
HAL Id: hal-04430952
https://hal.univ-grenoble-alpes.fr/hal-04430952v3

Submitted on 7 May 2025

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Convergence rates for the moment-SoS hierarchy
Corbinian Schlosser, Matteo Tacchi, Alexey Lazarev

To cite this version:
Corbinian Schlosser, Matteo Tacchi, Alexey Lazarev. Convergence rates for the moment-SoS hierarchy. Nu-
merical Algebra, Control and Optimization, 2025, 16, pp.105-156. ⟨10.3934/naco.2025011⟩. ⟨hal-04430952v3⟩

https://hal.univ-grenoble-alpes.fr/hal-04430952v3
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


Convergence rates for the moment-SoS hierarchy

Corbinian Schlosser1, Matteo Tacchi-Bénard2, Alexey Lazarev3

Abstract

We introduce a comprehensive framework for analyzing convergence rates for infinite dimensional
linear programming problems (LPs) within the context of the moment-sum-of-squares hierarchy. Our
primary focus is on extending the existing convergence rate analysis, initially developed for polynomial
optimization, to the more general and challenging domain of the generalized moment problem. We
establish an easy-to-follow procedure for obtaining convergence rates. Our methodology is based on,
firstly, a state-of-the-art degree bound for Putinar’s Positivstellensatz, secondly, quantitative polynomial
approximation bounds, and, thirdly, a geometric Slater condition on the infinite-dimensional LP. We
address a broad problem formulation that encompasses various applications, such as optimal control,
volume computation and exit location of stochastic processes. We illustrate the procedure on these
three problems and, using a recent improvement on effective versions of Putinar’s Positivstellensatz, we
improve existing convergence rates.
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1 Introduction

Context. In recent years, various kinds of non-linear problems have been recast, approximated, or bounded
using convex sum-of-squares (SoS) or moment-SoS problems. The list of methods and applications is broad,
see for instance [35, 53, 41] for an introduction to polynomial optimization and moment problems with many
applications, [51, 52, 2] for applications to polynomial optimization and control and complexity, [25, 58] for
semidefinite representations of subsets of euclidean space, [37] for integer programming, [57] for applications
to machine learning, [8] for application to complexity theory, [17] for applications to approximating the sta-
bility number of a graph, [54] for bounding the Shannon capacity, [64] for addressing the moment problem
in probability and operator theory, [14] for shape constraint optimization, [10] for option pricing, [27] for
application to energy storage, [34] for applications to game theory, or [19, 29] for its use in quantum infor-
mation theory. A common pillar among the listed examples is that non-negativity is certified through SoS
representations or moment constraints. When this pillar is fruitfully paired with semidefinite representations
of SoS [35, 51, 59], efficient methods for solving SDPs [73, 72] (or SoS tailored methods [46, 56, 33, 49, 12])
and (effective) Positivstellensätze [64, 55, 48, 60, 13, 38, 7, 66], an efficient, strong and widely applicable
framework is built.
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Figure 1: The standard application of the moment-SoS hierarchy.

Some of the above applications have the goal of verifying the non-negativity of a fixed polynomial. In others
of the above applications (such as [14, 10, 34, 57, 51]) the polynomial, for which we want to certify non-
negativity, is a variable. This contribution investigates the most general case where polynomials are decision
variables of an infinite dimensional linear programming problem (LP), whose Lagrangian dual is known as
the generalized moment problem (GMP). The GMP is approximated with the moment-SoS hierarchy: this
work proposes a systematic methodology to compute convergence rates for such approximations.

In recent years, many (nonlinear) problems have been formulated via GMPs. Closest to our setting are,
among others, volume computation for semialgebraic sets [36], optimal transport [45], as well as set separation
a la Urysohn [32]. Other examples arise from dynamical systems and include optimal control [31], stability
analysis [28, 50], localization of global attractors [24, 62, 28], safety analysis [43], as well as partial differential
equations [42] and variational inequalities [20]. Due to the natural role of Borel measures in the GMP, it is
also widely used to study stochastic systems, with applications to exit location [26], infinite time averaging
[22] and peak estimation [44].

Under certain compactness assumptions, the problems mentioned above can be represented in the framework
of GMPs by dual pairs of linear programming problems: the primal problem (measure LP) is defined
on the infinite-dimensional space of Borel measures and features (possibly infinitely many) linear equality
constraints; the dual problem (function LP) is defined on a (possibly infinite-dimensional) vector space
of continuous functions (or polynomials) and features infinite dimensional (functional) linear inequality
constraints. The moment-sum-of-squares (moment-SoS) hierarchy is a two-step procedure that provides a
powerful tool for tackling such linear programming problems and has been applied widely. For the primal
problem, in the first step, the primal decision variables, i.e. Borel measures, are represented by their moments,
which are characterized via linear matrix inequality (LMI) constraints on the so-called moment matrices.
In the second step, the moment matrices are truncated, i.e. only moments up to a finite degree ℓ ∈ N are
considered and paired with the constraints in the LP; resulting in a hierarchy of semidefinite programs. This
operation is referred to as moment relaxation. By duality, this procedure leads to a tightening in its dual, the
function LP. There, the inequality constraints of the function LP are first strengthened to SoS constraints
(by the aid of Putinar’s Positivstellensatz [55]). In the second step, the degree of the SoS polynomials
is truncated, thus obtaining a hierarchy of so-called SoS strengthenings. The scheme of the moment-SoS
hierarchy approach is summarized in Figure 1.

The moment-SoS hierarchy provides guaranteed convergence [35, 47, 69] but, apart from the case of polyno-
mial optimization, the speed of the convergence for the infinite-dimensional problems has been rarely investi-
gated. Two examples where explicit convergence rates were derived can be found in [31] and [30] where a slow
convergence rate was presented based on [48]. Since then, the problem of providing bounds on the minimal
truncation required to fully represent positive polynomials as sums of squares has been deeply studied, with
recent strong improvements both in the generic case [5, 6, 67] and in specific settings [66, 7, 19, 3].

Contribution. The speed of convergence can be derived from such bounds, and is determined by two main
factors:

1. The regularity of optimal solutions to the function LP and, if they are not polynomial, their approxi-
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mation with polynomials;

2. The degree ℓ ∈ N needed for an SoS feasibility certificate for the approximating polynomials.

We treat those two principal concepts in Section 3.1 and aim at describing an interplay between results
on degree bounds in Putinar’s Positivstellensatz, structural approximation properties for polynomials and
compatibility conditions of the LPs concerning polynomials.

The main objective of this article is to provide a method for deriving convergence rates of the moment-SoS
hierarchy when applied to a specific instance of the GMP, using the degree bounds provided in [5]. We
provide examples of computing and improving the convergence rates of the hierarchy with the state-of-the-
art effective versions of Putinar’s Positivstellensatz. Namely, we use [5] to improve the convergence rates
for the optimal control problem stated in [31] and for the standard volume problem [30]. Additionally, we
derive an original convergence rate for the problem of exit location of stochastic processes [26]. Last but not
least, we use our methodology to answer a long-standing question related to volume computation, namely:
how much does the use of Stokes’ theorem improve the moment-SoS hierarchy for volume computation?
Indeed, the first application of the moment-SoS hierarchy to this problem exhibited a very slow convergence
in practice [30] and was soon complemented with [36], yielding a sharp improvement in the numerical
accuracy of the relaxations. To further understand this improvement, a qualitative study [70] showed that
it was related to the Gibbs phenomenon and regularity of solutions in the function LP. In this work, we
complement the qualitative study with a first quantitative analysis of the two formulations, by computing
and comparing upper bounds on the convergence rates in both cases.

In most examples covered in this work, we get a convergence rate of O(ℓ−1/c) for some constant c > 0 (the
only exception being generic optimal control, for which the rate is O (1/log ℓ), see Corollary 4.8, although
mild assumptions allowed us to bring back a polynomial convergence rate in Theorem 4.12), which is a
significant improvement compared to the double log bounds obtained in [31, 30].

Outline. The paper is structured as follows: In Section 2, we fix the notation and focus on the central
underlying concept of moment-SoS hierarchy for the generalized moment problem (GMP). Section 3 recalls
the current state of an effective version of Putinar’s Positivstellensatz and we introduce and motivate our
general procedure for obtaining effective degree bounds for SoS tightening of the infinite-dimensional function
LPs. In Sections 4 and 5 we apply the procedure to establish convergence rates for old and new instances of
the moment-SoS hierarchy and where strong improvements compared to the existing rates are demonstrated.
Section 4 treats dynamical systems, where optimal control for deterministic systems and the exit location
problem of stochastic processes are considered. Section 5 is concerned with volume computation with and
without the aid of reinforcing Stokes constraints. Before concluding in Section 7, we discuss in Section 6
the current limitations of the approach and possible improvements based on further development of effective
Positivstellensätze.

2 Preliminaries: the moment-SoS hierarchy

2.1 Basic notations

We work with the standard notations for usual sets R (real numbers), Z (integers), N (natural integers),
for which the superscript ⋆ indicates that we remove the element 0. Real intervals are denoted [a, b] when
closed, (a, b) when open; integer intervals are denoted Ja, bK (with particular case JnK = J1, nK for n ∈ N⋆).
For x ∈ R, ⌊x⌋ := max([x− 1, x] ∩ Z) denotes the floor and ⌈x⌉ := min([x, x+ 1] ∩ Z) denotes the ceiling.

For a topological space X, C(X) denotes the space of bounded continuous functions from X to R equipped
with the topology of uniform convergence. For two real vector spaces V, W, the set L(V,W) denotes the
space of linear maps from V to W. For a real Banach space V, define the dual space V′ := L(V,R) ∩ C(V),
with duality ⟨v, v′⟩ ∈ R, v ∈ V, v′ ∈ V′. In particular, for a compact Hausdorff space X, the Banach space
of signed Radon measures M(X) is identified with C(X)′.

For α = (α1, . . . , αn) ∈ Nn, |α| := α1 + . . .+ αn is the range of α and (x1, . . . , xn) = x 7→ xα := xα1
1 · · ·xαn

n

is the corresponding monomial. For n, d ∈ N, Nn
d := {α ∈ Nn ; |α| ≤ d} is the set of bounded multi-indices,
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Rd[x] := {x 7→
∑

|α|≤d cα xα ; (cα)α ∈ RNn
d } is the space of polynomial functions of degree at most d,

R[x] := ∪d∈NRd[x] is the space of polynomials. For Ω ⊂ Rn, Pd(Ω) := C(Ω)∩Rd[x] and P(Ω) := C(Ω)∩R[x].

We denote by Rn
+ the cone of coordinate-wise non-negative vectors in Rn. By C(X)+ (respectively C(X)⊕)

we denote the cone of pointwise (strictly) non-negative functions. The dual cone of C(X)+ of non-negative
Borel measures is denoted by M(X)+. The supremum norm on C(X)+ will be denoted by ∥ · ∥X∞.

Sn = {M ∈ Rn×n ;M⊤ = M} is the vector space of symmetric real matrices of size n and Sn+ is the usual
cone of positive semidefinite matrices. For h = (h1, . . . , hr) ∈ R[x]r, define the basic semialgebraic set
S(h) := {x ∈ Rn : h(x) ∈ Rr

+}.

We make the convention that the Assumptions hold throughout the whole paper while Conditions hold
only when explicitly stated.

2.2 (Effective) Putinar’s Positivstellensatz and polynomial operators

The moment-SoS hierarchy builds on real algebraic geometry certificates for non-negativity of polynomi-
als and signed Borel measures. Further it allows recasting certain infinite dimensional LPs a sequence of
finite-dimensional convex optimization problems. A central pillar in this procedure is the celebrated Posi-
tivstellensatz by Putinar.

Theorem 2.1 (Putinar’s Positivstellensatz [55, Theorem 1.3 & Lemma 3.2]).

Let r, n ∈ N⋆ be positive integers, h ∈ R[x]r a family of r polynomials in n variables.

Introduce the closed semialgebraic set X :=
{
x ∈ Rn ;h(x) ∈ Rr

+

}
as well as the convex cones

P(X)+ := {p ∈ R[x] ; p(X) ⊂ R+} Σ[x] :=
{∑K

k=1 p
2
k ;K ∈ N⋆, p1, . . . , pK ∈ R[x]

}
P(X)⊕ := {p ∈ R[x] ; p(X) ⊂ R⊕} Q(h) :=

{(
h⊤ 1

)
σ ;σ ∈ Σ[x]r+1

}
⊂ P(X)+.

If there exists R ∈ Q s.t. R2 − x⊤x ∈ Q(h) (Archimedean property), then P(X)⊕ ⊂ Q(h).

Under the same Archimedean condition, the dual cones Q(h)′ and M(X)+ are isomorphic.

Remark 2.2 (On the Archimedean condition).

As Q(h) ⊂ P(X)+, the Archimedean property automatically yields that

X ⊂ BR :=
{
x ∈ Rn ;x⊤x ≤ R2

}
, (1)

i.e. X is bounded (and thus compact as it is closed). Conversely, if X ⊂ BR for some R > 0, then adding
a polynomial hr+1 := R2 − x⊤x to h does not change the geometry of X, while it results in adding hr+1 to
Q(h). Thus, in practice, the Archimedean condition is considered equivalent to compactness of X.

Effective versions of Putinar’s Positivstellensatz quantify the degree of SoS multipliers in a SoS representation
of positive polynomials. Therefore it is helpful to introduce the truncated quadratic module Qℓ(h) defined
for ℓ ∈ N by

Qℓ(h) :=
{(

h⊤ 1
)
σ ∈ Q(h) ;∀i ∈ JrK, max(deg(σi hi),deg(σr+1)) ≤ 2ℓ

}
(2)

which happens to be a finite-dimensional convex cone.

In this text, we will use an effective version of Putinar’s Positivstellensatz from [5]. To state the result we
need to introduce the Łojasiewicz exponent.

Theorem 2.3 (Łojasiewicz exponent [5, Theorem 2.3, Definition 2.4]).

For x ∈ [−1, 1]n, let

H(x) := |min(h1(x), . . . , hr(x), 0)| D(x) := min{|x− x′| ;x′ ∈ S(h)},

where |x| :=
√
x⊤x is the Euclidean norm of x. Then there exists Ł, c ∈ R⋆

+ s.t. for x ∈ [−1, 1]n

D(x)Ł ≤ cH(x). (3)
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For the statement of the following Theorem 2.4 we introduce the additional notations

p⋆X := inf
x∈X

p(x), ∥p∥ := max
x∈[−1,1]n

|p(x)|.

Theorem 2.4 (Effective Putinar Positivstellensatz [5, Theorem 1.7]).

Let n ≥ 2, p ∈ P(X)⊕. Assume, what later will be denoted by Assumption 3, that is

1− x⊤x ∈ Q(h) and ∀i ∈ JrK, and ∥hi∥ ≤ 1

2
.

Then one has
ℓ ≥ γ(n,h) deg(p)3.5nŁ (∥p∥/p⋆

X)
2.5nŁ

=⇒ p ∈ Qℓ(h) (4)

where 1 ≤ γ(n,h) ≤ Γn3 25Ł−1 rn c2n deg(h)n and Γ > 0 does not depend on n, p,h. In the rest of this
paper, we will consider fixed n and h, so that we simplify the notation γ(n,h) into γ.

Remark 2.5 (Farkas Lemma).

Regardless of n, if deg(p) = deg(h) = 1 (affine forms), then p ∈ P(X)+ ⇐⇒ p ∈ Q1(h).

In the rest of this section, we are concerned with operators A that preserve polynomial structure.

Definition 2.6 (Polynomial operator). Let X ⊂ Rn and Y ⊂ Rm and A : P(Y) → C(X) be a linear
operator. We call A a polynomial operator if Aw ∈ P(X) for all w ∈ P(Y).

Examples of polynomial operators are restriction operators A w := w
∣∣
X

when Y ⊃ X, multiplication
operators A w := w · p for p ∈ P(X), differential operators A : P(X) → C(X) with X = Y and A w :=
grad w ·p for a map p ∈ P(Rn)n, or composition operators A w := w ◦ p for a polynomial map p : X → Y.

Dual to polynomial operators are moment operators B : M(X) → M(Y) whose action on an element
µ ∈ M(X) can be described by an action on the moments of µ. An operator B is called a moment operator
if there exists a sequence of polynomials (φβ)β ∈ P(X)N

n

such that, for all µ ∈ M(X), B µ is the linear
operator defined on the monomial basis by

⟨B µ,yβ⟩ =
∫
φβ dµ. (5)

Lemma 2.7. Let A : P(Y) → C(X) and B : M(X) → M(Y) be linear operators with B = A′. Then A is
a polynomial operator if and only if B is a moment-operator.

Proof. Let us assume that B = A′ is a moment operator. By linearity of A′, it is sufficient to prove that for
all β ∈ Nm, A[yβ] ∈ P(X). Let β ∈ Nm, x ∈ X and consider the Dirac measure µ = δx. By (5) and by
definition of the adjoint operator B = A′, one has,

A[yβ](x) =

∫
A[yβ] dδx =

∫
A[yβ] dµ = ⟨B µ,yβ⟩ (5)

=

∫
φβ dµ =

∫
φβ dδx = φβ(x).

As this holds for all x ∈ X, we deduce that A[yβ] = φβ ∈ P(X). We now prove the reverse implication. Let
µ ∈ M(X), β ∈ Nm. Then, one has

⟨B µ,yβ⟩ =
∫

A[yβ]︸ ︷︷ ︸
φβ

dµ

which concludes the proof because φβ = A[yβ] ∈ P(X) since A is a polynomial operator.

Corollary 2.8 (Action on bounded degree polynomials).

Let A be a polynomial operator. For all ℓ ∈ N, there exists dℓ ∈ N such that any p ∈ Im(A) ∩ R2ℓ[x] has a
preimage of degree at most dℓ:

∃w ∈ Rdℓ
[y] with p = Aw.
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Proof. The set Im(A)∩R2ℓ[x] is a finite dimensional vector space. Thus, there exist u ∈ N and p1, . . . , pu ∈
R[y] such that

span{Ap1, . . . ,Apu} = Im(A) ∩ R2ℓ[x].

