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PARAMETRIC FOURIER AND MELLIN TRANSFORMS OF
POWER-CONSTRUCTIBLE FUNCTIONS

RAF CLUCKERS, GEORGES COMTE, AND TAMARA SERVI

ABSTRACT. We enrich the class of power-constructible functions, introduced in [CCRS23],
to a class CM of algebras of functions which contains all complex powers of subanalytic
functions, their parametric Mellin and Fourier transforms, and which is stable under para-
metric integration. By describing a set of generators of a special prepared form we deduce
information on the asymptotics and on the loci of integrability of the functions of CM-7.
We furthermore identify a subclass C&7 of CM* which is the smallest class containing
all power-constructible functions and stable under parametric Fourier transforms and right-
composition with subanalytic maps. This class is also stable under parametric integration,
under taking pointwise and LP-limits, and under parametric Fourier-Plancherel transforms.
Finally, we give a full asymptotic expansion in the power-logarithmic scale, uniformly in the
parameters, for functions in C&7 .
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1. INTRODUCTION

Understanding integrals is at the heart of many mathematical problems, and often brings
together challenges from both geometry and analysis. Indeed, integration is a transcendental
process usually applied to functions naturally arising from basic geometric problems, and
as such, having remarkable properties one aims to preserve. The present work is in the
same spirit as Liouville’s theorem on elementary integrals and its recent variants by Pila and
Tsimerman (see [PT22]); it concerns rich classes of functions whose parametric integrals are
of a somewhat similar nature as the original functions.

To be more accurate, two types of problems may be considered in this spirit.

The first consists in describing a class of functions, possibly the smallest one, stable un-
der parametric integration and containing a given class of functions. For instance, in the
context of real o-minimal geometry, this kind of problem has been addressed for the class
of semialgebraic and subanalytic functions. Indeed, in [LRIS8| [CLRO0, [CM11l, [CM12] it has
been proved that the class C of constructible functions (that is to say the functions which
are polynomials in globally subanalytic functions and their logarithms) form the smallest
class of real-valued functions which contains all globally subanalytic functions and which is
stable under parametric integration. In [Kail3] a proper subclass of C is introduced. This
class is based on Nash functions (and their anti-derivatives) and turns out to be a small class
of functions stable under parametric integration and containing the semialgebraic functions.
Furthermore this class is suitable for studying families of periods as parametric integrals in
the viewpoint of [KZ01] (see [Kai23|). In a similar spirit, we fully describe here the small-
est class C%7 of functions which contains all complex powers and complex exponentials (of
module one) of globally subanalytic functions, and stable under parametric integration (a
natural framework for studying families of exponential periods, see [KZ01, Section 4.3]).

The second type of problems, addressed here for the class C* | still consists in describing
a class of functions containing a given class of functions and stable under parametric integra-
tion, but we additionally require our class to be stable under other analytic key operations
like Fourier and Mellin transforms. A hard part of this program consists then in finding
the geometric properties preserved by the parametric integration process and our analytic
transformations. The challenge here comes from the fact that by the action of these analytic
transformations we leave the convenient framework of o-minimal geometry by introducing,
via Mellin transforms, the (meromorphic) dependence on a complex parameter s.

Finally, let us note that several formalisms of motivic (and uniform p-adic) integration have
a similar flavor and set-up. Such classes can then, for example, be used to define tame classes
of distributions, which are at the same time stable under Fourier transform and analytically
(wave front) holonomic [AC20), [ACRS23].

In this work, our starting point is the class C* of power-constructible functions, defined and
studied in [CCRS23|, which extends C by including complex powers of globally subanalytic
functions. This class includes complex-valued oscillatory functions, hence we leave the realm
of o-minimality, but many tame geometric and analytic properties are preserved, such as
stability under parametric integration and well-understood (convergent) power-logarithmic
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asymptotics. In [CCMRS18| we studied the parametric Fourier transforms of constructible
functions (thus equally leaving the realm of real geometry) and described a class containing
such transforms and stable under parametric integration. In [CCRS23| we studied Mellin
transforms of power-constructible functions and showed that stability under parametric in-
tegration is preserved.

In the current paper we combine the action of parametric Fourier and Mellin transforms
on the class C® of power-constructible functions. We define a system CM7 of C-algebras
containing all such transforms and stable under parametric integration (see Definition m
and Theorem . We describe a set of generators of a particular prepared form which
allows us to prove the stability under parametric integration and deduce information about
the asymptotics at infinity in a chosen variable of the functions of the class. We furthermore
identify a subclass C®* (see Definition of CM+~ which is the smallest class containing C©
and stable under parametric Fourier transform and right-composition with subanalytic maps,
and give, for the functions of this class, asymptotic expansions in the power-logarithmic scale
(Theorem , in a chosen variable y and uniformly in the other variables x (which serve as
parameters and range in a given globally subanalytic set). We also deduce the stability of the
class C%7 under taking pointwise and LP-limits, and under the Fourier-Plancherel transform

(Theorems B-8).

