, θk]⊤ ∈ R3 denotes the three inputs including the normalized
thrust, roll and pitch angles, while ψ refers to the yaw angle which is considered as a known
parameter. Finally, g is the gravity acceleration, Ts is the sampling time and the remaining
matrices are defined as:
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ï
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, hψ(uk) =

Tk(cosϕk sin θk cosψ + sinϕk sinψ)
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−g + Tk cosϕk cos θk
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The quadcopter needs to respect the input constraints:
uk ∈ U = {0 ≤ Tk ≤ Tmax , |ϕk| ≤ ϵmax, |θk| ≤ ϵmax} (3)

where Tmax > 0, ϵmax ∈ (0;π/2) are constant bounds of the thrust and the angles, respectively.
By a change of control variables uk = φψ(vk) with:

φψ(vk) ≜
®
Tk =

√
v2

1k + v2
2k + (v3k + g)2, ϕk = arcsin ((v1k sinψ − v2k cosψ)/Tk),

θk = arctan((v1k cosψ + v2k sinψ)/(v3k + g)),
(4)

the system (1) and the constraints as in (3) yield:
xk+1 = Axk +Bvk (5a) vk ∈ V ≜ {v : φψ(v) ∈ U} (5b)

with vk = [v1k, v2k, v3k]⊤ denotes the new input. Next, as presented in [3], we adopt the
zonotope-based inner approximation procedure to construct a ψ-independent convex subset
of V as in (5b), which is denoted as Sv (See FIG. 1). Note that, for simplicity, we choose
to construct Sv with only 6 vertices. Regardless, the control problem now is reduced to the
governing of the model (5a) while the constraint vk ∈ Sv is respected.

FIG. 1: The original input constraint set U , new constraints V and its inner-approximation Sv

2.2 Explicit MPC setup
With the above ingredients, we formulate the stabilizing MPC problem as follows:

J∗(xk) ≜ min
Np−1∑
i=0

(∥xi+k∥2
Q + ∥vi+k∥2

R) s.t :
®

xi+k+1 = Axi+k +Bvi+k, vi+k ∈ Sv,
xi+k ∈ X , i ∈ {0, ..., Np − 1}

(6)

where Sv and X are the inner-approximation of V as in (5b) and the state constraints, respec-
tively. Np is the prediction horizon and Q,R are the positive definite weighting matrices.

Denote v∗(·|xk) as the optimal sequence of vi+k in the problem (6), then the solution of (6)
can be represented as a piece-wise function of xk as follows [1]:

(
v∗(·|xk); J∗(xk)

)
j∈{1,...,M}

=


(
F1xk + µ1; x⊤

k γ1xk + α1xk + β1
)

,xk ∈ R1;
...(

FMxk + µM ; x⊤
k γMxk + αMxk + βM

)
,xk ∈ RM .

(7)

where Rj = {x : Hjx ≤ hj}, the j-th polyhedral critical region, together with the parameters
Fj , µj , γj , αj , βj are numerically available within the parametric programming framework [2, 6].

2.3 Simulation study
In this paper, we employed the Multi-Parametric Toolbox for MATLAB [4, 6] to compute
the piece-wise function as in (7). The system parameters are adopted from [3] as Ts = 0.1
(sec), g = Tmax/1.45 = 9.81m/s2, ϵmax = 0.1745 rad while the controller (6) is set up with
Q = diag(50I3, 5I3), R = 5diag(I3), X = {x : |q| ≤ 1.5, |q̇| ≤ −1, q ∈ {x, y, z}} and Np = 3.
Numerical results can be found in TAB. 1 and FIG. 2 where the system’s state is color-coded
with the corresponding critical region.

Results Number of regions (M) Average computation time Size of exported data
Value 19612 34.79 ms 45 MB

TAB. 1: Numerical specifications and results

As can be seen from FIG. 2, the computation time appears to be relatively small compared
to other implementation of non-linear MPC in the literature [5] (≥ 80 ms). However, when



it comes to the conventional MPC where problem (6) is solved online, the constructed MPC
setup show no improvement, computationally, compared to the similar settings in [3] (with ≤ 30
ms). This burden comes directly from the heavy linear search (i.e., a sequential search) for the
critical region among an enormous number of sets (M = 19612) in the 6D space. Besides, as
suggested in TAB. 1, the size of the data exported is relatively large, this may create certain
hardware requirement on the vehicle’s embedded computer in real implementation.

FIG. 2: Computation time (top) and the system’s state color-coded by critical regions (bottom).

Theoretically, prior to this point, the difficulty of non-linearity was surpassed for the control
of the multicopter dynamics (1), which hence, allows us to explicitly compute the solution for
an MPC setup via a piece-wise function and to have a fast MPC implementation. However,
computationally, there still exist several challenges that can possibly be improved with a better
formulated problem as well as stronger computation power.

3 Conclusion
In this paper, we presented how to formulate the explicit MPC for a multicopter vehicle by
exactly linearizing the system via its differential flatness properties and an inner approximation
of the feasible domain. Simulations show the validation and applicability of the procedure,
however, computational difficulty remains a hindrance for real-time implementation.
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