Setting dℓ := max
i=1,...,u

deg pi, we have

A (R[y]dℓ
) ⊃ A (span{p1, . . . , pu}) = span{Ap1, . . . ,Apu} = Im(A) ∩ R2ℓ[x].

This shows that any element in Im(A) ∩ R2ℓ[x] has a preimage in R[y]dℓ
, i.e. the statement.

2.3 Generalized Moment Problem

Let X ⊂ Rn and Y ⊂ Rm be compact. Using the duality between the space of continuous functions C(X)
and the space of Borel measures M(X) we set

X := C(X), Y = P(Y).
X ′ := M(X), Y ′ := P(Y)′,

On X we use the topology of uniform convergence, on Y we use an appropriate norm on functions depending
on the problem at hand (e.g. a Ck norm or an Ls norm; this choice determines Y ′) and on X ′ and Y ′ we
use the induced weak-∗ topologies.

Let A : Y −→ X be a continuous linear operator, T ∈ Y ′ be a linear form (i.e. moment sequence), g ∈ X be
a vector of continuous functions. We define the functional LP as

κ⋆ := inf
w∈Y

⟨T,w⟩
s.t. Aw − g ∈ C(X)+

(6)

Remark 2.9 (On the generality of (6)). Note that the generic framework X = S(h) allows for any compact
basic semialgebraic set X. In particular, binary optimization has an LP formulation as (6) which is proved to
be equivalent to semidefinite programming [37]. From this simple remark, one can observe that problem (6)
can feature finite-sized PSD constraints, as proposed in [44]. Hence, the tools displayed in this work can be
used on functional LPs featuring finite-sized LP, convex QP, SOCP, and SDP constraints on coefficients of
the decision variables.

For the rest of the text, we will make the following assumptions.

Assumption 1 (Existence of feasible solutions). The feasible set of (6) is not empty.

Assumption 2 (Polynomial operator A and polynomial g). The operator A is a polynomial operator and
g ∈ P(X).

Assumption 3. The set X is a compact basic semialgebraic with representation X := S(h) ⊂ Rn with
h = (h1, . . . , hr) ∈ R[x]r for some r ∈ N⋆, and for which it holds

1. 1− x⊤x ∈ Q(h) (normalized Archimedean property),

2. ∀j ∈ JrK, ∥hj∥ := max
x∈[−1,1]n

|hj(x)| ≤ 1
2

The Assumptions 1, 2 and 3 guarantee that the LP 6 is non-trivial, has polynomial structure, and that we
will be able to apply the effective Positivstellensatz Theorem 2.4.

Remark 2.10 (On the validity of Assumption 2).

To our best knowledge, many existing formulations of (6) for problems with polynomial data (including those
in [16, 20, 21, 24, 28, 31, 35, 43, 45, 62]) satisfy Assumption 2. Indeed, operations such as summation,
polynomial multiplication/pushforward/composition and differentiation are polynomial operators.
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Through Assumption 3 we impose the algebraic structure on the problem that will allow us to apply the
effective version of Putinar’s Positivstellensatz Theorem 2.4.

Remark 2.11 (On the validity of Assumption 3).

The normalized Archimedean property can be seen as a restatement of compactness of X. For compact
X = S(h), up to rescaling, S(h) is included in the unit ball so that it is possible to add the redundant
inequality constraint 1−x⊤x ≥ 0 to the description of S(h). This is the practical approach for guaranteeing
Assumption 3.1. The second condition in Assumption 3 is only of technical nature and can be obtained
by scaling h.

The optimization problem (6) is an infinite dimensional instance of conically constrained linear programs
(CCLP), and as such it is subject to Lagrange duality. To formulate the dual problem, we introduce the
Lagrange operator

Λ := X ′ × Y ∋ (µ,w) 7−→ ⟨T,w⟩+
∫
g −Aw dµ. (7)

It is straightforward (using the fact that supµ∈M(X)+

∫
g − Aw dµ = ∞ iff there exists x ∈ X with

Aw(x)− g(x) < 0) that

κ⋆ = inf
w∈P(Y)

sup
µ∈M(X)+

Λ(µ,w)

Finally, the dual problem to (6) is obtained by swapping the sup and inf operators:

κ′ := sup
µ∈M(X)+

inf
w∈P(Y)

Λ(µ,w).

Using the the adjoint operator of A
∣∣
Y , given by A′ : X ′ → Y ′ with

⟨A′µ,w⟩ :=
∫

Aw dµ

for w ∈ Y = P(Y) and µ ∈ X ′ = M(X ), we have Λ(µ,w) = ⟨T − A′µ,w⟩ +
∫
g dµ. Again, infw∈Y⟨T −

A′µ,w⟩ = −∞ iff T −A′µ ̸= 0, gives

κ′ = sup
µ∈X ′

∫
g dµ

s.t. A′µ = T.
(8)

We refer to (8) as a generalized moment problem (GMP).1 While in this work we compute convergence rates
through the analysis of (6) (so that we call it the primal problem, and introduced the GMP as its dual),
we wish to emphasize that in many cases, the meaning of the LP at hand is best captured by (8), which in
most existing contributions is the first to be formulated, and hence often called primal problem.

This duality between (8) and (6) comes with two interesting properties [9, 69], which we state next.

Proposition 2.12 (Weak duality).

In all generality, with the above notations, one has κ′ ≤ κ⋆.

Proposition 2.13 (Strong duality).

One has κ′ = κ⋆ if one of the following two Conditions is satisfied.

Condition 1 (Slater [65]). ∃ ◦
w ∈ Y s.t. A ◦

w − g ∈ C(X)⊕.
1The case where g = 0, X = Y, A′ µ = (

∫
xα dµ)α∈Nn and T = (tα)α∈Nn a given sequence of scalars, is called the

X-moment problem.
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Condition 2 (Measure compactness [68]). ∃B > 0 s.t. ∀µ ∈ X ′ feasible for the generalized moment problem

in (8), one has
∫

1 dµ ≤ B.

Condition 1 is instrumental in numerically constructing approximate solutions of (6), while Condition
2 is used in [69] to prove a strong convergence result on the numerical approximation of (8). Ideally, one
would like to deduce both conditions from one, stronger condition.

Lemma 2.14. If there exists ŵ ∈ Y with A ŵ > 0 on X then Condition 1 and Condition 2 are satisfied.

Proof. We first verify that Condition 1 is verified. By compactness of X there exists δ > 0 with A ŵ ≥ δ

on X. Setting
◦
w := δ−1 · (1 + max

x∈X
g(x)) · ŵ we have on X

A ◦
w − g = δ−1 · (1 + max

x∈X
g(x))A ŵ − g ≥ 1 + max

x∈X
g(x)− g ≥ 1 > 0.

This shows Slater’s Condition 1 is satisfied. To see that Condition 2 is satisfied, let µ be feasible for (8).
By the definition of δ, one gets∫

1 dµ ≤ δ−1

∫
A ŵ dµ = δ−1⟨A′µ, ŵ⟩ = δ−1⟨T, ŵ⟩ =: B <∞

which is exactly Condition 2.

As a consequence of Lemma 2.14, Slater’s Condition 1 implies Condition 2 when g ∈ P(X)+. The reason
is that g ≥ 0 together with Slater’s Condition 1 implies A ◦

w > g ≥ 0, i.e. the condition in Lemma 2.14.

2.4 The moment-SoS hierarchy

In this text, we apply the so-called moment-SoS hierarchy for solving the functional LP (6) and its dual,
the GMP (8). This follows an established line of reasoning based on so-called SoS tightenings respectively
moment relaxations and semidefinite programming. More precisely, it consists of the following steps.

Step 1: First, we make use of Assumption 1 and Assumption 2, and we assume that Condition 1
holds. We look for a minimizing sequence of strictly feasible polynomials w for the LP (6). Without changing
the optimal value, we get:

κ⋆ = inf
w∈R[y]

⟨T,w⟩

s.t. Aw − g ∈ P(X)⊕.
(9a)

Step 2: By Assumption 3, using Theorem 2.1, we recast the positivity constraint of (9a) as a quadratic
module constraint:

κ⋆ = inf
w∈R[y]

⟨T,w⟩

s.t. Aw − g ∈ Q(h).
(9b)

Step 3: Eventually, we project our infinite-dimensional quadratic module onto the bounded degree quadratic
module Qℓ(h) (see (2) for the definition), obtaining the following SoS programming problem:

κ⋆ℓ := inf
w∈Rdℓ

[y]
⟨T,w⟩

s.t. Aw − g ∈ Qℓ(h),
(9c)

where Corollary 2.8 is used to bound the degree of w. Note that (9c) is a tigthening of (9b) in the sense
that we replaced the feasible set with a strictly smaller one (even finite-dimensional): in general,

κ⋆ℓ > κ⋆.

9



Moreover, as Q(h) = ∪ℓ∈NQℓ(h) and QL(h) = ∪ℓ≤LQℓ(h) are clear, one also has the following monotone
convergence theorem for free:

κ⋆ℓ ↘
ℓ→∞

κ⋆.

2.5 The general case

In applications, typically a more general situation occurs in which the spaces X and Y are product space

X := C(X1)× . . .× C(XN ), Y := P(Y1)× . . .× P(YM ).
X ′ := M(X1)× . . .×M(XN ), Y ′ = P(Y1)

′ × . . .× P(YM )′,

for N,M ∈ N⋆, n1, . . . , nN ,m1, . . . ,mM ∈ N and sets Xi ⊂ Rni , Yj ⊂ Rmj .

The notions, results, and strategies carry over to product spaces. This is why, for notational simplicity, we
continue with the setting of X = C(X) and Y = P(Y). For the general LPs, notationally not much changes,
only that now X ,X ′ and Y,Y ′ are products and T = (T1, . . . , TM ), g = (g1, . . . , gN ), w = (w1, . . . , wM ) and
µ = (µ1, . . . , µN ) have several components:

κ⋆ = inf
w∈Y

N∑
i=1

⟨Ti, wi⟩ and κ′ = sup
µ∈X ′

M∑
i=1

∫
gi dµi

s.t. ∀i ∈ JNK s.t. ∀i ∈ JNK, µi ∈ M(Xi)+

(Aw − g)i ∈ C(Xi)+ A′ µ = T

(10)

For details and notational subtleties, we refer to Appendix B.

Remark 2.15 (Existing GMPs).

The framework of GMPs covers a large class of problems, notably polynomial optimization [35], but also
the LPs from [10, 14, 16, 20, 21, 24, 28, 30, 31, 34, 35, 43, 45, 51, 62, 70], to name only a few, can all be
represented in the form (10).

3 Method for convergence rates computation

The aim of this section (and more generally of this article) is to design a method for computing the rate
of the convergence of the optimal values κ⋆ℓ in (9c) towards the optimal value κ⋆ of (6). From particular
examples, we derive a generic method for computing such convergence rate, depending on the solutions of
the infinite-dimensional problem (10).

Our strategy consists of the following steps:

1. Construction of a suitable minimizing sequence of polynomials for (6). In this step, it
is important to control – quantitatively and simultaneously – the degree of those polynomials, their
feasibility, and the convergence of their cost toward the optimal value.

2. Application of an effective version of Positivstellensätze. In this step, explicit convergence
rates are derived. They are based on the convergence rates for Positivstellensätze and the minimizing
sequence from the previous step.

There is an interplay between the two steps inherent to the choice of the minimizing sequence. We will see an
adversarial behavior between, on the one hand, a good approximation of the optimal point via high-degree
polynomials and, on the other hand, degree bounds in the SDP relaxations.
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Remark 3.1 (Focusing on the function LP).

We will focus on the functional LP (6) and not on the GMP (8) simply because we will use the effective
version of Putinar’s Positivstellensatz Theorem 2.4, which is more adapted to the LP (6) than to (8).
However, under Slater’s Condition 1, strong duality holds and the two problems are equivalent.

Remark 3.2 (Sparse and symmetric problems).

The number of variables in the SDP for the ℓ-th level of the moment-SoS hierarchy grows combinatorial with
ℓ ∈ N. Thus exploiting sparsity or symmetry, when present, is important in practice. For problems (6) with
symmetry, we can restrict to symmetric solutions [21, Proposition 4.1] for which the symmetry in the SDPs
can be exploited without loss of accuracy [56]. Therefore, whenever the symmetry is compatible with strict
feasibility, convergence rates translate from the full moment-SoS hierarchy to the symmetry-reduced one.
Correlation-sparsity can be treated via [33] allowing the transfer of convergence rates. For sparse dynamical
systems the convergence rates can even be improved as long as the bounds in the effective version of Putinar’s
Positivstellensatz grow with increasing state dimension, see [61].

3.1 General method and function approximation

In this section, we specify the procedure that we have indicated at the beginning of Section 3. Let ε > 0.
Supposing that (6) has an optimal solution w⋆ ∈ R[x] and noting d := deg(w⋆), we want to perturb it with
some w̃ ∈ Rd[x] such that ŵ := w⋆ + w̃ satisfies ⟨T, ŵ⟩ ≤ κ⋆ + ε and p := A ŵ− g ∈ P(X)⊕, i.e. ŵ is strictly
feasible for (6) and thus feasible for (9b) by Theorem 2.1. Then, Theorem 2.4 gives a lower bound on
ℓ ∈ N such that ŵ is feasible for our SoS strenghtening (9c), which will prove that κ⋆ ≤ κ⋆ℓ ≤ κ⋆ + ε.

Hence, the general process for computing the degree ℓ needed for a given ε > 0 accuracy and the corresponding
convergence rate is summarized as follows:

1. Take a minimizer w⋆ of the LP (6).

2. If no minimizer exists, then take an approximate minimal point wε ∈ Y with ⟨T,wε⟩ ≤ κ⋆ + ε/2.

3. Perturb the minimizer w⋆ (resp. wε) into a strictly feasible polynomial ŵ with ⟨T, ŵ⟩ ≤ κ⋆ + ε.

4. Apply (effective) Positivstellenstätze, such as Theorem 2.4, to show that ŵ is feasible for the SDP
hierarchy at some level ℓ ∈ N.

5. Relate the approximation error ε and the hierarchy level ℓ to derive a convergence rate.

Steps 1-4 in the above procedure guarantee asymptotic convergence of the moment-SoS hierarchy. To obtain
explicit convergence rates, the effective Positivstellensatz and regularity properties of the minimizer w⋆ play
central roles. Their interplay is discussed in the following remark.

Remark 3.3 (Desirable properties of the minimizing sequence). A good choice of minimizing sequence
arises from an interplay of two properties: fast convergence of the respective cost and compatibility with the
effective Positivstellensatz. The former property determines how fast the minimizing sequence approaches
the optimal value and the latter determines at which level of the SoS hierarchy the elements in the minimizing
sequence are feasible for the SDPs (9c). Below we specify these properties a bit more and relate them to the
optimal point:

1. Convergence to the optimal cost: To achieve a good approximation of the optimal cost, the regularity
of the optimal point w⋆ and the geometry of the cost T should be leveraged.

2. Compatibility with the effective Positivstellensatz: This typically includes moderate growth of the
degree of the polynomials in the minimizing sequence, moderate growth in the supremum on the set
of interest, and sufficient strict feasibility.
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Some of the stated properties of a good minimizing sequence are adversarial to each other. For instance,
consider the situation where the optimal point is not strictly feasible. Then, a fast approximation of the
optimal point by a minimizing sequence enforces some feasibility constraints to become tight rapidly, which
negatively affects the effective degree bound in Putinar’s Positivstellensatz.

In the applications in Sections 4, 5 we will encounter situations where no polynomial minimizer exists but
we know a non-polynomial “candidate-minimizer” w̄. Formally, we can relax the LP (6) to include such
“candidate-minimizer”. We discuss such an extension of (6) in the following Remark.

Remark 3.4 (Relaxing (6)). If (6) does not have an optimal point, it can be helpful to relax (6) into

κ† = inf
w∈Ŷ

⟨T̂ , w⟩

s.t. Âw − g ∈ X̂+.
(11)

where Ŷ ⊃ Y and X̂ ⊃ X are vector spaces equipped with “well-chosen” topologies (preserving continuity
of A and T and such that Y resp. X is dense in Ŷ resp. X̂ ), the set X̂+ ⊂ X̂ is a cone of non-negative
functions on X, and T̂ : Ŷ → R and Â : Ŷ → X̂ are continuous linear extensions of T resp. A. To our best
knowledge, in many relevant applications, a good choice for the topology on Y often results in (11) having
an optimal solution w̄ ∈ Ŷ with ⟨T̂ , w̄⟩ = κ† = κ⋆ with κ⋆ from (6). The steps 1.-5. from the beginning
of this section can again be followed. Nevertheless, we want to emphasize that in this procedure, bounding
ℓ using Theorem 2.4 can become much more delicate because we impose less regularity on the function
w̄ ∈ Ŷ. The relaxation (11) can be found in this text in the optimal control problem in Section 4.1 where
Y is extended to Ŷ := C1(Y), the exit location problem in Section 4.3 where Y is extended to Ŷ := C2(Y)
(see Remark 4.15), or the volume computation in Section 5 where Y and X are extended to spaces of
integrable functions (see Remark 5.1).

When, as in (11), extending the search space from Y to Ŷ, we relax the problem, i.e. it holds κ† ≤ κ⋆

and the inequality can be strict (for example if the only feasible point is non-polynomial). In the following
lemma, we investigate a situation in which the optimal value does not change by relaxing (6) to (11), i.e.
that κ† = κ⋆ holds. Once again, Slater’s Condition 1 will be helpful.