The main geometric tools for achieving this program come from o-minimality (see [Dri99])
and, more precisely, from the geometry of subanalytic sets and functions. They consist in
resolution results in the form of preparation theorems, in the spirit of [Par94], [LRI§| or
IMil06]. The key analytic tool we use is the theory of continuously uniformly distributed
modulo one functions (c.u.d. mod 1, for short), building on [Wey16, KN74, [CCMRS18|, and
its uniform variants. One of the deep challenges comes from the oscillatory nature of func-
tions in C%7 and C™7, which imposes a careful study of the integration loci (see Definition
and Theorem [6.5)). This is where the interaction between the theory of c.u.d. mod 1
functions and the geometry of subanalytic sets comes into play.

The paper is organized as follows.

In Section we introduce the classes C%7 and C™M7 | and state our main results (Theorems
and @ . The class C%7 is a collection of functions defined on globally subanalytic sets,
the class C™ is a collection of functions that also depend on a complex parameter s, which
is only allowed to range in a vertical open strip with bounded width. However, it is possible
to extend a function on a given strip to a larger strip (Proposition .

In Section , we choose suitable generators for C*7 as an abelian group, which allow us
to prove the extension result (see Section [3.2).

In Section [4] we identify two special types of generators, strongly integrable and monomial
(see Definition , and show that their parametric integrals still belong to the class CM7
(Corollary and Proposition . In Section we give the proof of Theorems and
2.21] assuming Theorem [6.5 which is a precise form of Theorem [2.21] when integrating over
only one variable.
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Sections [5] and [6] are devoted to the proof of Theorem [6.5], which requires both subanalytic
resolution of singularities and preparation techniques, and non-compensation results based
on the theory of c.u.d. mod 1 functions.

In Section [7] we study the asymptotics of the functions in the power-logarithmic scale and
prove the stability of the class C® under pointwise limits (Theorems and .

In Section |8 we prove the LP-completeness of the class C&7 and its stability under the
parametric Fourier-Plancherel transform (Theorems and [8.8).

2. CONTEXT, DEFINITIONS AND MAIN RESULTS

A subset X of R™ is globally subanalytic if it is the image under the canonical projection
from R™*™ to R™ of a globally semianalytic subset of R™*" (i.e. a subset Y C R"™*" such
that, in a neighborhood of every point of P! (R)™"™, Y is described by finitely many analytic
equations and inequalities). Equivalently, X is definable in the o-minimal structure R,,
(see for example [DD8S§]). Thus, the logarithm log : (0,4+00c) — R and the power map
z¥ : (0,+00) x R — R are functions whose graph is not subanalytic, but they are definable
in the o-minimal structure R,y oxp (see for example [DMM94]).

Throughout this paper X C R™ will be a globally subanalytic set (from now on, just
“subanalytic set”, for short). Denote by S (X) the collection of all subanalytic functions on
X, i.e. all the functions of domain X whose graph is a subanalytic set, and let S, (X) =
{fesX): f(X)<(0,+00)}.

Notation 2.1. Whenever we fix, for every m € N and X C R™ subanalytic, a collection
G (X) of real- or complex-valued functions defined on X, we denote by G the system of all
collections G (X). For instance, S is the system of collections of all subanalytic functions
defined on subanalytic sets:

S ={S(X): X CR™ subanalytic, m € N}.
Definition 2.2. For X C R™ subanalytic, define
ST(X)={f*: f€S (X), aeC},
log Sy (X) ={log f: feS.(X)},
e (X)={e’: feS(X)}.

A function defined on X and taking its values in C is called a complex-valued subanalytic
function if its real and imaginary parts are in S (X). For example, if f € S (X) is bounded
(ie. for all x € X, |f (z)| < M, for some M > 0), then e/ is a complex-valued subanalytic
function. If such a bounded f is furthermore strictly positive (i.e. f € Sy (X)) and bounded

away from zero (i.e. for all x € X, f(x) > m, for some m > 0), then log f is a real-valued
subanalytic function and for all a € C, f is a complex-valued subanalytic function.

Definition 2.3. Let G be a system as in Notation . For h € G (X x R"™), the integration
locus of h on X 1is the set

Int(h; X)={zeX: yr— h(z,y) € L' (R")}.
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We say that G is stable under parametric integration if for all h € G (X x R™) there exists
H € G (X) such that

Vo € Int (h; X), H(a:):/nh(x,y)dy.