Lemma 3.5. Let Ŷ be a topological vector space such that Y ⊂ Ŷ is dense. Assume A and T have continuous
extensions Â : Ŷ → X and T̂ : Ŷ → R. Then, under Slater’s Condition 1 for (6), it holds κ† = κ⋆.

Proof. Because (11) is a relaxation of (6) it holds κ⋆ ≥ κ† and it remains to show κ⋆ ≤ κ†. To do so, by
Condition 1 for (6), we can take v ∈ Y with A v − g > 0 on X. Let w ∈ Ŷ be an arbitrary feasible point
for (11) and let ε > 0. For t ∈ (0, 1] consider the element wt := w + t(v − w) ∈ Ŷ. We have

Âwt − g = (1− t) (Âw − g)︸ ︷︷ ︸
≥0

+t (Av − g)︸ ︷︷ ︸
>0

=: δt > 0,

i.e. wt is strictly feasible for (11). By density of Y ⊂ Ŷ and continuity of Â and T̂ , there exists zt ∈ Y with
|Â (zt − wt)| ≤ δ

2 on X and |⟨T̂ , wt − zt⟩| ≤ ε. This means that Âzt − g ≥ Âwt − g − δt
2 = δt

2 > 0 i.e. zt is
feasible for (6), and its objective value ⟨T, zt⟩ differs at most ε from ⟨T̂ , wt⟩. Now, letting t→ 0, we observe
that wt → w and get

lim sup
t↘0

|⟨T̂ , w − zt⟩| ≤ lim sup
t↘0

|⟨T̂ , w − wt⟩|+ |⟨T̂ , wt − zt⟩| ≤ 0 + ε.

This shows κ† ≥ κ⋆ − ε. Because ε > 0 was arbitrary we conclude the statement.

Remark 3.6. In Section 5.1 we consider an LP whose relaxation (11) considers a space X̂ ⊋ X , see
Remark 5.1. In such a situation the above Lemma 3.5 does not apply and we need another result to
conclude.

Lemma 3.7. Let X̂ ⊃ X and Ŷ ⊃ Y be equipped with some topologies such that A and T have continuous
extensions Â : Ŷ −→ X̂ and T̂ : Ŷ −→ R. Assume moreover that:
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1. Y is one-sided dense in Ŷ, i.e. ∀w ∈ Ŷ, any open N ∋ w contains a w̃ ∈ Y such that w̃ ≥ w on Y

2. Â is positive, i.e. for w ∈ Ŷ with w ≥ 0 on Y, it holds Âw ≥ 0 on X

Proof. We only need to show κ⋆ ≤ κ†. Therefore, let w ∈ Ŷ be feasible for (11) with cost c := ⟨T̂ , w⟩. Let
ε > 0 and N := T̂−1((c − ε, c + ε)) be an open neighbourhood of w. By the one-sided density of Y in Ŷ
there exists w̃ ∈ Y ∩ N with w̃ ≥ w on Y. By positivity of Â it follows that w̃ is feasible for (6) with cost
⟨T, w̃⟩ = ⟨T̂ , w̃⟩ ≤ ⟨T̂ , w⟩+ ε. Taking the infimum over w̃ and letting ε to 0 yields κ⋆ ≤ ⟨T̂ , w⟩. Minimizing
w.r.t. w concludes the proof.

Also for the relaxed LP (11) we aim at approximating a minimizer w̄ ∈ Ŷ of (11) by suitable polynomials
wε ∈ Y as in Step 2. from the beginning of this section. The convergence rate is then obtained by combining
Theorem 2.4 with approximation theorems on upper bounds on the degree d required for wε ∈ Rd[y] to
approximate w̄. Such approximation results are treated in the following section.

3.2 Polynomial approximation (finding wε)

This section introduces polynomial approximation results that depend on the regularity of the function to be
approximated. For Y ⊂ Rm open or compact with non-empty interior, we need to define the vector spaces
Ck

b (Y), k ∈ N by induction: C0
b (Y) := Cb(Y) := {f ∈ C(Y) ; f is bounded on Y} and

Ck+1
b (Y) :=

{
f ∈ Cb(Y) : ∀j ∈ JmK,

∂f

∂yj
∈ Ck

b (Y)

}
.

These vector spaces are equipped with the norms ∥f∥C0
b (Y) := ∥f∥Y∞ = supY |f | and, again by induction,

∥f∥Ck+1
b (Y) := ∥f∥Y∞ +

n∑
j=1

∥∥∥∥ ∂f∂yj
∥∥∥∥
Ck

b (Y)

.

When Y is compact, the subscript b is omitted as continuous functions are bounded on compact sets.

An important object is the modulus of continuity ωf,k(y, ρ) of a function f ∈ Ck
b (Y) of order k at a point

y ∈ Y ⊂ Rn for the radius ρ > 0, defined as

ωf,k(y, ρ) := sup
α∈Nn

k

(
sup

∥y−y′∥≤ρ

|∂αf(y)− ∂αf(y
′)|

)
(12a)

where ∂αf =
∂α1

∂yα1
1

· · · ∂
αm

∂yαm
m

f,

as well as the global modulus of continuity

ωL∞

f,k (Y, ρ) := ∥ωf,k(·, ρ)∥Y∞ = sup
y∈Y

ωf,k(y, ρ) ≤ ∞ (12b)

and, for µ ∈ M(Y)+ and s ≥ 1, the Ls(µ)-averaged modulus of continuity

ωLs

f,k(µ, ρ) := ∥ωf,k(·, ρ)∥Ls(µ) :=

(∫
ωf,k(·, ρ)s dµ

)1/s

(12c)

Notice that Y ⊂ Y′ =⇒ ωL∞

f,k (Y, ·) ≤ ωL∞

f,k (Y
′, ·) and µ1 − µ2 ∈ M(Y)+ =⇒ ωLs

f,k(µ1, ·) ≥ ωLs

f,k(µ2, ·). With
the notion of modulus of continuity we can state the following theorem from [4] concerning convergence
speed for polynomial approximation of regular functions.

13



Theorem 3.8 (An extended Jackson inequality [4]).

Let Y ⊂ Rn be open and bounded, f ∈ Ck
b (Y). For d ∈ N there is a polynomial pd ∈ Rd[y] such that for

each α ∈ Nn with |α| ≤ min(k, d) we have

∥∂α(f − pd)∥Y∞ ≤ c

dk−|α| ω
L∞

f,k (Y, 1/d) . (13a)

where c is a positive constant depending only on n, k and Y.

Corollary 3.9 (Approximating smooth functions).

Let Y ⊂ Rn be open and bounded, f ∈ Ck(Y). For d ≥ k there is a polynomial pd ∈ Rd[y] such that

∥f − pd∥Ck(Y) ≤ c0 ω
L∞

f,k

(
Y, 1/d

)
(13b)

where c0 is a positive constant depending only on n, k and Y.

Proof. Consider the polynomial pd given by Theorem 3.8 and c the corresponding constant. Then, one has

∥f − pd∥Ck(Y) =
∑

|α|≤k ∥∂α(f − pd)∥Y∞
(13a)
≤
∑

|α|≤k
c

dk−|α| ω
L∞

f,k (Y, 1/d)

= c
dk ω

L∞

f,k (Y, 1/d)
∑

|α|≤k d
|α|

≤ c
dk ω

L∞

f,k (Y, 1/d) dk
(
n+k
k

)
=
(
n+k
k

)
c ωL∞

f,k (Y, 1/d)

where we have used
∑

|α|≤k d
|α| ≤ dk

∑
|α|≤k 1 = dk

(
n+k
k

)
. Choosing the constant c0 = c0(n, k,Y) :=

(
n+k
k

)
c

concludes the claim.

With a view toward the problem of computing the volume of a semialgebraic set from Section 5, the following
one-sided approximation result is useful.

Theorem 3.10 (One-sided polynomial approximation [11]).

Let Y ⊂ [−1, 1]m, λY be the Lebesgue measure on Y and f : Y −→ R be bounded and measurable.

For all s ∈ [1,∞) and d ∈ N there is a polynomial pd ∈ Rd[y] such that pd ≥ f on Y and∫ (
pd − f

)s
dλY ≤ c ωLs

f,0 (λ, 1/d) (13c)

for some constant c depending only on m and s.

Moreover, for all d ∈ N there is a polynomial pd ∈ Rd[y] such that pd ≥ f on Y and

λ
({

y ∈ Y ; pd(y) > f(y) + ĉ ωL∞

f,0 (Y, 1/d)
})

= 0 (13d)

for some constant ĉ depending only on m.

3.3 Inward-pointing condition (finding w̃)

In this section, we complement polynomial approximations from the previous section with conditions that
assure feasibility for those approximations. We will see in Lemma 3.11 that the following condition is
sufficient for guaranteeing the existence of a minimizing sequence of strictly feasible polynomials.
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Condition 3 (Inward-pointing condition).

We say the LP (6) satisfies the inward-pointing condition if for each feasible point w for (6) there exists
ϕ ∈ Y such that

A(w + θϕ)− g > 0 on X (14)

for all θ ∈ (0, 1].

Lemma 3.11. Under Condition 3, there exists a minimizing sequence of strictly feasible polynomials.

Proof. Let ε > 0 and wε ∈ Y be feasible with

⟨T,wε⟩ < d +
ε

2
. (15a)

Let ϕε be as in the inward-pointing Condition 3, such that wε + θϕε is strictly feasible for all θ ∈ (0, 1].
Let θε ∈ (0, 1] be small enough such that

|⟨T, θεϕε⟩| = θε |⟨T, ϕε⟩| <
ε

2
. (15b)

We set pε := wε + θεϕε ∈ Y. Then pε is strictly feasible and putting together (15a) and (15b) gives

⟨T, pε⟩ ≤ ⟨T,wε⟩+ |⟨T, θεϕε⟩|+ < d +
ε

2
+
ε

2
= d + ε.

Letting ε go to zero shows the statement.

Similar to Lemma 2.14, a simpler version of Condition 3 is that there exists ϕ ∈ Y with Aϕ > 0.

Lemma 3.12. Assume there exists ϕ ∈ Y with Aϕ > 0. Then Condition 3 is satisfied.

Proof. Let w ∈ Y be feasible. Then for all θ > 0 it holds A(w+ θϕ)− g = A(w)− g + θA(ϕ) > 0 on X.

The inward-pointing Condition 3 is closely related to the Slater Condition 1. We address this shortly in
the following proposition.

Proposition 3.13 (Inward-pointing and Slater conditions).

The inward-pointing Condition 3 and the Slater Condition 1 are equivalent.

Proof. If Condition 3 is satisfied, then Condition 1 is satisfied. This follows immediately because for
feasible w ∈ A and ε and ϕ as in Condition 3 the point w + εϕ is strictly feasible, i.e. (by continuity
of A) lies in the interior of the feasible set. On the other hand, if Condition 1 is satisfied with strictly
feasible point

◦
w ∈ Y then, by convexity of the feasible set, Condition 3 is satisfied. Indeed, for w feasible

let ϕ :=
◦
w − w; then for all θ ∈ (0, 1] it holds

A(w + θϕ)− g = A((1− θ)w + θ
◦
w)− g = (1− θ) (Aw − g)︸ ︷︷ ︸

≥0

+θ (A ◦
w − g)︸ ︷︷ ︸
>0

> 0.

Remark 3.14 (On the relevance of Condition 3).

Upon reading Proposition 3.13, one could wonder why the inward-pointing condition is important, as it
is equivalent to the better-known Slater condition. The reason is that this condition allows to “quantify”
Slater’s condition, in the sense that by choosing θ we can control “how positive” the function A(w+ θϕ)− g
gets. This will be instrumental in the computation of the convergence rates. In analogy to Putinar’s
Positivstellensatz, the inward-pointing Condition 3 is to Slater’s Condition 1 what an effective Putinar
Positivstellensatz is to the original Putinar Positivstellensatz Theorem 2.1. Further, a practical advantage
of the inward-pointing condition is that often it can be verified via Lemma 3.12.
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3.4 Obtaining the convergence rates

Here, we put together the steps we discussed in this section. We consider the functional LP (6) and formulate
the following (quantitative) conditions.

Condition 4.

4.1 Effective Putinar’s Positivstellensatz: There is an effective degree bound ℓb(n,h, p⋆X, ∥p∥K∞,deg(p)) for
Putinar’s Positivstellensatz. That is, for X = S(h) ⊂ Rn and p ∈ P(X), it holds

p⋆X := min{p(x) ; x ∈ X} > 0 and ℓ ≥ ℓb(n,h, p
⋆
X, ∥p∥K∞,deg(p)) =⇒ p ∈ Qℓ(h) (16)

where ∥p∥K∞ := sup
x∈K

|p(x)| for a given set K ⊃ X.

4.2 Existence and regularity of minimizer: There exists a minimizer w⋆ of the functional LP (6) (or more
generally for the LP (10)).

4.3 Quantitative inward-pointing condition: We have access to quantitative estimates of “how much the
inward-pointing direction is pointing inward”. That is, we can bound from below the function ψ(θ)
given by

ψ(θ) := inf
x∈X

A(w⋆ + θϕ)(x)− g(x) > 0.

Condition 4.1 is formulated such that it is satisfied for the effective Positivstellensatz Theorem 2.4.
We will discuss properties of effective Positivstellensätze such as not including an ambient set K ⊃ X in
Remark 6.4.

Conditions 4.2 and 4.3 are specifically formulated to keep simultaneous control of deg(p), p⋆X and ∥p∥X∞,
allowing for simple use of the effective Positivstellensatz. Hence, the “only” remaining difficulty lies in
effectively verifying those two conditions. In Section 6, we discuss possible relaxations of Conditions 4.2
to allow for minimizers that are not polynomial.

Examples of how the three concepts in Conditions 4 work together for obtaining convergence rates are
demonstrated in the following sections, in which we focus on optimal control problems, volume computation
of semialgebraic sets and the central example of polynomial optimization.

3.5 Example: polynomial optimization

The Polynomial Optimization Problem (POP) is at the root of the development of the moment-SoS hierarchy.
It will serve as a fundamental and motivating example for our convergence rates computation. It consists
in globally minimizing a polynomial f ∈ R[x] on a nonempty, compact basic semi-algebraic set ∅ ̸= X :=
S(h) ⊂ Rn, where h ∈ R[x]r:

f⋆X := min
x∈Rn

f(x)

s.t. h(x) ∈ Rr
+.

(17)

By definition of the minimum, it is straightforward that f⋆X = max{w ∈ R; f − w ≥ 0 on Y}, which gives
rise to the below functional LP formulation

f⋆X = sup
w∈R

w

s.t. f − w ∈ C(X)+.
(18)

This optimization problem is of the form (6) after substituting the inf by sup for T := 1, Y := {0} a one-
point set (i.e. P(Y) can be identified with R), Aw(x) := −w and g := −f . Now, we perform, step-by-step,
our method described in Section 3.1.

1. Find optimal point w⋆: The optimal solution of (18) given by w⋆ = f⋆X.
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2. Verify if w⋆ ∈ P(Y): This is satisfied because w⋆ = f⋆X ∈ R = P(Y).

3. Find inward-pointing direction: We choose the inward-pointing direction ϕ := −1 ∈ R. Indeed, for all
θ ∈ (0, 1]

f − (w⋆ + θϕ) = f − f⋆X + θ ≥ θ > 0 on X. (19)

4.-5. Formulate the SDP hierarchy and bound ℓ: The moment-SoS hierarchy for (18) reads

f ℓX := max
w∈R

w

s.t. f − w ∈ Qℓ(h).
(20)

Using (19), we can apply Theorem 2.4 and get a bound on ℓ respectively a convergence rate for
f ℓX to f⋆X. We state this in Corollary 3.15, where we use the notation ∥f∥ := max

x∈[−1,1]n
|f(x)| from

Theorem 2.4.

Corollary 3.15 (Convergence rate for POP [5, Theorems 4.2 & 4.3]).

For n ≥ 2 and ℓ ∈ N one has

0 ≤ f⋆X − f ℓX ≤
2∥f∥(deg(f)) 7

5

(
γ
ℓ )
) 1

(2.5nŁ)

1− (deg(f))
7
5

(
γ
ℓ )
) 1

(2.5nŁ)

∈ O
(
ℓ−

1
(2.5nŁ)

)
. (21)

Proof. Let ℓ ∈ N. We search for a range of ε ≥ 0 for which we can verify f ℓX ≥ f⋆X − ε. That is, we want
to certify, using Theorem 2.4, that p := f − f⋆X + ε belongs to Qℓ(h). To apply Theorem 2.4, we first
bound ∥p∥ and p⋆X by

∥p∥ ≤ 2∥f∥+ ε and p⋆X = ε.

From Theorem 2.4 we get p ∈ Qℓ(h) for

ℓ ≥ γ(n,h) deg(p)3.5nŁ (∥p∥/p⋆
X)

2.5nŁ
= γ(n,h) deg(f)3.5nŁ (∥p∥/ε)

2.5nŁ
.

Using ∥p∥ ≤ 2∥f∥+ ε, we search for ε = εℓ ≥ 0 such that (after taking the 2.5nŁ-th root)

ℓ
1

2.5nŁ ≥ γ(n,h)
1

2.5nŁ deg(f)
7
5
2∥f∥+ ε

ε
,

i.e. we can choose

εℓ :=
2∥f∥(deg(f)) 7

5

(
γ(n,h)

ℓ )
) 1

(2.5nŁ)

1− (deg(f))
7
5

(
γ(n,h)

ℓ )
) 1

(2.5nŁ)

.

We conclude
0 ≤ f⋆X − f ℓX ≤ εℓ ∈ O

(
ℓ−

1
(2.5nŁ)

)

It is worth mentioning that the bound in Corollary 3.15 is asymptotic, however, it is possible to have
f⋆X = f ℓX already for finite ℓ ∈ N. This is exactly the case when f − f⋆X ∈ Q(h).

Remark 3.16. Even though finite convergence for polynomial optimization is a generic property, see [47],
testing for finite convergence cannot be performed in polynomial time unless P = NP, see [74]. Similarly
to the result in [74], in [1] several problems from dynamical systems, that can be approached via functional
LPs (6) and the moment-SoS hierarchy [50, 62, 43], are shown to be unsolvable in polynomial time unless
P = NP. In practice, we see this as an indicator not to expect finite convergence for the moment-SoS
hierarchy for the LPs (10). More precisely, the applications in Sections 4 and 5 do not (in general) enjoy
finite convergence simply because of the absence of polynomial optimal points.
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4 Application: dynamical systems

We are now going to demonstrate the methodology on instances of the moment-SoS hierarchy related to the
study of dynamical systems, such as optimal control [31] or stochastic differential equations [26].

4.1 Optimal control

In this section, we consider the infinite horizon optimal control problem as presented in [31]:

V ⋆(y0) := inf
y(·),u(·)

∫ ∞

0

e−βt g(y(t),u(t)) dt

s.t. y(t) = y0 +

∫ t

0

f(y(s),u(s)) ds (22)

y(t) ∈ Y, u(t) ∈ U

with discount factor β > 0, f ∈ R[y,u]m, g ∈ R[y,u] and compact basic semi-algebraic sets Y := S(hY) ⊂
Rm, U := S(hU) ⊂ Rnu , hY ∈ R[y]ry , hU ∈ R[u]ru .

A central object in the analysis of optimal control problems is the Hamilton-Jacobi-Bellman inequality

g − β V − f · gradV ≥ 0 on X := Y ×U. (23)

For any V satisfying (23) it holds V ≤ V ⋆ on Y, see for instance [31]. Hence, for any probability measure
µ0 ∈ M(Y)+ (i.e. s.t. µ0(Y) = 1) defining a random initial condition Y02 it holds

Eµ0
[V ⋆(Y0)] ≥ sup

V ∈P(Y)

∫
V (y0) dµ0(y0) =: Eµ0

[V (Y0)]

s.t. g − β V − f · gradV ≥ 0 on X := Y ×U

(24a)

Remark 4.1 (Regularity of V ⋆). Typically, the optimal value function V ⋆ is not polynomial and does not
even need to be differentiable (an example of an optimal control problem with non-smooth V ⋆ is given in
(55)). However, to investigate the gap between the left-hand side and the right-hand side in (24a), it is
helpful to assume V ⋆ being continuously differentiable, as we will do in Condition 5.3. Such regularity
of V ⋆ implies that V ⋆ satisfies the Hamilton-Jacobi-Bellman inequality with equality. More precisely it is
the unique solution to the so-called Hamilton-Jacobi-Bellman equality. In particular, V ⋆ becomes feasible
for (24a) if we extend the decision space Y = P(Y) to Ŷ = C1(Y) as discussed in Remark 3.4. This
observation will be key in our convergence analysis.

The optimization problem (24a) is a function LP of the form (10) for Y := P(Y) equipped with the induced
topology from C1(Y), the space X given by X := C(X), the linear form T on Y given by

⟨T,w⟩ :=
∫
w dµ0,

the operator A : Y → X given by
A V := β V − f · gradV,

and, by abuse of notation, the function g in (6) given by −g (for g from (24a)). The corresponding hierarchy of
SoS strengthenings (9c) for (24a), is given formulated below: defining r := ry+ru, h := (hY,hU) ∈ R[y,u]r,
it reads

Vℓ(µ0) := sup
V ∈Rdℓ

[y]

∫
V (y0) dµ0(y0)

s.t. g − β V − f · gradV ∈ Qℓ(h).

(24b)

2This includes the deterministic setting under the form µ0 = δy0 , where y0 ∈ Y and δy0 is the Dirac measure in y0 s.t.
for all Borel measurable A ⊂ Y, δy0 (A) = 1 if y0 ∈ A, 0 else. Then, P(Y0 = y0) = µ0({y0}) = 1: Y0 is deterministic, and
Eµ0 [V

⋆(Y0)] :=
∫
V ⋆ dµ0 = V ⋆(y0).
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By (24a), the bound Vℓ(µ0) from (24b) is a lower bound on Eµ0
[V ⋆(Y0)]. To assure convergence of Vℓ(µ0)

to Eµ0
[V ⋆(Y0)] as ℓ tends to infinity, we rely on the following Condition (see [31, Assumption 1]):

Condition 5. The following conditions hold:

5.1 Setting X := Y ×U and x = (y,u), it holds X ⊂ B = {x ∈ Rn ;x⊤x ≤ 1} where n = m+ nu.

5.2 h(0) ∈ Rr
⊕ (i.e. the interior of X contains 0).

5.3 V ⋆ ∈ C1,1(Y), that is V ⋆ is differentiable and gradV ⋆ is Lipschitz continuous on Y.

5.4 For all y ∈ Y, the set f(y,U) and the map v 7→ inf{g(y,u) ;u ∈ U and f(y,u) = v} are convex.

We want to briefly discuss the properties in Condition 5. Using Condition 5.1, one can complement the
description of X = S(h) with the polynomial

hr+1(x) := 1− x⊤x,

so that Assumption 3 always holds. The second property in Condition 5 assures that the set X has non-
empty interior which loosens feasibility restrictions on the trajectories as well as the control in the interior
of X. Condition 5.3 assures the existence of a minimizer of (24a) – namely V ⋆ – and further we can
bound the modulus of continuity of its derivative (which is used when we apply Theorem 3.8). Finally,
Condition 5.4 is of technical nature and assures that there is no relaxation gap, i.e. that the optimal value
of the right-hand side in (24a) equals, and is not only bounded by, Eµ0

[V ⋆(Y0)]. We refer to [75] for details.

Theorem 4.2 ([31, Theorem 1]).

Let µ0 ∈ M(Y)+ be a probability measure. Then, under Condition5,

1. There is ℓ0 ∈ N s.t. ∀ℓ ≥ ℓ0, Vℓ(µ0) > −∞, i.e. (24b) is feasible.

2. Any V feasible for (24b) satisfies V ≤ V ⋆ (i.e. it lower bounds the optimal value function).

3. ∀ℓ ≥ ℓ0, (24b) has an optimal solution V ⋆
ℓ ∈ Rdℓ

[y] s.t. Vℓ(µ0) = Eµ0
[V ⋆

ℓ ].

4. Eµ0
[V ⋆(Y0)]− Vℓ(µ0) = Eµ0

[V ⋆(Y0)− V ⋆
ℓ (Y0)] −→

ℓ→∞
0 i.e. V ⋆

ℓ converges to V ⋆ in L1(µ0).

In [31], the authors give an upper bound on the convergence rate in item 4. in Theorem 4.2. In this section,
we improve this bound using the effective Positivstellensatz Theorem 2.4. Throughout this section, for
dynamics f = (f1, . . . , fm) : X → Rm, we use the notation

∥f∥X∞ :=

m∑
i=1

∥fi∥X∞.

We first introduce two technical lemmata that will be instrumental in the convergence rate computation and
also informative on possible improvements for effective Positivstellensätze.

Lemma 4.3. For d ∈ N let Vd ∈ Rd[y] with ∥Vd − V ⋆∥C1(Y) ≤ c1
d , where the constant c1 is deduced from

Corollary 3.9. For any η > 0 let Vd,η := Vd − c1
d

(
1 +

∥f∥X
∞

β

)
− η ∈ Rd[y]. Then Vd,η satisfies

∥Vd,η − V ⋆∥C1(Y) ≤
(
2 +

∥f∥X∞
β

)
c1
d

+ η (25a)

and
g − βVd,η + f · gradVd,η ≥ βη on X = Y ×U. (25b)

19



Proof. The arguments can be found in [30, Lemma 3] and [30, Lemma 2]. Since the arguments are short, we
will state the proof here as well. First, we compute c1 using Corollary 3.9: There exists Vd ∈ Rd[y] such
that

∥Vd − V ⋆∥C1(Y) ≤ c0 ω
L∞

V ⋆,1(Y, 1/d)

with, using the Lipschitz condition on gradV ⋆ given in Condition 5, ωL∞

V ⋆,1(Y,
1
d ) ∝

1
d , yielding the constant

c1 such that c0ωL∞

V ⋆,k(Y, r) ≤ c1
1
d . Then, we have

∥Vd,η − V ⋆∥C1(Y) ≤ ∥Vd − V ⋆∥C1(Y) + ∥Vd,η − Vd∥C1(Y) ≤
c1
d

+
c1
d

(
1 +

∥f∥X∞
β

)
+ η.

This is (25a). For (25b) we compute

g − βVd,η + f · gradVd,η = g − βV ⋆ + f · gradV ⋆︸ ︷︷ ︸
≥0

+ β(V ⋆ − Vd,η) + f · grad(Vd,η − V ⋆)

≥ 0 + β

(
V ⋆ − Vd +

c1
d

(
1 +

∥f∥X∞
β

)
+ η

)
+ f · grad(Vd − V ⋆)

≥ β

(
−∥V ⋆ − Vd∥Y∞ +

c1
d

(
1 +

∥f∥X∞
β

)
+ η

)
− ∥grad(V ⋆ − Vd)∥Y∞∥f∥X∞

≥ β

(
−∥V ⋆ − Vd∥C1(Y) +

c1
d

(
1 +

∥f∥X∞
β

)
+ η

)
− ∥V ⋆ − Vd∥C1(Y)∥f∥X∞

≥ β

(
−c1
d

+
c1
d

(
1 +

∥f∥X∞
β

)
+ η

)
− c1
d
∥f∥X∞

= βη.

Remark 4.4 (Inward-pointing condition for smooth control).

Notice that Lemma 4.3 is essentially a statement of satisfaction of the inward-pointing Condition 3
while keeping control on the objective, in the special case of the optimal control problem with Lipschitz
differentiable optimal value function.

Lemma 4.5. For any nonnegative polynomial p ∈ P(X)+, it holds

∥p∥ ≤
(
1 +

deg(p)2

4
(2/b)

deg(p)+1

)
∥p∥X∞, (26)

where b ∈ (0, 1) is such that [−b, b]n ⊂ X (whose existence is guaranteed by Condition 5.2).

Proof. See Appendix C.

Remark 4.6. Notice that Lemma 4.5 introduces a gap between the norm ∥p∥ that we need to use in the
effective Positivstellensatz and the norm ∥p∥X∞ that is available in our setting (this is discussed in more detail
in Remark 6.4).

Now we are already in the position to apply an effective version of Putinar’s Positivstellensatz.

Theorem 4.7 (Effective Putinar Positivstellensatz for optimal control).

Let η > 0 and d ∈ N such that df := deg(f) + d ≥ deg(g). Let Vd,η be defined as in Lemma 4.3. Under
Condition 5, there exist A,B,C ∈ R⊕ so that Vd,η is feasible for (24b) for any

ℓ ≥ γd3.5nŁ
f

(
A

η
+

B

η d
+ 1

)2.5nŁ (
1 + Cdf+1 · d2

f/4
)2.5nŁ

. (27a)

Moreover, it holds

Eµ0
[Vd,η(Y0)] ≥ Eµ0

[V ⋆(Y0)]− η −
(
2 +

∥f∥X∞
β

)
c1
d
. (27b)

20



Proof. We use Theorem 2.4: Denoting p := g − β Vd,η − f · gradVd,η ≥ β η > 0, we know that p ∈ Qℓ(h)
(i.e. Vd,η is feasible for (24b)) for

ℓ ≥ γ deg(p)3.5nŁ (∥p∥/p⋆
X)

2.5nŁ (28a)

for γ = γ(n,h) the constant from Theorem 2.4. Hence, we only need to estimate bounds on ∥p∥, deg(p)
and p⋆X.

• p⋆X ≥ β η is a direct consequence of how we constructed Vd,η in Lemma 4.3.

• deg(p) ≤ max(deg(g),deg(Vd,η),deg(f · gradVd,η)) ≤ df := deg(f) + d.

• Estimating ∥p∥ is the difficult part. First, we have, denoting q := g − β V ⋆ − f · gradV ⋆ ≥ 0:

∥p∥X∞ − ∥q∥X∞ ≤ ∥p− q∥X∞
= ∥β(V ⋆ − Vd,η) + f · grad(V ⋆ − Vd,η)∥X∞

=

∥∥∥∥β(V ⋆ − Vd +
c1
d

(
1 +

∥f∥X∞
β

)
+ η

)
+ f · grad(V ⋆ − Vd)

∥∥∥∥X
∞

≤ β

(
∥V ⋆ − Vd∥X∞ +

c1
d

(
1 +

∥f∥X∞
β

)
+ η

)
+ ∥f∥X∞ ∥grad(V ⋆ − Vd)∥X∞

≤ (β + ∥f∥X∞)
(
∥V ⋆ − Vd∥C1(Y) +

c1
d

)
+ η β

≤ 2(β + ∥f∥X∞)
c1
d

+ η β

which gives the upper bound
∥p∥X∞ ≤ ∥q∥X∞ + 2(β + ∥f∥X∞)

c1
d

+ η β. (28b)

However, in (28a) we want to bound in the the term ∥p∥
p⋆
X

. We do so using

∥p∥
p⋆X

=

(
∥p∥X∞
p⋆X

)(
∥p∥
∥p∥X∞

)
,

where we bound the first term on the right-hand side by (28b) and p⋆X ≥ βη, and for the second term we
use Lemma 26. We finally get the claimed bound by putting together in (28a):

ℓ ≥ γd3.5nŁ
f

(
∥q∥X∞
β η

+ 2
β + ∥f∥X∞

β η

c1
d

+ 1

)
︸ ︷︷ ︸

≥∥p∥X∞/p⋆X

2.5nŁ(
1 +

d2f
4

(2/b)
df+1

)
︸ ︷︷ ︸

≥∥p∥/∥p∥X∞

2.5nŁ

which is exactly (27a). Eventually, we compute

0 ≤ Eµ0
[V ⋆(Y0)]− Vℓ(µ0) ≤ Eµ0

[V ⋆(Y0)− Vd,η(Y0)] ≤ ∥V ⋆ − Vd,η∥Y∞

≤ ∥V ⋆ − Vd,η∥C1(Y)

(25a)
≤
(
2 +

∥f∥X∞
β

)
c1
d

+ η.

Corollary 4.8 (Convergence rate for optimal control).

Under Condition 5, for ℓ ∈ N large enough it holds

|Eµ0
[V ⋆(Y0)]− Vℓ(µ0)| ∈ O(1/log ℓ) as ℓ→ ∞. (29)
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Proof. We are going to use Theorem 4.7. Let d ∈ N and take

η :=
1

d
.

Then, Theorem 4.7 ensures that

0 ≤ Eµ0 [V
⋆(Y0)]− Vℓ(µ0) ≤

1

d

(
1 +

(
2 +

∥f∥X∞
β

)
c1

)
=: εd ∈ O

(
1

d

)
(30a)

for
ℓ ≥ γd3.5nŁ

f (Ad+B + 1)
2.5nŁ

(1 + Cdf+1 · d2
f/4)2.5nŁ =: ℓb

for certain A,B,C > 0. Now, an asymptotic equivalent is given by

ℓb ∼
d→∞

γ
A2.5nŁ

42.5nŁ d
11nŁC(d+deg(f)+1)2.5nŁ ∈ O

d→∞

(
d11nŁC2.5nŁd)

and taking the log yields
log(ℓb) ∈ O(d) = O(1/εd) as d→ ∞.

Finally, remembering that 0 ≤ Eµ0 [V
⋆(Y0)]− V⌈ℓb⌉(µ0) ≤ εd and inverting the above asymptotic expression

gives the announced result.

Remark 4.9 (Comparison with [31]).

In [31], using a previous effective version of Putinar’s Positivstellensatz, the authors came up with a much
worse convergence rate of 1/log log ℓ. Using the effective Putinar Positivstellensatz from [5], we could remove
an exponential dependence in the degree and hence sharply improve the convergence rate. Moreover, at
the price of some additional assumptions on the state set Y, it is even possible to derive a polynomial
convergence rate, as we will show now. Indeed, the remaining exponential dependence is an artifact coming
from Lemma 4.5, but the effective Positivstellensatz gives polynomial dependence.

4.2 A polynomial convergence rate

In this paragraph, we derive a convergence rate for the GMP (24b) in which the level ℓ of the hierarchy is
polynomial in 1

ε for the relaxation gap Eµ0
[V ⋆(Y0)] − Vℓ(µ0) ≤ ε. The idea is to side-step the exponential

growth of the degree bound in Lemma 4.5 that arises from bounding the supremum of a polynomial on the
hypercube by its supremum on a smaller cube. Here, we will extend the optimal value function V ⋆ to the
whole hypercube [−1, 1]m and, only then, approximate it on the full hypercube [−1, 1]m by a polynomial Vd.
This allows us to bound ∥Vd∥ simply by ∥V ⋆∥+1 (for d large enough) instead of ∥Vd∥ ≤ Cd∥Vd∥Y∞. For this
to work we need to guarantee that there exists an extension of V ⋆ to [−1, 1]m with sufficient regularity.

To extend V ⋆ we need to introduce the Hölder spaces and norms: We say a function w belongs to the Hölder
space Ck,a(Y) for k ∈ N and a ∈ (0, 1] if w ∈ Ck(Y) and its k-th derivative is a-Hölder-continuous, i.e. its
a-Hölder coefficient is finite:

ζYk,a(w) := max
|α|=k

sup
y ̸=y′∈Y

|∂αw(y)− ∂αw(y
′)|

∥y − y′∥a
<∞.

For bounded Y, we equip the space Ck,a(Y) with the norm

∥w∥Ck,a(Y) := ∥w∥Ck(Y) + ζYk,a(w).

The notion of Hölder regularity is used to state the following condition, which is instrumental in ensuring a
polynomial convergence rate instead of the logarithmic one given in Corollary 4.8.

Condition 6. The set Y has C1,1 boundary, that is the boundary ∂Y is locally the graph of a C1,1 function
in the above sense of having a finite Hölder coefficient.
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Next, we provide an extension result for Hölder functions from [23].