Finally, define G (X xR"). . ={h € G(X xR"): Int (h; X) = X}.

Thus, for example, h € G((X x R) x R),
h(z,y,t) € L' (R), whereas h € G (X x R?)
L' (R?).

Next, we introduce the parametric Fourier transform acting on a system G as in Notation

2.1

Definition 2.4. Let h € G (X x R)
function

int
., means that for all (z,y) € X xR, t —>
means that forallz € X, (y,t) — h(z,y,t) €

int

.- Define the parametric Fourier transform of h as the

Fh]: X xR > (z,t) —> / h(z,y)e *™¥dy
R

and the fized frequency parametric Fourier transform of h as the function obtained from

F [h] by fixing t = —5-, i.e.

)

f[h] :Xaa:r—>/Rh(a:,y)eiydy.

Notation 2.5. The letter x will be used for characteristic functions. Thus, if A C R", then
x4 will be the characteristic function of the set A.

We will often work in restriction to subanalytic cells A C X x R, for some X C R™
subanalytic. If x € X, then A, denotes the fiber of A over z, i.e. theset {y e R: (z,y) € A}.
As X serves as a space of parameters (we will never integrate with respect to the variables x
ranging in X ), we are allowed to partition X into subanalytic cells, replace X by one of the
cells of the partition and work disjointly in restriction to such a cell. In particular, we may
always assume that X is itself a subanalytic cell, and that all cells in X x R project onto
X. Moreover, we will always concentrate on cells A which are open over X (see [CCRS23,
Definition 3.1]), as these are the only cells whose fibers give a nonzero contribution when
integrating a function defined on X x R with respect to its last variable.

2.1. Fourier transforms of power-constructible functions. In [CCMRSIS8| we con-
structed the smallest system of C-algebras containing S U e'® and stable under parametric
integration. Such a system contains in particular the parametric Fourier transforms of all
subanalytic functions. The first aim of this paper is to extend such a construction to describe
the smallest system C%7 containing SEE U e'® and stable under parametric integration. For
this, our starting point is the system C® of power-constructible functions defined in [CCRS23).
Let us recall its definition and main properties.

Theorem 2.6 (JCCRS23, Definition 2.2 and Theorem 2.4]). For X C R™ subanalytic,
let CC(X) be the C-algebra generated by S€(X) UlogS, (X). The system C© of power-
constructible functions is the smallest system of C-algebras containing ST and stable under
parametric integration.
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A natural candidate for the smallest system containing SEUeiS and stable under parametric
integration would be the system C¢ of C-algebras C%¢ (X)) generated by C€ (X) UelS (X).
However, we will show (see Corollary that such a system is not stable under parametric
integration. This motivates the following definition.

Definition 2.7. Consider the fixed frequency parametric Fourier operator f acting on C®:

flo) () = / g(e.y)evdy (g€CS(X xR),,).

Define
CF (X) = {flg] : 9 €C°(X xR),}.

Remark 2.8. Notice that C%” (X) is a C-module and that 1 = f [LX{r2r]. In particular,
Ct(X) CC%F (X). At this stage, it is not clear whether C&7 (X) is a C-algebra.

Note also that C%” is stable under right-composition with subanalytic maps: if X C
R™,Y C R" are subanalytic sets, G : Y — X is a subanalytic map and h € C% (X), then
hoG € CS (V).

Our first result is the following.

Theorem 2.9. The system C©7 is stable under parametric integration. It is a system of C-
algebras, and indeed the smallest such system containing SerUeiS and stable under parametric
integration. It is also the smallest such system containing C and stable under the parametric
Fourier transform and right-composition with subanalytic maps.

Subsequently, we derive results on asymptotic expansions, pointwise limits, L’-limits, and
the Fourier-Plancherel transform for the class C&7. Such results are stated and proven in
Sections [0 and

2.2. Parametric Mellin and Fourier transforms of power-constructible functions.
We now turn our attention to the Mellin transform.

Definition 2.10. Let ¥ C C be an open set. For h € C®(X x [0,+00)) such that for
all s € 2 and for all z € X, the function y — y*'h (z,y) belongs to L' ([0, +00)), the
parametric Mellin transform of h on ¥ is the function

400
Ms[h]: S x X 5 (5,2) —> / b (2, y) dy.
0

In |[CCRS23| we studied the parametric Mellin transforms of power-constructible func-
tions: we constructed a system C™ containing such transforms and stable under parametric
integration (see Definition and Theorem below). The second aim of this work is
to construct a system containing both the parametric Mellin transforms and the parametric
Fourier transforms of power-constructible functions, and stable under parametric integration.
As the Mellin transform introduces a new complex variable s, the domains of the functions
we consider will be suitable subsets of CxR™, rather than just subsets of R™. The notions of
integration locus, parametric integral transform and stability under parametric integration
need to be made precise in this new context, which is what we do next.