Lemma 4.10 (Extension Lemma; [23, Lemma 6.37]).

Let k ≥ 1 be an integer and a ∈ (0, 1]. Let Y ⊂ Rm be compact with Ck,a boundary. Let Ω be an open and
bounded set containing Y. Then for every function w ∈ Ck,a(Y) there exists an extension w̄ ∈ Ck,a(Ω) with
w(y) = w̄(y) for all y ∈ Y and

∥w̄∥Ck,a(Ω) ≤ c2 ∥w∥Ck,a(Y) (31)

for some constant c2 = c2(m, k, a,Y,Ω) independent of w.

Under Conditions 6 and 5.3, Lemma 4.10 ensures that there exists an extension V ∈ C1([−1, 1]m) of
V ⋆ such that grad V is Lipschitz continuous and there exists a constant c2 = c2(m,Y) such that

∥V ∥C1,1([−1,1]m) ≤ c2∥V ⋆∥C1,1(Y). (32a)

For the rest of this paragraph, we follow the same path as previously in this section. That is, by Corollary
3.9, let Vd ∈ Rd[y] be a polynomial and c1 be a constant (independent of V ) with

∥V − Vd∥C1([−1,1]m) ≤
c1
d
. (32b)

As in Lemma 4.3, for η > 0, we define

Vd,η := Vd −
c1
d

(
1 +

∥f∥
β

)
− η ∈ Rd[y], (32c)

where we recall that ∥f∥ = max{|f(y,u)| ; (y,u) ∈ [−1, 1]n} with n = m+ nu. In the following lemma, we
show that Vd,η is strictly feasible.

Lemma 4.11. Let Condition 6 hold and c1 = c1(m,Y, V
⋆), c2 = c2(m,Y) be the constants from (32a)

and (32b). For d ∈ N, η > 0 the function Vd,η satisfies

∥Vd,η − V ⋆∥C1(Y) ≤
(
2 +

∥f∥
β

)
c1
d

+ η. (33a)

Further, for the polynomial function p := g − βVd,η + f · gradVd,η ∈ P(X) it holds

p ≥ βη on X = Y ×U (33b)

and, recalling that ∥p∥ = max{|p(x)| ; x ∈ [−1, 1]n},

∥p∥ ≤ ∥g∥+ c2 ∥V ⋆∥C1,1(Y) (β + ∥f∥) + 2
c1
d
(β + ∥f∥) + βη. (33c)

Proof. The statements (33a) and (33b) follow similarly to (25a) and (25b) in Lemma 4.3. To show (33c),
we simply apply the triangle inequality

∥p∥ = ∥g − βVd,η + f · gradVd,η∥
≤ ∥g∥+ β∥Vd,η∥+ ∥f · gradVd,η∥ (34a)

and separately bound ∥βVd,η∥ and ∥f · gradVd,η∥. We begin with β∥Vd,η∥

∥βVd,η∥ ≤ β

(
∥V ∥+ ∥Vd − V ∥+ c1

d

(
1 +

∥f∥
β

)
+ η

)
≤ β

(
c2 ∥V ⋆∥C1,1(Y) +

c1
d

+
c1
d

(
1 +

∥f∥
β

)
+ η

)
≤ β

(
c2 ∥V ⋆∥C1,1(Y) +

c1
d

(
2 +

∥f∥
β

)
+ η

)
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where in the last inequality we used (32a) and (32b). For bounding f ·gradVd,η we use gradVd,η = gradVd
and we have

∥f · gradVd,η∥ = ∥f · gradVd∥
≤ ∥f∥

(
∥V ∥C1,1(Y) + ∥Vd − V ∥C1,1(Y)

)
≤ ∥f∥

(
c2 ∥V ⋆∥C1,1(Y) +

c1
d

)
Putting together in (34a) gives (33c).

As in the previous section, Lemma 4.11 ensures that Vd,η is an inward-pointing perturbation of V ⋆. Now,
all that remains is to apply an effective version of Putinar’s Positivstellensatz from Theorem 2.4.

Theorem 4.12 (Polynomial rate for optimal control).

Under Conditions 5 and 6, for ℓ ∈ N large enough it holds

0 ≤ Eµ0
[V ⋆(Y0)]− Vℓ(µ0) ∈ O

(
ℓ−

1
6nŁ

)
as ℓ→ ∞. (35)

Proof. We use the notation and constants from Lemma 4.11. Let Vd,η be as in (32c). For d ∈ N we choose
η = ηd := 1

d . Let d0 ∈ N such that(
2 +

∥f∥
β

)
c1
d0

+ ηd0
, 2

c1
d0

(β + ∥f∥) + βηd0
≤ 1. (36a)

By monotonicity in d, both terms on the left-hand side in (36a) are bounded by 1 for all d ≥ d0. From
Lemma 4.11, we have

∥Vd,η − V ⋆∥C1(Y) ∈ O
(
1

d

)
as d→ ∞ (36b)

and for p := g − βVd,η + f · gradVd,η it holds

p ≥ β

d
on Y ×U (36c)

and
∥p∥ ≤ ∥g∥+ c∥V ⋆∥C1,1(Y) (β + ∥f∥) + 1 =: c3. (36d)

Note that the constant c3 is independent of d and the choice of extension V . Inserting (36c) and (36d) into
Theorem 2.4, we get that Vd,ηd

is feasible for (24b) for any ℓ ∈ N with

ℓ ≥ γ(n,h) deg(p)3.5nŁ
(
c3d

β

)2.5nŁ

. (36e)

To finalize the proof, recall that deg(p) ≤ d + deg(f) ∈ O(d). Thus, for given ℓ ∈ N (large enough), we
choose the largest d = dℓ ∈ N (with d ≥ d0) such that (36e) is satisfied. By (36e), such dℓ is of order ℓ

1
6nŁ

and we get

|Eµ0 [V
⋆(Y0)]− Vℓ(µ0)| ≤

∫
|V ⋆(y0)− Vdℓ,ηdℓ

(y0)| dµ0(y0)

≤ ∥Vdℓ,ηdℓ
− V ⋆∥Y∞

= ∥Vdℓ,ηdℓ
− V ⋆∥C1(Y) ∈ O

(
1

dℓ

)
∈ O

(
ℓ−

1
6nŁ

)
as ℓ→ ∞.

This shows the statement.

Remark 4.13 (Relaxing the regularity assumption on V ⋆).

The same arguments in the proof of Theorem 4.12 work still for V ⋆ with slightly less regularity, namely,
for V ⋆ ∈ C1,a(Y) and Y with C1,a boundary for some a ∈ (0, 1). The convergence rate then takes the form

Eµ0 [V
⋆(Y0)]− Vℓ(µ0) ∈ O

(
ℓ
− 1

2.5nŁ+3.5nŁ/a

)
as ℓ→ ∞
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4.3 Exit location of stochastic processes

In this example, we apply our framework to [26], in which the exit location of stochastic processes is computed
by a function LP (6). We recall the setting from [26]. Consider a stochastic differential equation

dXt = f0(Xt) dt+ F(Xt) dBt, X0 = x0 (37)

for f0 = (f0i)i : Rn → Rn, F = (fij)i,j : Rn → Rn×n2 , a deterministic initial condition x0 and (Bt)t≥0 a
n2-dimensional Brownian motion. The SDE (37) is equipped with an open, bounded constraint set X ⊂ Rn

and for a given function g : ∂X → R, the expected exit value for x ∈ X is given by

v⋆(x0) := E(g(Xτ )) (38)

where τ = inf{t ≥ 0 ; Xt ∈ ∂X} is the first time at which the process (Xt)t starting at X0 = x0 hits ∂X.

In [26], the following assumptions were made

Condition 7.

7.1 It holds X = S(h) ⊂ K = [−1, 1]n for some h ∈ R[x]r.

7.2 The boundary ∂X is smooth and is represented by ∂X = S(h∂) for some h∂ ∈ R[x]r∂ .

7.3 We assume g, f0i, fij ∈ R[x] for i = 1, . . . ,m and j = 1, . . . , n.

7.4 The matrix F(x)F(x)⊤ is positive definite for all x ∈ X.

Remark 4.14. The case when the boundary ∂X decomposes into several disjoint components ∂X = X∂
1 ∪

. . . ∪ X∂
l is treated similarly in [26]. By Condition 7.2, we restrict to the notationally simpler case of

∂X = S(h∂).

Under the above conditions there exists a unique solution Xt of (37) for t ≤ τ , see [26, 18].

In [26], from Dynkin’s formula, the following functional LP for the value v⋆(x0) of the exit value (38) is
derived

v⋆(x0) = max
v∈C2(X)

v(x0) s.t. Lv ≤ 0 on X, v ≤ g on ∂X (39)

with moment-SoS hierarchy, for ℓ ∈ N,

v⋆ℓ (x0) := sup
v∈R[x]

v(x0)

s.t. −Lv ∈ Qℓ(h)
g − v ∈ Qℓ(h∂),

(40)

where L is the second-order partial differential operator

Lv(x) := −1

2

n∑
i,j=1

aij(x)
∂2v

∂xi∂xj
(x) +

n∑
i=1

f0i(x)
∂v

∂xi
(x) (41)

for (aij(x))i,j=1,...,n = F(x)F(x)⊤.

Remark 4.15. In the spirit of Remark 3.4, the LP (39) is a relaxation of the following LP

v⋆(x0) = sup
v∈P(X)

v(x0) s.t. Lv ≤ 0 on X, v ≤ g on ∂X.

The above LP is a function LP (10) for Y = P(X) with topology induced by C2(X), the sets Xi for
i = 1, 2 given by Y = X1 := X and X2 := ∂X, the linear form T given by ⟨T,w⟩ := w(x0), the linear
operator A given by Aw := (−Lw,−w

∣∣
∂X

), and g(x) := (0, g(x)) for all x ∈ X. The LP (39) results, as
in Remark 3.4, as a relaxation by choosing Ŷ = C2(X) (still equipped with the induced topology from
C2(X)). As we discuss below, the relaxed LP (39) has v⋆ as a minimizer.
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The function v⋆ from (39) is the solution of the following boundary value problem

Lv = 0 on X
v = g on ∂X. (42)

Thus, the question about existence and regularity of minimizers of (39) is transferred to the question about
existence and regularity of solutions of (42). Fortunately, the answer here is positive, see [23, 71, 26]. Namely,
under Condition 7, there exists a unique solution v ∈ C∞(X) of (42). Next, we investigate an inward-
pointing direction. Therefore, we recall that for ϕ ∈ C∞(X) there exists a unique solution uϕ ∈ C∞(X)
of

Luϕ = ϕ in X
uϕ = 0 on ∂X. (43)

To construct an inward-pointing direction let ϕ(x) := −1 for all x ∈ X and uϕ be a corresponding solution
to (43). Let 0 < η, θ ∈ R, we define the function

v := v⋆ + θ(uϕ − η). (44)

In the following lemma, we show that v is indeed strictly feasible for all θ > 0; in other words uϕ − η is an
inward-pointing direction for v⋆.

Lemma 4.16. For all θ > 0, the function v from (44) is strictly feasible for (39).

Proof. On X it holds

Lv = L(v⋆ + θ(uϕ − η)) = Lv⋆ + θL(uϕ − η) = Lv⋆ + θLuϕ = 0 + θ(−1) = −θ < 0.

For x ∈ ∂X we have

v(x) = v⋆(x) + θ(uϕ(x)− η) = g(x) + θ(0− η) = g(x)− θη < g(x).

This shows that v is strictly feasible for (39).

The cost of v for the infinite dimensional LP (39) is given by v(x0) = v⋆(x0) + θ(uϕ(x0)− η).

Following our procedure from Section 3.1, we obtain the following convergence rate for the moment-SoS
hierarchy for (39) from [26].

Theorem 4.17 (Convergence rate for exit location of stochastic systems).

Let Assumption 3 hold for X and ∂X, and let Ł (resp. Ł∂) be the Łojaciewicz exponent of h (resp. h∂).
Then, defining Ł̂ := max{Ł,Ł∂}, under Condition 7, it holds for ℓ ∈ N large enough that

v⋆(x0)− v⋆ℓ (x0) ∈ O
(
ℓ
− 1

(2.5+s)nŁ̂

)
for any s > 0. (45)

Proof. Let s > 0, k := ⌈3.5/s⌉, v, u ∈ Ck+2(K) be extensions of v⋆ and uϕ according to Lemma 4.10 with

∥v∥Ck+2(K) ≤ c2∥v∥Ck+2(X) and ∥u∥Ck+2(K) ≤ c2∥uϕ∥Ck+2(X) (46a)

for some constant c2 ∈ R. For d ∈ N, by Theorem 3.8, let pq, qd ∈ Rd[x] with

∥v − pd∥Ck+2(K), ∥u− qd∥Ck+2(K) ≤
c1
dk

(46b)

for some constant c1 ∈ R. Further, we set

A := sup
x∈K

1

2

n∑
i,j=1

|aij(x)|+
n∑

i=1

|f0i(x)|.
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We define θd, ηd > 0 for large enough d ∈ N as

θd :=
2c2A

dk(1− c1A/dk)
∈ O(d−k) and ηd :=

c2
dk

(1 + 2θ−1
d ) ∈ O(1). (46c)

Motivated by (44), we define vd by
vd := pd + θd(qd − ηd) (46d)

and verify that vd is feasible for (40) for ℓ ∈ N to be determined. We first bound vd on K. On K we have
for large enough d ∈ N

|vd| ≤ |v| + |v − pd| + θd(|u|+ |u− qd|+ ηd)
≤ ∥v∥K∞ + ∥v − pd∥K∞ + θd(∥u∥K∞ + ∥u− qd∥K∞ + ηd)
≤ ∥v∥C2(K) + ∥v − pd∥C2(K) + θd(∥u∥C2(K) + ∥u− qd∥C2(K) + ηd)
≤ c2∥v⋆∥Ck+2(X) + c1

dk + θdc2∥uϕ∥Ck+2(X) + θd
c1
dk + θdηd

≤ c2∥v⋆∥Ck+2(X) + 1 + θdc2∥uϕ∥Ck+2(X) + 1 + 1
=: C1.

Where only in the second but last line we used that d ∈ N is large enough such that c1
dk , θd

c1
dk , θdηd ≤ 1.

Similarly, we can bound Lvd on K. Note first that for all x ∈ K we have for all w ∈ C2(K)

|Lw(x)| =

∣∣∣∣∣∣12
n∑

i,j=1

aij(x)∂i∂jw(x) +

n∑
i=1

f0i(x)∂iw(x)

∣∣∣∣∣∣
≤

1

2

n∑
i,j=1

|aij(x)|+
n∑

i=1

|f0i(x)|

 ∥w∥C2(K) ≤ A∥w∥C2(K).

For large enough d ∈ N we get on K

|Lvd| ≤ |Lv|+ |L(v − pd)|+ θd(|Lu|+ |L(u− qd)|)
≤ A∥v∥C2(K) +A∥v − pd∥C2(K) + θdA∥u∥C2(K) + θdA∥u− qd∥C2(K)

≤ Ac2∥v⋆∥Ck+2(X) +A
c1
dk

+ θdAc2∥uϕ∥Ck+2(X) + θdA
c1
dk

≤ Ac2∥v⋆∥Ck+2(X) + 3 =: C2.

Next, we verify the strict feasibility of vd for (40). It holds on X

Lvd = Lv⋆︸︷︷︸
=0

+L(pd − v⋆) + θd(Luϕ︸︷︷︸
=−1

+L(qd − uϕ))

≤ A∥v⋆ − pd∥Ck+2(X) − θd + θdA∥uϕ − qd∥Ck+2(X)

≤ A∥v − pd∥Ck+2(X) − θd + θdA∥u− qd∥Ck+2(X)

≤ θd(−1 +A
c1
dk

) +
Ac1
dk

(46c)
= −Ac1

dk
(46e)

and on ∂X it holds

vd = v⋆︸︷︷︸
=g

+pd − v⋆ + θd( uϕ︸︷︷︸
=0

+qd − uϕ − ηd)

≤ g + ∥v⋆ − pd∥(∂X)
∞ + θd∥uϕ − qd∥(∂X)

∞ − θdηd

≤ g + θd(1 +
c1
dk

− ηd)

(46c)
= g − c2

dk
. (46f)
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Applying Theorem 2.4, we get that vd is feasible for ℓ ∈ N with

ℓ ≥ d3.5nŁ̂ max

{
γ(n,h)

(
C2d

k

Ac1

)2.5mŁ

, γ(n,h∂)

(
C1d

k

c2

)2.5nŁ∂
}

∈ O
(
d(3.5+2.5k)nŁ̂

)
. (46g)

For such ℓ the optimal value v⋆ℓ is at least vd(x0); hence we get

v⋆(x0)− v⋆ℓ (x0) ≤ (v⋆ − v⋆ − (pd − v⋆)− θd(uϕ + qd − uϕ − ηd))(x0)

≤ c1
dk

+ θd(∥uϕ∥X∞ +
c1
dk

+ ηd) ∈ O
(
d−k

)
. (46h)

Defining εd := d−k, (46g) yields that vd is feasible for ℓ ≥ ℓb ∈ O
(
ε
− 1

(3.5/k+2.5)nŁ̂

d

)
so that (46h) ensures that

|v⋆(x0)− v⋆ℓb(x0)| ≤ εd ∈ O
(
ℓ
− 1

(3.5/k+2.5)nŁ̂

b

)
⊂ O

(
ℓ
− 1

(s+2.5)nŁ̂
b

)
, which is the announced result.

5 Application: Volume computation

In this section, we analyze the moment-SoS hierarchy for computing the volume λ(X) of a bounded basic
semi-algebraic set

X := S(h) = {x ∈ Rn : h1(x) ≥ 0, . . . , hr(x) ≥ 0} ⊂ B

with r ≥ 1 integer and h1, . . . , hr ∈ R[x].

A standard moment-SoS hierarchy method is discussed in [30], where a bad convergence behavior is high-
lighted both in practice and in theory, due to a Gibbs phenomenon occurring in the SoS approximations.
An alternative formulation was proposed in [36], with much better numerical behavior, which was recently
supported by a qualitative analysis in [70], showing that no Gibbs phenomenon occurs in this improved for-
mulation. In this section, we complement the existing qualitative analysis with a first quantitative analysis
of how much better the upper bounds on the convergence rate are in the improved formulation.

5.1 The standard approach

The standard moment-SoS approach to numerically solve the volume problem is discussed in detail in [70].
The method consists of formulating a GMP whose optimal solution is λ(X), after which one numerically
approximates this optimal solution using the moment-SoS hierarchy. The LPs read

λ(X) = sup
µ∈M(X)

∫
1 dµ

s.t. µ ∈ M(X)+ (47a)
λY − µ̂ ∈ M(Y)+

λ(X) = inf
w∈P(Y)

∫
w dλY

s.t. w|X − 1 ∈ C(X)+ (47b)
w ∈ C(Y)+

where Y contains X and is an Archimedean basic-semialgebraic set, λY denotes the Lebesgue measure on
Y such that the numbers

∫
yβ dλY(y), β ∈ Nn, are known. The measure µ̂ ∈ M(Y)+ is the extension (by

zero) of µ to Y via
∫
Y

h dµ̂ :=

∫
X

h dµ, i.e. the operator µ 7→ µ̂ is the adjoint of the restriction operator

C(Y) ∋ w 7→ w
∣∣
X

.

The optimization problems (47a) and(47b) are of the form (10) where Y = P(Y) is equipped with the
uniform convergence topology, the sets Xi for i = 1, 2 are given by X1 := X and X2 := Y, the linear
operator A : Y → X is defined by Aw := (w

∣∣
X
, w), the function g given by g(x) := (1, 0) for all x ∈ Y and

T = λ
∣∣
K

.
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Remark 5.1. The “optimal point” w⋆ := 1X: Y → R, the indicator function on X, is not polynomial or
even continuous whenever X is not a connected component of Y. Thus, for any feasible w ∈ P(Y), by
continuity, we have ∫

w dλY =

∫
X

w(x)︸ ︷︷ ︸
≥1

dx+

∫
Y\X

w(x) dx︸ ︷︷ ︸
>0

> λ(X).

As discussed in Remark 3.4, the LP (47b) can be relaxed to admit w⋆ as a minimizer. This can be achieved
by enlarging P(Y) to Ŷ := L1(Y) ∩ L∞(Y) the space of bounded integrable functions on Y equipped with
the L1(Y) topology, X to X̂ := L1(X) × L1(Y), and by extending A and T accordingly. Lemma 3.7
assures that this relaxation does not impact the optimal value of the resulting LP (because the operator
Â(w) := (w

∣∣
X
, w) is a positive operator and by Theorem 3.10 the set Y is one-sided dense in Ŷ).

In this subsection, the convergence rate from [31], for the hierarchy of SoS programs for the volume problem,
is improved with the help of Theorem 2.4. We make the convention

Y = K = [−1, 1]n = S(f) with f = (1− x21, . . . , 1− x2m) (48)

(which is the best choice for computing the convergence rate; notice that Y can be chosen arbitrarily here
without changing the optimal value λ(X)). Let us consider a hierarchy of problems from [31], which can be
regarded as SoS strengthenings of Problem (47b):

dℓX := inf
w∈Rℓ[y]

∫
w dλY

s.t. w − 1 ∈ Qℓ(h),

w ∈ Qℓ(f).

(49)

To compute the rate of convergence of (49), we need to estimate the dependence of ε ≥ 0 on the degree ℓ
for which it holds |dℓX − λ(X)| < ε.

We shall use the standard condition from [31]:

Condition 8 (Finite one-sided Gibbs phenomenon; [31, Assumption 2]).

There exists a constant cG ≥ 0 depending only on X and a sequence (wd)d∈N ⊂ R[x] with

wd ∈ argmin
w∈Rd[x]

∫
K

w(x) dx

s.t. w ≥ 1X

satisfying max{wd(x) ; x ∈ K} ≤ cG.

Remark 5.2 (On finite Gibbs phenomena).

It is well known in Fourier analysis that the Gibbs phenomenon that occurs when approximating a discon-
tinuous periodic function ϕ with trigonometric polynomials induces an overshoot of approximately 9%, and
thus the polynomial approximation is uniformly bounded by some constant cϕ that only depends on ϕ. This
is also the case for generic L1 approximation of discontinuous functions with algebraic polynomials [15].
However, to our best knowledge, these results have not been extended to one-sided polynomial approxima-
tions, as is the case here. Following [30], we conjecture (which is supported by the numerical experiments
displayed in [36, 70]) that Condition 8 also holds generically.

Theorem 5.3 (Effective Putinar Positivstellensatz for volume computation).

Define γ(n, f ,h) := max (γ(n, f), γ(m,h)) and Ł̂ := max{Ł, 1} where Ł is the Łojaciewicz exponent of h.
Then, under Condition 8, there exists C > 0 such that, for all ε ∈ (0, 1) it holds dℓX − λ(X) < ε for any

ℓ ≥ γ(n, f ,h) (C/ε)
3.5nŁ̂

(
1 + 2n+1 cG

ε

)2.5nŁ̂
∈ O

(
1

ε6nŁ̂

)
(50)
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Proof. We first notice that for any d, ℓ ∈ N and any w ∈ Rd[x] feasible for (49) at order ℓ, it holds

0 ≤ dℓX − λ(X) = dℓX −
∫
1X dλK ≤

∫
(w − 1X) dλK ≤

∫
(wd − 1X) dλK +

∫
|w − wd| dλK, (51a)

where wd comes from Condition 8. Let ε > 0. From Theorem 3.10, we know that∫
(wd − 1X) dλK ≤ c ωL1

1X,0(λK, 1/d), (51b)

with
ωL1

1X,0(λK, 1/d) =

∫
sup

{
|1X(x)− 1X(y)| ; x ∈ K, ∥x− y∥ ≤ 1/d

}
dλK(y).

From [30, Lemma 1 ], there exists a c4 ≥ 0 depending only on X such that

ωL1

1X,0(λK, 1/d) ≤
c4
d
,

which we reinject into (51b) to get (introducing C := 2 c c4)∫
(wd − 1X) dλK ≤ C

2d
. (51c)

It remains to specify w so that we get a good bound on the second term in (51a). Defining w := wd +
C/2dλ(K) = wd + c/d2n+1, we automatically get∫

|w − wd| dλK =
C

2d
,

which we can reinject into (51a) to get

0 ≤ dℓX − λ(X) ≤ C

d
,

for any ℓ such that w is feasible in (49) at order ℓ. The last remaining piece is a value for such ℓ, which
we compute using again Theorem 2.4 on both K and X. We first work on X: we want a lower bound on
ℓ ∈ N such that p := w − 1 ∈ Qℓ(h). Denoting Ł the Łojaciewicz exponent of h, we get from the effective
Putinar Positivstellensatz that p ∈ Qℓ(h) for

ℓ ≥ γ(n,h) deg(p)3.5nŁ (∥p∥/p⋆
X)

2.5nŁ
,

where we insert, recalling w = wd + c/d2n+1,

• deg(p) = deg(w − 1) = deg(wd + C/(2n+1d) − 1) = deg(wd) ≤ d

• ∥p∥ = max{p(x) ; x ∈ [−1, 1]n} ≤ cG + C/(2n+1d) − 1

• p⋆X = min{p(x) ; x ∈ X} ≥ C/(2n+1d).

We get

ℓ ≥ γ(n,h) d3.5nŁ
(
cG + C/(2n+1d) − 1

C/(2n+1d)

)2.5nŁ

= γ(n,h) d3.5nŁ
(
1 + 2n+1 cG − 1

C
d

)2.5nŁ

. (51d)

Next, we work on K = [−1, 1]n = S(f), for which the Łojaciewicz exponent is 1, and we want a lower bound
on ℓ such that w ∈ Qℓ(f), which is again given by the effective Putinar Positivstellensatz as

ℓ ≥ γ(n, f) deg(w)3.5n (∥w∥/w⋆
K)

2.5n with:

• deg(w) = deg(wd + C/(2n+1d)) ≤ d
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• ∥w∥ = max{w(x) ;x ∈ K} ≤ cG + C/(2n+1d)

• w⋆
K = min{w(x) ; x ∈ K} ≥ C/(2n+1d)

so that we get

ℓ ≥ γ(n, f) d3.5n
(
1 + 2n+1 cG

C
d
)2.5n

(51e)

Eventually, taking ℓ larger than the maximum between the right hand sides of (51d) and (51e) with d := ⌈C/ε⌉
yields the announced bound.

Corollary 5.4. Using the notations in Proposition 5.3 and under Condition 8, it holds

dℓX − λ(X) ∈ O
(
ℓ−

1

6nŁ̂

)
as ℓ→ ∞.

Proof. Simply inverting the expression in (50).

5.2 Stokes constraints

In this subsection, we investigate the effect of smoothness of optimal solutions to the infinite-dimensional
LP. We consider the case of only one defining polynomial inequality, i.e. r = 1. This means we compute the
volume of the open set

X := {x ∈ Rn ;h(x) > 0}

and, as in (48), let K be given by K = [−1, 1]n = S(f). Moreover, we add the following condition

Condition 9. It holds gradh(x) ̸= 0 for all x ∈ ∂X, in particular the boundary ∂X is smooth.

Remark 5.5 (No more Gibbs phenomenon).

Note that now, we do not assume the finite Gibbs phenomenon from Condition 8. As we will show, this
is because in the following formulations, optimal solutions cease to be discontinuous and thus the Gibbs
phenomenon does not occur anymore, see [70] for a more in-depth discussion on that topic.

In [70], a new formulation is designed to cope with the slow convergence of the moment-SoS hierarchy
corresponding to (47a) and (47b) using the divergence theorem:

λ(X) = sup
µ∈M(X)
ν∈M(∂X)

∫
1 dµ

s.t. µ ∈ M(X)+
ν ∈ M(∂X)+
λK − µ ∈ M(K)+∫
X

∆u dµ = −
∫
∂X

(grad h) · grad u dν ∀u ∈ C2(Rn)

(52a)

and its dual problem

λ(X) = inf
w∈P(K)

u∈P(X)

∫
w dλK

s.t. w ∈ C(K)+
w|X −∆u− 1 ∈ C(X)+
−(grad u · grad h)|∂X ∈ C(∂X)+

(52b)
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The optimization problems (52b) and (52a) are of the form LP (10) where

Y := P(K)× P(X)

is equipped with the induced topology from C(K)× C2(X), the sets Xi for i = 1, 2, 3 are given by

X1 = K, X2 := X and X3 := ∂X,

the linear form T : Y → R is given by

⟨T,w⟩ :=
∫
w dλK for all w := (w, u) ∈ Y,

the operator A : Y → X is defined as

A (w, u) := (w|X −∆u,w,−(grad u · grad h)|∂X),

and g is the constant function taking the value (1, 0, 0).

Remark 5.6 (Interpretation of the additional constraints in (52a) and (52b)). Compared to the standard
approach LPs (47a) and (47b) the LPs (52a) and (52b) contain additional feasibility constraints. They
enforce additional structure of the optimal solution. To be more precise: For the GMP (47a), an optimal
solution is µ = λ

∣∣
X

, i.e. µ is the Lebesgue measure restricted to X. Applying divergence theorem we have
for all u ∈ C2(Rn)∫

X

∆u dµ =

∫
X

div grad u dµ =

∫
X

div grad u(x) d(x) =

∫
∂X

grad u · n dHn−1

where div denotes the divergence, Hn−1 the n− 1 dimensional Hausdorff measure and n(x) = − grad h(x)
∥grad h(x)∥

the outer normal for X at x ∈ ∂X. This shows that (µ, 1
∥grad h∥H

n−1
∣∣
∂X

) is feasible (and optimal) for the
GMP (52a). Similarly for (52b), for feasible (w, u) the feasibility constraints together with the divergence
theorem give∫

w dλK ≥
∫
w dλX ≥

∫
∆ u+ 1 dλX = − 1

∥grad h∥

∫
∂X

grad u · grad h dHn−1 + λ(X) ≥ λ(X).

For more insights into the LPs (52a) and (52b) we refer to [70].

Remark 5.7. The formulations (52a) and (52b) are slight refinements of the formulation in [70]. The
functional LP formulation in [70] treats decisions variables (w,u) ∈ C(K)×C1(X)n while in (52b) we treat
(w, u) ∈ C(K)× C2(X). The relation between both formulations is that we can take u = grad u for (w, u)
feasible for (52b), see [70] and Theorem 5.8. We thank an anonymous reviewer for suggesting this refined
formulation.

It has been proved in [70] that the existence of an optimal solution to (52b) can be deduced from the existence
of a solution to a Poisson PDE with Neumann boundary condition:

−∆u = ϕ in X
∂nu = 0 on ∂X
ϕ ≤ 1 in X
ϕ = 1 on ∂X

(53)

Namely, for a pair (u, ϕ) satisfying (53), set

w(x) :=

{
1− ϕ(x), x ∈ X

0, else,
(54)

then (w, u) is optimal for (52b).
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In [70], ϕ is proposed under the form

ϕ(x) = 1− h(x)

N∑
i=1

λ(Xi)∫
h dλXi

1Xi(x)

where the Xi are the connected components of X. As a result, ϕ was proved to be only Lipschitz continuous,
so that the optimal function w = 1 − ϕ was also only Lipschitz continuous. However, another, smooth
optimal function can be designed.

Theorem 5.8 (Existence of smooth solutions).

There exist smooth functions u, ϕ ∈ C∞(X) solutions to (53). Further, u, ϕ ∈ C∞(X) can be chosen such

that w given by (54) is smooth and that (w, u) is optimal for (52b), i.e. it holds
∫
w dλK = λ(X).

Proof. See Appendix E.

Remark 5.9. As discussed in Remark 3.4 it can be beneficial to enlarge the decision space for the LP
at hand so that a minimizer exists. We can do so for the LP (52b): By extending Y = P(K) × P(X) to
Ŷ := C(K)× C2(X) in (52b), we infer from Theorem 5.8 (and Lemma 3.5) that the pair (w, u) ∈ Ŷ is a
minimizer of the relaxed LP with cost λ(X).

The regularity result in Theorem 5.8 allows us to incorporate higher order approximation rates via the
Jackson-inequality Theorem 3.8. Its effect on the convergence rate of the moment-SoS hierarchy for the
GMP (52b) is stated in the following theorem. For ℓ ∈ N, let us denote by Volℓ the optimal value in the ℓ-th
level of the moment-SoS hierarchy for (52b).

Theorem 5.10 (Rate for Stokes-augmented volume computation).

Under Condition 9 it holds, for ℓ ∈ N large enough and with Ł̂ := max{1,Ł}, that

0 ≤ Volℓ − λ(X) ∈ O
(
ℓ
− 1

(2.5+s)nŁ̂

)
as ℓ→ ∞ for any s > 0. (55)

Proof. Recall that we assume K = [−1, 1]n. By Theorem 5.8, let u, ϕ be smooth solutions of (53) such
that w = (1−ϕ)

∣∣
X

from (54) is smooth and optimal for (52b). Let k ∈ N and w̄ and ū be Ck+1 respectively
Ck+3 extensions of w respectively u from Theorem 4.10, i.e. w̄ ∈ Ck+1(K), ū ∈ Ck+3(K) with

∥w̄∥Ck+1(K) ≤ c∥w∥Ck+1(X), ∥ū∥Ck+3(K) ≤ c∥u∥Ck+3(X)

for some constant c = c(k,X). We denote by W,U ∈ R the following constants

W := ∥w̄∥K∞ ≤ c∥w∥Ck+1(X), U := ∥ū∥C2(K) ≤ c∥u∥Ck+3(K). (i)

In the rest of the proof, we will also use the following constants:

a1 := ∥∆h∥X∞, , a2 := inf
x∈∂X

∥grad h(x)∥2, a3 := ∥h∥C2(K) (ii)

Note that a2 > 0 by Condition 9. We define an inward-pointing direction, namely, for θ > 0 it holds

(wθ, uθ) := (w + 2a1θ, u− θ h) is strictly feasible. (iii)

To verify this, note first that by feasibility of w it holds w ≥ 0 on K and thus

0 < 2a1θ ≤ w + 2a1θ = wθ ≤W + 2a1θ on K. (iv)

In particular, this shows feasibility for the first constraint in (52b). For the last constraint in (52b) let
x ∈ ∂X; we have

−(grad uθ · grad h)(x) = − (grad u · grad h)(x)︸ ︷︷ ︸
=0, by (53)

+θ∥grad h(x)∥2 = θ∥grad h(x)∥2 = θa2 > 0 (v)
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with the constant a2 from (ii); i.e. feasibility for the last constraint in (52b). We further have, for x ∈ K

|(grad uθ · grad h)(x)| = |((grad u− θ grad h) · grad h)(x)| ≤ (U + θa3) · a3. (vi)

Now, let us verify strict feasibility for the remaining – the second – constraint in (52b). On X we have

wθ −∆uθ − 1 = w −∆u− 1 + 2θa1 + θ∆h = 2θa1 + θ∆h ≥ 2θa1 − θa1 = θa1 > 0 (vii)

with a1 from (ii). Further, on K we have

|wθ −∆uθ − 1| = |w + 2a1θ −∆ (u− θh)− 1| ≤W + 2θa1 + U + θa3 + 1 (viii)

for the constants W,U from (i) and a1, a3 from (ii). The cost for (wθ, uθ) is simply∫
wθ dλK =

∫
w dλK + 2a1θλ(K) = λ(X) + 2m+1a1θ. (ix)

In the next step, we approximate the pair (wθ, uθ) from (iii) by feasible polynomials. Because the pair (wθ, uθ)
is obtained by a polynomial perturbation of (w, u) it is sufficient to approximate w and u by polynomials.
Furthermore, doing so allows us to keep explicit control on the effect of θ. We use smoothness of w,u and
Theorem 3.8. Let c = ck ∈ R be the constant from Theorem 3.8. That is, there exist polynomials
pd, qd ∈ Rd[x] with

∥w − pd∥K∞ , ∥u− qd∥C2(K) ≤
ck
dk
. (x)

For θ > 0 and d ≥ deg(h) we define

pd,θ := pd + 2θa1 ∈ Rd[x], qd,θ := qd − θ h ∈ Rd[x].