In what follows, we will consider several collections of functions defined on sets of the form
> x X, where ¥ is a suitable subset of C and X is a subanalytic subset of R™, for some
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m € N. We will study the action of some integral operators on these collections of functions,
and, more generally, the nature of the parametric integrals of such functions. Let us fix some
notation.

Definition 2.11. An open vertical strip of bounded width in C is a set of the form
Y={seC: p<R(s) <q},
where p,q € R and p < ¢q. For short, we will say that X is a strip.

Notation 2.12. Given a strip ¥ C C and a subanalytic set X C R™, let Dy, (X)) be a collection
of complex-valued functions such that for all A € Dy, (X) there is a closed discrete set P C C
such that the domain of h contains (X \ P) x X (we say that h has no poles outside P).
Denote by Dy, the system {Dx, (X): X C R™ subanalytic, m € N}.

Suppose furthermore that the collection {Dy : ¥ C C strip} has the extension property:
for every subanalytic set X C R™, given any two strips X, ¥’ such that ¥ C ¥/ and a closed
discrete set P C C and h € Dy (X) without poles outside P, there exists b’ € Dy (X)
without poles outside P such that ' [ (X \ P) x X = h. Define D (X) as the direct limit of
{Ds (X): ¥ CCstrip} and D = {D(X): X CR"™ subanalytic, m € N}. For h € D (X)
and a closed discrete set P C C, we say that h has no poles outside P if this is the case for
some representative of h on each strip 3.

Definition 2.13. Given h € Dy (X x R") without poles outside some closed discrete set
P C C, define the integration locus of h as

Int (h; (S\ P) x X) = {(s,z) € B\ P) x X : y+— h(s,z,y) € L' (R")}
and we set
Dy (X xR"), . ={h €D (X xR"): Int(h;(X\P)x X)=(X\P)xJX,
for some closed discrete P C C}.

int

We consider the following parametric integral transforms acting on D, where the word
generalized refers to the fact that, unlike the case of the corresponding classical transforms,
we allow the operator to act on functions for which the integral transform is not everywhere
defined.

Definition 2.14. Let D be as in Notation and h € Dy, (X x R) be without poles outside
some closed discrete set P C C.

e Let x be the characteristic function of the half-line [0, +00) and
h(s.2.y) = X+ (9) y* ' (s,2,9).

The generalized parametric Mellin transform of h is the function defined on
Int (h; (3X\ P) x X) given by

M [h] (s,z) = /O+OO v h (s, z,y) dy.

The integration kernel of this transform is the function (s,y) — x4 (y) y*~'.
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e The generalized parametric Fourier transform of h is the function defined on
Int (h; (X \ P) x X) x R given by

Fl)(s..6) = [ hsiay)e >y,

R
The integration kernel is the function (¢,y) — e ™%,

e The generalized fixed frequency parametric Fourier transform of h is the function
defined on Int (h; (X \ P) x X) given by

1 .
{0 6,00 = 701 (5.0~ ) = [ (s, ey
2 R
The integration kernel is the function y — el¥.

For each of these operators, the elements of the pairs (s,z) for which the parametric
transform of A is defined are called the parameters of the transform.

Definition 2.15. Let D be as in Notation 2.12]

e D is stable under the generalized parametric Mellin transform if for all ¥ and X, for
all h € Dy (X x R) without poles outside some closed discrete set P C C there are
a closed discrete set P C C such that P C P’ C C, and a function H € Dy (X)

without poles outside P’ such that, if h (s,2,9) = x+ (y) y* 'h(s,z,y), then
V(s,z) € Int (%, (X\ P') x X) , H(s,z) = MIh](s,x).

e D is stable under the generalized parametric Fourier transform if for all 3 and X, for
all h € Dy (X x R) without poles outside some closed discrete set P C C there are a
closed discrete set P’ C C such that P C P’ C C, and a function H € Dy (X x R)
without poles outside P’ such that

V(s,x,t) € Int (h; (X \ P') x X) xR, H(s,z,t) = FI[h](s,x,t).