We have ∥wθ − pd,θ∥K∞ = ∥w − pd∥K∞ and ∥uθ − qd,θ∥C2(K) = ∥u− qd∥C2(K), thus, by (x), we get

∥wθ − pd,θ∥K∞ , ∥uθ − qd,θ∥C2(K) ≤
ck
dk
. (xi)

On X we have, for the second constraint in (52b),

pd,θ −∆qd,θ − 1 = wθ −∆uθ − 1 + pd,θ − wθ +∆ (uθ − qd,θ),

and hence, from (vii) and (xi), we get

pd,θ −∆qd,θ − 1 ≥ a1θ − 2
ck
dk
. (xii)

Further, on K we have by (viii) and (xi)

|pd,θ −∆qd,θ − 1| ≤ |wθ −∆uθ − 1|+ |pd,θ − wθ|+ |∆qd,θ −∆ uθ|

≤ W + 2θa1 + U + θa3 + 1 + 2
ck
dk
. (xiii)

For the third constraint in (52b) we have on ∂X, by (v) and (x),

−grad qd,θ · grad h = −grad uθ · grad h+ (grad uθ − grad qd,θ) · grad h

≥ θa2 + (grad uθ − grad qd,θ) · grad h ≥ θa2 −
ck
dk

√
a2. (xiv)

Further, on K we have, by (vi) and (x),

|grad qd,θ · grad h| ≤ |grad uθ · grad h|+ |grad (uθ − qd,θ) · grad h|

≤ (U + θa3) · a3 +
ck
dk
a3. (xv)
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And for the third constraint in (52b), we have by (iv)

2a1θ −
ck
dk

≤ wθ −
ck
dk

≤ pd,θ ≤W + 2a1θ +
ck
dk
. (xvi)

Before invoking the effective version of Putinar’s Positivstellensatz, Theorem 2.4, we make the choice

θ := θd :=
ck
dk

max

{
3

a1
,
1 +

√
2

a2

}
∈ O(d−k).

For this choice of θ we have for (xii) and (xiv) on X that

pd,θd −∆qd,θd − 1, −grad qd,θd · grad h ≥ ck
dk

> 0. (xvii)

On K it holds
pd,θd ≥ 6

ck
dk

− ck
dk

= 5
ck
dk

> 0, (xviii)

in particular (pd,θ, qd,θ) is feasible for (52b). Further, for the upper bounds (xiii),(xv) and (xvi), we have on
K for d large enough (such that θd ≤ 1, ck/dk ≤ 1)

pd,θ, pd,θ −∆ qd,θ − 1, −grad qd,θ · grad h ≤ K (xix)

for the constant K := max{W + 2a1 + U + a3 + 3, (U + a3 + 1) · a3}. Now, by Theorem 2.4 and inserting
(xvii) and (xix), the pair (pd,θ, qd,θ) is feasible for the first two constraints in the ℓ-th level of the moment-SoS
hierarchy for (52b) for

ℓ ≥ γ(n, h)d3.5nŁ
(

K
ck/dk

)2.5nŁ

.

Similarly, by inserting (xviii) and (xix) into Theorem 2.4 for K (note that Ł = 1 in that case), we get that
the pair (pd,θ, qd,θ) is feasible for the third constraint in the ℓ-th level of the moment-SoS hierarchy for (52b)
for

ℓ ≥ γ(n, f)d3.5n
(

K
5ck/dk

)2.5n

Taking the maximum of the just obtained two bounds for ℓ we get that (pd,θ, qd,θ) for the optimization
problem (52b) for

ℓ ≤ max{γ(n, h), γ(n, f)}
(
K

ck

)2.5nŁ̂

d(3.5+2.5k)nŁ̂. (xx)

The cost of (pd,θ, qd,θ) for the optimization problem (52b) is bounded by∫
pd,θ dλK ≤

∫
wθ dλK +

ck
dk
λ(K)

(ix)
= λ(X) + 2n

(
2a1θ(d) +

ck
dk

)
= λ(X) +

ck
dk

2n max

{
3

a1
,
1 +

√
2

a2

}
.

This shows (55); namely, for ε > 0 take the smallest d ∈ N with d ≥
(
2n ck

ε max{ 3
a1
, 1+

√
2

a2
}
) 1

k

. Then, from
(xx), Volℓ − λ(X) ≤ ε for ℓ ∈ N with

ℓ ≥ max{γ(n, h), γ(n, f)}
(
K

ck

)2.5nŁ̂

d(3.5+2.5k)nŁ̂ ∈ O

(1

ε

)2.5nŁ̂+ 3.5nŁ̂
k

 .

In other words, Volℓ − λ(X) ∈ O
(
ℓ
− 1

2.5nŁ̂+3.5nŁ̂/k

)
. Taking k ∈ N arbitrarily large proves the claim.

Remark 5.11 (Quantifying the efficiency of Stokes constraints).

The upper bound on the convergence rate in Theorem 5.10 improves the bound in Theorem 5.3 by more
than the power of two. This improvement originates from the smoothness of solutions (w, u) of (52b).
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6 Limitations and improved rates

In this section, we emphasize limitations of our approach as well as consequences of further improved effective
Positivstellensätz.

Limitations. We identify two major obstacles preventing a direct application of our framework to several
of the GMPs mentioned in the introduction. Those two limiting factors are

1. Existence and regularity of minimizers (to apply Jackson-like inequalities)

2. Existence of an inward-pointing direction (i.e. strict positivity, required by Putinar’s theorem)

For each of the two limiting factors, we state an example of an existing SoS formulation for two important
problems in dynamical systems.

We begin with the approximation of the region of attraction from [28]. Consider a dynamical system of the
form

ẋ = f(x), x0 ∈ Rn (56)

for a polynomial vector field f ∈ R[x]n with f(0) = 0. We denote the corresponding flow map by φt. The
region of attraction RoaX(f) of the equilibrium point x⋆ = 0 with respect to a constraint set X is defined
as

Roaf :=
{
x0 ∈ Rn; ∥φt(x0)− x⋆∥2 −→

t→∞
0
}
.

It is assumed to have access to a compact set X ⊂ Rn for which we know RoAf ⊂ X. The authors in [28]
proposed to approximate the ROA from the inside by solving the following function LP: For parameters
β, ρ > 0, consider

κ⋆ := inf
w∈R[x]

∫
X

w(x) dx

s.t. w(x) ≥ 0 on X

gradw(x) · f(x) ≤ −ρ∥x∥2β2 (1− w(x)) on X
w(x) ≥ 1 on ∂X,

(57)

for which any feasible point w for (54) gives rise to an inner approximation of the RoAf via w−1([0, 1)),
see [28, Corollary 3]. Furthermore, under certain regularity conditions, a (non-polynomial) “minimizer”
w̄ ∈ C1(Rn) exists, and it holds RoAf = w̄−1([0, 1)) [28].

The optimization problem (54) is a function LP of the form (10) for T being the Lebesgue measure restricted
to X, the sets X1,X2,X3 given by

X1 := X2 := X and X3 := ∂X,

and Y := X, the operator A = (A1,A2,A3) given by

A1 w := w, A2 w := −gradw · f + ρ∥ · ∥2β2 w, A3 w := w
∣∣
∂X
,

and on Y we use the induced topology from C1(Y), and g ∈ X is given by g(x) := (0, ρ∥x∥2β2 , 1).

However, in the equilibrium point x⋆ = 0 it holds for any feasible w that

gradw(x⋆) · f(x⋆) = gradw(x⋆) · 0 = 0 = 0(1− w(x⋆) = −ρ∥x⋆∥2β2 (1− w(x⋆)).

This shows that no inward-pointing direction exists, the application of Putinar’s Positivstellensatz is ham-
pered and our framework does not apply to (54).

For an example that highlights difficulties between the interplay of existence and regularity of minimizers,
we return to optimal control problems. Let us consider the following optimal control problem [40, Section

36



Figure 2: Left: Optimal control policies u⋆(t) from (56) for initial values y0 ∈ {−0.5,−0.1,−0.05, 0, 0.5, 0.8}.
Right: corresponding trajectories y(t).

5.2.1]

V ⋆(y0) := inf
y(·),u(·)

∫ ∞

0

e−2t y(t) dt

s.t. ẏ(t) = u(t)y(t) (58)
y(0) = y0

y(t) ∈ [−1, 1], u(t) ∈ [−1, 1]

For given initial value y0, the optimal value function V ⋆(y0) can be computed explicitly from the following
optimal control policy (depending on y0)

u⋆(t) =


−1, y0 ≥ 0, t ≥ 0

1, y0 < 0, 0 ≤ t ≤ − log(−y0)
0, y0 < 0, − log(−y0) < t.

(59)

This control steers positive initial values closer to zero and negative initial values closer to −1, see Figure 2.
The optimal value function V ⋆, illustrated in Figure 3, is given by

V ⋆(y0) =

{
1
3y0, y0 ≥ 0

y0 +
1
2y

2
0 , y0 < 0.

The function V ⋆ is not differentiable in y0 = 0; hence, Condition 5.3 is not satisfied. Consequently, our
procedure and the arguments from Section 4.1 do not apply.

Remark 6.1. In the existing examples, we observe that the existence and regularity of an optimal point
for the functional LP is more of a limiting factor than the existence of an inward-pointing direction. The
pragmatic argument is that as long as Positivstellensätze, such as Putinar’s or Schmüdgen’s Positivstellensatz
[64] are properly used, strict feasibility for the LP of at least one point is necessary. However, by Proposition
3.13, this implies that the inward-pointing condition is satisfied.

Remark 6.2. Concerning the existence of optimal points, the primal problem on measures typically enjoys
better properties than the functional LP. The reason is that for compact sets X, the space M(X) is the
dual space of C(X) – and thus, by the Banach-Alaoglu Theorem, bounded and closed sets in M(X) are
compact with respect to the weak⋆ topology. This property is leveraged for the existence of minimizers
and plays a central role in the convergence of the moment-SoS hierarchy [69]. Furthermore, an effective
Positivstellensatz, such as Theorem 2.4, transfers to a dual formulation on measures, see [5, Theorem 5.7].
While compactness arises rather naturally for the GMP, inducing compactness in the functional LP is more
subtle. In Remark 3.4 we discuss relaxing the functional LP to allow for minimizers.
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Figure 3: Optimal value function V ⋆ for (55).

Improved convergence rates. We formulated our procedure so that any preferred effective Positivstel-
lensatz can be applied. Thus, improved convergence rates in effective Positivstellensätze directly transfer to
the convergence rates for the moment-SoS hierarchy for functional LPs that fall into our framework. For
this reason, we want to emphasize which type of improvement in effective Positivstellensätze proves to be
most powerful for our approach. In this direction, we see three main factors:

1. Effective Positivstellensätze with mild behavior w.r.t the degree of the concerned polynomial.

2. Effective Positivstellensätze without the need to embed X into an ambient set K.

3. Positivstellensätze tailored towards certain semi-algebraic sets, such as the hypercube, the unit ball,
the sphere, or the simplex, with improved convergence rates.

The first point refers to the fact that in our framework – to obtain convergence – we allow the degree of the
polynomial of interest to go to infinity. We discuss this point in the following Remark 6.3

Remark 6.3. The bound on hierarchy level ℓ ∈ N in Theorem 2.4 depends (strongly) on the degree deg(p)
of the polynomial p. A milder growth with respect to deg(p) immediately translates to stronger convergence
rates in our framework. Consequently, effective Positivstellensätze such as [19, 6] are disadvantageous for our
approach compared Theorem 2.4, despite having certain very desirable properties for different application.

Point (2) in the above list, concerns the fact that, for applying Theorem 2.4, we need to bound the
concerned polynomial on the ambient set [−1, 1]n ⊃ X rather than only on X, which we discuss in the next
remark.

Remark 6.4. The constant max
x∈[−1,1]n

p(x) appears in the effective Positivstellensatz Theorem 2.4 even

though we are interested in p on the set X ⊊ [−1, 1]n. Effective Positivstellensätze that only consider
the values of p on X instead would prove very useful for our approach. This is indicated by Lemma 4.5
and can be observed in the proofs of Theorems 5.10, 4.7 and 4.17 where we obtained an upper bound
of the function of interest on [−1, 1]n by first extending it from X to a function on [−1, 1]n. In [63], we
applied specialized Positivstellensätze for the unit ball and the sphere with no need for an ambient set and
showed super-polynomial convergence rate for the exit location problem from Section 4.3. For the Stokes-
constraint volume computation problem in Section 5.2 such improved Positivstellensätze would highlight a
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much sharper difference between Theorems 5.3 and 5.10, because contrary to Theorem 5.10, Theorem
5.3 would not benefit from such improvements.

As we have indicated in the above remark, another possibility to get improved rates is to use effective
Positivstellensätze tailored to specific sets and provide stronger bounds than general Positivstellensätze.

Remark 6.5 (On specialized Positivstellensätze).

There exist specialized (and probably tighter) versions of effective Putinar Positivstellensätze on a variety of
sets, such as the unit ball [66], the unit sphere [19, 63] and, more recently, the hypercube [7, 5]. They enjoy
refined analysis and therefore provide – in some sense – sharper convergence rates. Therefore, if available,
they may be preferable. However, some of these effective Positivstellensätze do not come with explicit bounds
depending on deg(p) in addition to maxX p and minX p. Some others scale unfavorably in the degree deg(p)
[6, 19] as a trade-off for other properties that are less important for our application. In [66, 63] specialized
Positivstellensätze on the unit ball, respectively the sphere, are presented with relatively well-behaved growth
in deg(p).

7 Conclusion

We state a structured approach to obtaining convergence rates for the moment-SoS hierarchy for the gener-
alized moment problem. For the analysis of the convergence rates, we distinguish three important objects
and properties. Namely, the existence and regularity of optimal points, an effective version of Putinar’s
Positivstellensatz, and a geometric feasibility condition (see the inward-pointing condition in Section 3.3).
Our proposed procedure points out how those properties interact, and it is demonstrated to obtain upper
bounds on the convergence rate for certain instances of the moment-SoS hierarchy: Using recent improve-
ments on an effective version of Putinar’s Positivstellensatz, we build upon and strongly improve existing
convergence rates for the optimal control and the volume computation of a semialgebraic set; and we give an
original convergence rate for a moment-SoS hierarchy of exit location computation for stochastic differential
equations. We hope our work provides a guideline and the necessary tools for computing convergence rates
of the moment-SoS hierarchy for various generalized moment problems that are actively formulated in the
field in recent and following years.

Future work and improvement of effective Positivstellensätze can be integrated within our work simply
by applying the most suited available convergence rate for Putinar’s Positivstellensatz. Furthermore, we
observe in our analysis that a well-suited effective Positivstellensatz could strongly further improve the
convergence rate. As mentioned in Remark 6.4, particularly advantageous for our method would be an
effective Positivstellensatz – for a polynomial p on a semialgebraic set X – that only takes into account the
values of p on X without the need of bounding its value on an ambient set (such as the hypercube in Theorem
2.4). Similarly, specialized Positivstellensätze could be improved by expliciting all the terms in their degree
bounds. Considering the recent improvement and active work on degree bounds for Positivstellensätze,
we see here a very interesting, exciting, and promising development for further improvements of existing
convergence rates for the moment-SoS hierarchy for generalized moment problems, as well as quantitative
analysis of many other moment-SoS-based methodologies that will appear in the future.

Another future direction could include an analysis of the primal problem on measures. The primal problem
has the advantage that, due to better compactness properties in the space of measures, optimal points often
exist for the primal problem on measures – even when the dual problem on functions does not have one.
In Section 6, we discuss that non-existence of optimal points is a limiting factor for our approach. See
Remark 6.2 and Remark 3.4. Along a similar line of reasoning is inferring the desired properties from
a minimizing sequence instead of an optimal point. In contrast to optimal points, minimizing sequences
always exist. Due to its increased generality, this approach comes with the need for a finer and more tailored
analysis of the problem at hand.

We think it is important to mention that the asymptotic analysis of the moment-SoS hierarchy for generalized
moment problems might not transfer to practical applications. The reason is twofold. Firstly, current
computational capacities restrict the computation of the moment-SoS hierarchy already for medium-sized
problems to low-degree instances. Secondly, the conditioning of the ℓ-th level of the moment-SoS hierarchy
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gets worse with increasing ℓ ∈ N, hampering the convergence in practice. In other words, this work essentially
addressed the recasting from the infinite-dimensional GMP into SoS programming problems, while future
works will shift the focus onto the translation from SoS programming to actual SDP, involving deeper
investigations on what polynomial basis to choose in that process (the usual one being the numerically
ill-behaved basis of monomials).

A Duality in the moment-SoS hierarchy

The three steps displayed in section 2.4 can be complemented as follows:

Step 4: Using Lagrange duality, from the SoS tightening (9c) we deduce the following moment relaxation:

κ′ℓ := sup
Z∈Qℓ(h)′

⟨Z, g⟩

s.t. A′
ℓ Z = T

∣∣∣Rdℓ
[y]

(60)

where the “projected adjoint” A′
ℓ := (A|Rdℓ

[x])
′ : R2ℓ[x]

′ → Rdℓ
[y]′ coincides with A′ on R2ℓ[x]

′ via

∀β ∈ Nn
dℓ
, ⟨yβ,A′

ℓ Z⟩ = ⟨yβ,A′ Z⟩ = ⟨φβ, Z⟩

under Assumption 2 and with deg(φβ) ≤ 2ℓ by Corollary 2.8 and its proof.

Several results, ranging from practical to theoretical, come with the moment-SoS tightenings and relaxations.
First, [35, Proposition 2.1] gives a representation of Qℓ(h) with positive semidefinite matrices (and hence
by duality Qℓ(h)

′ is represented by linear matrix inequalities), so that the moment relaxations and SoS
strengthenings are equivalent to semidefinite programming (SDP) problems.

Second, a strong duality theorem can be stated for the moment-SoS hierarchy:

Theorem A.1 (Strong duality in the hierarchy; extension of [69, Proposition 6]).

Assume that one of the following conditions holds:

1. ∃ℓ ∈ N, B > 0 s.t. ∀Z ∈ Qℓ(h)
′ feasible for the moment relaxation in (57), one has ⟨Z, 1⟩ ≤ B.

2. ∃ŵ ∈ R[y] with A ŵ > δ > 0 on X.

3. g ≥ 0 on X and Condition 1 holds.

Then, strong duality holds in the hierarchy above some degree ℓmin:

∀ℓ ≥ ℓmin, κ′ℓ = κ⋆ℓ

Proof. The fact that condition (1) implies strong duality at degree ℓ and above is [69, Proposition 6]. Here
we prove that conditions (2) and (3) imply condition (1). First, we have already proved that (3) =⇒ (2) at
the end of section 2.3, so it remains to prove (2) =⇒ (1), which can be done as in Lemma 2.14, with some
additional arguments. Let ŵ be as in condition (2) and let ℓ ∈ N such that A ŵ − δ ∈ Qℓ(h) (such ℓ exists
by Assumption 2 and Theorem 2.1). Then, it holds

deg(A ŵ) = deg(A ŵ − δ + δ) ≤ max (deg(A ŵ − δ),deg(δ)) ≤ 2ℓ

so that ⟨Z,A ŵ⟩ is well defined for Z ∈ Qℓ(h)
′. Now, let Z ∈ Qℓ(h)

′ be feasible in (57). By Corollary 2.8,
A ŵ has a preimage wℓ ∈ Rdℓ

[x] such that A ŵ = Awℓ, and thus it holds

⟨Z,A ŵ⟩ = ⟨Z,Awℓ⟩ = ⟨A′
ℓ Z,wℓ⟩ = ⟨T,wℓ⟩
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(deg(wℓ) ≤ dℓ is needed for the adjoint operation to be well defined, as A′
ℓ Z ∈ Rdℓ

[y]′). Eventually, defining
B := δ−1⟨T,wℓ⟩, it holds

0 ≤ δ⟨Z, 1⟩
= ⟨Z,A ŵ⟩ − ⟨Z,A ŵ⟩+ δ⟨Z, 1⟩
= ⟨T,wℓ⟩ − ⟨Z,A ŵ − δ⟩
≤ ⟨T,wℓ⟩ = δ B,

where the first inequality is due to Z ∈ Qℓ(h)
′ and 1 ∈ Qℓ(h), and the second inequality is due to Z ∈ Qℓ(h)

′

and A ŵ − δ ∈ Qℓ(h). As δ > 0, this shows that (1) holds and concludes the proof.

Remark A.2. Condition (1) in Theorem A.1 is a rephrazing of Condition 2 with Z instead of µ.

Eventually, the following theorem ensures strong convergence guarantees of the corresponding numerical
scheme:

Theorem A.3 (Convergence of the moment-SoS hierarchy [69, Theorem 4 & Corollary 8]).

Assume that one of the conditions in Theorem A.1 holds. Then, under Assumption 3 there exists
ℓmin ∈ N s.t. ∀ℓ ≥ ℓmin

κ⋆ℓ = κ′ℓ −→
ℓ→∞

κ′ = κ⋆.

Moreover, if (6) has a unique solution µ⋆, then for optimal Zℓ in (57) it holds

∀α ∈ Nm, ⟨xα, Zℓ⟩ −→
ℓ→∞

∫
xα dµ⋆(x).

B The functional LP and the GMP in product spaces

Let N,M ∈ N⋆, n = (n1, . . . , nN ) ∈ NN , m = (m1, . . . ,mM ) ∈ NM . For i ∈ JNK and j ∈ JMK, let Xi ⋐ Rni

and Yj ⋐ Rmj be compact. We set

X := C(X1)× . . .× C(XN ), Y := P(Y1)× . . .× P(YM ).
X ′ := M(X1)× . . .×M(XN ), Y ′ = M(Y1)× . . .×M(YM ),

We equip X̄ , X̄ ′,Y,Y ′ with the product topology. For v = (v1, . . . , vN ) ∈ X and µ = (µ1, . . . , µN ) ∈ X ′, we
define the vector integral as ∫

v · dµ :=

N∑
i=1

∫
vi dµi.

We recall the general LPs from (10)

κ⋆ = inf
w∈Y

⟨T,w⟩ and κ′ = sup
µ∈X ′

∫
g dµ

s.t. ∀i ∈ JNK s.t. ∀i ∈ JNK, µi ∈ M(Xi)+

(Aw − gi)i ∈ C(Xi)+ A′ µ = T

(10)

Concerning the functional LP and the GMP we made Assumptions 1, 2, 3 and Conditions 1, 2. We
now want to extend those to the setting of this section.
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Assumptions 1 states that a feasible solution to the functional LP exists. Therefore no adjustment has to
be made.

Addressing Assumption 2, we first need to extend the notion of polynomial operators to product spaces.

Remark B.1 (Polynomial operators and moment operators on product spaces). The generalization of
polynomial and moment operators to linear operators A : P(Y1) × . . . × P(YM ) → C(X1) × . . . C(XN )
is straightforward. Such an operator A is a polynomial operator if A (P(Y1)× . . .× P(YM )) ⊂ P(X1) ×
. . .× P(XN ). Moment operators on product spaces are adjoints of polynomial operators. The results from
Section 2.2 on polynomial operators and moment operators generalize as well.

For the general case, Assumption 2 reads

Assumption 2’ (Polynomial operator and g polynomial). The operator A is a polynomial operator and
g ∈ P(X1)× . . .P(XN ).

For product spaces the Assumption 3 generalizes simply by applying it componentwise.

Assumption 3’. For i ∈ JNK, the sets Xi are compact basic semialgebraic sets given by Xi := S(hi) ⊂ Rni

with hi = (hi1, . . . , hiri) ∈ R[xi]
ri for some r = (r1, . . . , rN ) ∈ (N⋆)N , and for which it holds

1. 1− x⊤y ∈ Q(h) (normalized Archimedean property),

2. ∀j ∈ JriK, ∥hij∥ := max
x∈[−1,1]ni

|hij(x)| ≤ 1
2

Similarly, Conditions 1, 2 apply componentwise. They read

Condition 1’ (Slater [65]). ∃ ◦
w ∈ Y s.t. ∀i ∈ JNK, (A′ ◦

w)i − gi ∈ C(Xi)⊕.

Condition 2’ (Primal compactness [68]). ∃B > 0 s.t. ∀µ ∈ X ′ feasible for the generalized moment problem

in (10), one has ∀i ∈ JNK,
∫

1 dµi ≤ B.

Similary to Lemma 2.14 the Conditions 1’, 2’ hold if there exists ŵ ∈ Y with (A ŵ)i > 0 on Xi for all
∀i ∈ JNK.

C On norm equivalence in polynomial spaces

Lemma C.1. Let X ⊂ K := [−1, 1]n satisfy Condition 5.2. For any nonnegative polynomial p ∈ P(X)+,
it holds

∥p∥ = max
x∈K

{p(x)} ≤
(
1 +

deg(p)2

4
(2/b)

deg(p)+1

)
∥p∥X∞, (26)

where b ∈ (0, 1) is such that [−b, b]n ⊂ X (whose existence is guaranteed by Condition 5.2).

Proof. The proof of [7, Lemma 28] actually shows that, for φ ∈ P(K)+ of degree k and ρ > 0, defining
Kρ := [−1− ρ, 1 + ρ]n, one has

φ⋆
Kρ

≥ φ⋆
K − Tk(1 + ρ) · ρ · k2 ·max

K
φ (†)

Where Tk denotes the degree k Chebyshov polynomial of the first kind. We apply this result to

φ(x) := max
X

p− p(bx),

so that k = deg(φ) = deg(p). Let ρ := 1−b
b so that b ·Kρ = K. Then, one has

φ⋆
Kρ

= max
X

p−max
K

p

φ⋆
K = max

X
p−max

b·K
p

max
K

φ = max
X

p−min
b·K

p
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which can be reinjected in (†) to get

���max
X

p−max
K

p ≥
�
��max
X

p−max
b·K

p− Tk(1 + ρ︸ ︷︷ ︸
1/b

) · ρ · k2
(
max
X

p−min
b·K

p

)
.

This expression in turn rephrases, accounting for inequalities minb·K p ≥ minX p ≥ 0 and maxb·K p ≤
maxX p = ∥p∥X∞ (because b ·K ⊂ X), as

max
K

p ≤ max
b·K

p+ Tk(1/b) ·
1− b

b
· k2 ·max

X
p ≤

(
1 + Tk(1/b) ·

1− b

b
· k2
)
∥p∥X∞.

It remains to compute an upper bound of Tk(1/b). Here we recall that the Chebyshov polynomials are defined
by T0(s) = 1, T1(s) = s and the recurrence formula Tk+1(s) = 2s Tk(s) − Tk−1(s) (for k ≥ 1). Moreover,
Tk(s) oscillates between −1 and 1 for s ∈ [−1, 1] (because Tk(cos θ) = cos(k · θ)), and is always strictly
increasing on (1,+∞), so that for s > 1 one has Tk(s) > Tk(1) = 1 > 0. Eventually, we can prove that, for
all k ≥ 1, it holds

Tk(1/b) ≤
1

2

(
2

b

)k

. (‡)

First, we check that this holds for k = 1: T1(1/b) = 1/b ≤ 1/2 · 2/b. Second, defining s = 1/b, we notice that by
design of b ∈ (0, 1), s > 1. Then we simply use the recurrence formula to get, for k ≥ 1:

Tk+1(s) = 2s Tk(s)− Tk−1(s)︸ ︷︷ ︸
>0

≤ 2s Tk(s)

so that, if Tk(s) ≤ 1/2(2s)k (which holds for k = 1) then Tk+1(s) ≤ 1/2(2s)k+1. This way, we get

max
K

p ≤

(
1 +

1

2

(
2

b

)k

· 1− b

b
· k2
)
∥p∥X∞.

Finally, let us not forget that it is maxK |p| that we want to upper bound, and not only maxK p, so we still
have to upper bound maxK(−p) = −minK p = −p⋆K. Again we use (†) with φ(x) = p(bx) to get

p⋆K = φ⋆
Kρ

≥ φ⋆
K − Tk(1 + ρ) · ρ · k2 ·max

K
φ

≥ min
b·K

p− 1

2

(
2

b

)k

· 1− b

b
· k2 ·max

b·K
p

≥ min
X

p− 1

2

(
2

b

)k

· 1− b

b
· k2 ·max

X
p

≥ −1

2

(
2

b

)k

· 1− b

b
· k2 · ∥p∥X∞

and hence

max
K

(−p) = −p⋆K ≤ 1

2

(
2

b

)k

· 1− b

b
· k2 · ∥p∥X∞

leading to

∥p∥ ≤

(
1 +

1

2

(
2

b

)deg(p)

· 1− b

b
· deg(p)2

)
∥p∥X∞.

Finally we deduce the announced inequality by observing that (1− b) ∈ (0, 1), so that

1

2

(
2

b

)deg(p)

· 1− b

b
≤ 1

4

(
2

b

)deg(p)+1
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D Extension of Hölder continuous functions

Lemma D.1 (Extension Lemma; [23, Lemma 6.37]).

Let k ≥ 1 be an integer and a ∈ (0, 1]. Let Y ⊂ Rm be a compact with Ck,a boundary. Let Ω be an open and
bounded set containing Y. Then every function w ∈ Ck,a(Y) there exists an extension w̄ ∈ Ck,a(Ω) with
w(y) = w̄(y) for all y ∈ Y and

∥w̄∥Ck,a(Ω) ≤ c∥w∥Ck,a(Y) (31)

for some constant c = c(m, k, a,Y,Ω) independent of w.

As a corollary, we obtain the following extension result that aims at preserving the maximum value for the
extension.

Corollary D.2. Let Y ⊂ Rm be a compact with C∞ boundary and f ∈ C∞(Y). Then, for any k ∈ N and
ε > 0, there exists an extension f̄ ∈ Ck(Rm) of f with

∥f̄∥R
m

∞ ≤ ∥f∥Y∞ + ε. (⋄)

Proof. Let ε > 0 and k ∈ N and let R > 0 with B0.5R(0) ⊃ Y. By the extension Theorem 4.10 there exists an
extension f̃ ∈ Ck(BR(0)) of f with F := ∥f̃∥C1(BR(0)) < ∞. Without loss of generality we assume ε

F < R
2 ,

otherwise we take a smaller ε. Set Ω := {x+ y;x ∈ Y, ∥y∥ < ε
F } and let ϕ ∈ C∞(Rm) with 0 ≤ ϕ ≤ 1 with

ϕ = 1 on Y and ϕ = 0 on Rm \Ω. We claim that the function f̄ := ϕ · f̃ (and extended by zero on Rm \Ω)
is Ck and satisfies (⋄). From the construction, it follows that f̃ is Ck. For x ∈ Y it holds f̃(x) = f(x) and
for x ∈ Rm \ Ω we have f̃(x) = 0. It remains to bound f̃(x) for x ∈ Ω \ Y. Let x ∈ Ω \ Y and y with
∥y∥ < ε

F such that x− y ∈ Y. We have

|f̃(x)| ≤
∣∣∣f̃(x− y) + ∥gradf̃∥BR(0)

∞ ∥y∥
∣∣∣ ≤ ∥f∥Y∞ + F

ε

F
= ∥f∥Y∞ + ε.

E Smooth solutions to the Poisson PDE

Here we state the proof of Theorem 5.8 for the existence of smooth solutions of (52b) and (53).

Proof. Of Theorem 5.8. We prove this Theorem using two lemmas.

Lemma E.1 (Existence of smooth source term).

There exists a smooth ϕ ∈ C∞(Rn) such that

1. ϕ satisfies conditions (53.c), (53.d) and ϕ = 1 on Rn \X.

2.
∫
Xi

ϕ dλ = 0 for all i ∈ {1, . . . ,Ω}, where

X =

Ω⊔
i=1

Xi

is the partition of X into its connected components.

Proof. We work on a connected component Xi, i ∈ {1, . . . ,Ω}. As Xi is an open set, there exists ωi ∈ Xi,
Ri > 0 such that

Bi := {x ∈ Rn ; |x− ωi| ≤ Ri} ⊂ Xi.

According to [39, Proposition 2.25], there exists a smooth bump function φi ∈ C∞(Rn) such that:
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• ∀x ∈ Rn \Xi, φi(x) = 0

• ∀x ∈ Bi, φi(x) = 1

• ∀x ∈ Xi \Bi, 0 ≤ φi(x) ≤ 1.

In particular, φi ≥ 0 in Xi and φi = 0 on ∂Xi. Next, we define for x ∈ Rn,

ψi(x) :=
λ(Xi)∫
Xi

φi dλ

φi(x),

with 0 < λ(Bi) <

∫
Xi

φi dλ by design of φi.

Again, ψi ≥ 0 in Xi and ψi = 0 on ∂Xi. Moreover, now∫
Xi

ψi dλ = λ(Xi). (∗)

Eventually, we construct, for x ∈ Rn,

ϕ(x) := 1−
Ω∑

i=1

ψi,

so that condition 1. is trivially satisfied, and smoothness of ϕ follows from smoothness of the φis. We
conclude by checking condition 2.: for i ∈ {1, . . . ,Ω},

∫
Xi

ϕ dλ =

∫
Xi

1−
Ω∑

j=1

ψj

 dλ =

∫
Xi

1 dλ−
Ω∑

j=1

∫
Xi

ψj dλ

= λ(Xi)−
∫
Xi

ψi dλ−
Ω∑

j=1
j ̸=i

��
���

∫
Xi

ψj dλ
(∗)
= 0

Lemma E.2 (Existence of smooth PDE solution).

Let ϕ ∈ C∞(X) be given by Lemma E.1. Then, there exists a solution u ∈ C∞(X) to the Poisson PDE
with Neumann boundary condition: {

−∆u = ϕ in X
∂nu = 0 on ∂X

(53)

Proof. If Ω = 1 (i.e. X is connected), then this is a classical result, see e.g. [23]3. Else, we just solve the
problem separately on each connected component and glue the resulting solutions ui together into

u =

Ω∑
i=1

ui 1Xi
∈ C∞(X)

because by construction of X (with smooth boundary) the Xi are disjoint.

The ϕ and u given by Lemmas E.1 and E.2 are a valid solution to (53). By construction, they also have
the required smoothness. It remains to show that we can choose ϕ, u such that the functions u, w given by
(54) are optimal for (52b). Let us take ϕ as in Lemma E.1 and u the corresponding solution of (53). By the

3Smoothness of ∂X is necessary here. This is the reason for Assumption 9.
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above, the functions u, w from (54) are smooth. Further, as shown in [70], u, w are feasible (and optimal)
for (52b). Here, we only recall optimality, i.e.∫

w dλ = λ(X). (▽)

To show (▽), we use condition 2. in Lemma E.1 and simply integrate w = 1− ϕ ≥ 0 on X. This gives∫
w dλK =

∫
1− ϕ dλK = λ(X)−

∫
ϕ dλK = λ(X).
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