Definition 2.16. A system D as in Notation is stable under parametric integration if
for every strip ¥ C C and every subanalytic set X C R™, given h € Dy (X x R") without
poles outside some closed discrete set P C C there exists a closed discrete set P’ C C such
that P C P’ and P’ \ P is contained in a finitely generated Z-lattice, and there exists a
function H € Dy (X) without poles outside P’ such that

V(s,x) € Int (h; (X \ P') x X), H(s,x):/ h(s,x,y)dy.

n

2.2.1. Parametric power-constructible functions. Recall the following definitions and results

from [CCRS23].

Definition 2.17.
e (1-bounded subanalytic maps) For N € N, we let S (X) be the collection of all

maps ¢ : X — RY with components in S (X), such that  (X) is contained in the
closed polydisk of RY centered at zero and of radius 1. The members of the collection

S (X) = Uyenx SY (X) are called 1-bounded subanalytic maps defined on X.
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(Strongly convergent series) Let £ be the field of meromorphic functions £ : C — C
and denote by DY the closed polydisk of radius % and center 0 € RY. Given a formal
power series F' =Y, & (s) Z' € £[Z] in N variables Z and with coefficients &; € &,
we say that F' converges strongly if there exists a closed discrete set P (F') C C (called
the set of poles of F') such that:

o for every sg € C\ P(F), the power series F (sg,Z) € C[Z] converges in a
neighbourhood of DV (thus F' defines a function on (C\ P (F)) x DV);

o for every sy € C there exists m = m(sy) € N such that for all zg € DY,
the function (s, z) — (s — sg)" F (s, 2) has a holomorphic extension on some
complex neighbourhood of (s, zp);

o P (F)istheset of all s € C such that the minimal such m (s) is strictly positive.
(Parametric strong functions) Given a closed discrete set P C C, a function
$: (C\P)x X — Cis called a parametric strong function on X if there exist
a 1-bounded subanalytic map ¢ € S¥ (X) and a strongly convergent series F' =
S & (s) 2 € £]Z] with P (F) C P such that,

V(s,2) € (C\P)x X, ®(s,2) = Fo(s,¢(z)) =Y &(s) (v (x).

Define A (X)) as the collection of all parametric strong functions on X. If & € A (X)
has no poles outside P C C, then for all s € C\ P, 2 —— ®(s,x) is bounded. If
furthermore for all s € C\ P, x — ® (s, x) is bounded away from zero then we call ®
a parametric strong unit. A parametric strong function which happens not to depend
on the variable s is called a subanalytic strong function.

(Parametric powers) For X C R™ subanalytic, define the parametric powers of S on
X as the functions in the collection

P (S84 (X)) ={P;:Cx X — C such that Py (s,z) = f (z)°, for some f € S; (X)}.

(Parametric power-constructible functions) If X C R?, then define CM (X) = £.
If X C R™, with m > 0, then we let C™ (X) be the A (X)-algebra generated by
C (X)UP (S; (X)). The system CM is the collection of algebras of parametric power-
constructible functions. Every function h € CM (X) can be written on (C\ P) x X
(for some closed discrete P C C) as a closed discrete sum of generators of the form

O (s,2) - g(x) f(2),

where g € C¢(X), f €S, (X) and ® € A(X) has no poles outside P. Here the word
“parametric” refers to the variable s € C seen as a new complex parameter (alongside
the real parameters x € X).

The functions in C* have a domain of the form (C \ P)x X. We are interested in studying
functions defined on domains of the form (X \ P) x X, where X is a strip. For this, we define
C41 (X)) as the collection of all restrictions to X x X of functions in CM (X)) and thus form the
systems A, P (S;) and CM, proceeding as in Notation (note that, since the functions in
these collections are defined on the whole of C and not just on strips, the two definitions of
CM coincide). With this notation we immediately derive from [CCRS23]| the following result.
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Theorem 2.18 (JCCRS23, Theorem 2.16 and Corollary 2.18|). The system C™ is stable
under parametric integration. Moreover, C™ is the smallest system of A-algebras containing
CC and stable under the generalized parametric Mellin transform.

2.2.2. Parametric Fourier transforms of parametric power-constructible functions. Our next
goal is to define a system containing both the parametric Fourier and the parametric Mellin
transforms of power-constructible functions.

Definition 2.19. Let ¥ C C be a strip. Consider the fixed frequency parametric Fourier
operator f acting on C{*:

FIh) (5. 2) = / B(s,a,y) ey (heCM (X xR),,).
R
If A has no poles outside some closed discrete set P C C, then so does f[h]. Define
C T (X) = {f[h] : heCE (X X R)jyi} -
It is a C{' (X)-module.

We will show in Section [3] that the functions in the above collection can be extended to
the whole complex plane, in the sense of Notation [2.12}

Proposition 2.20. The collection {Cé\d’]E (X): 2 stm'p} has the extension property.

Thanks to the above proposition, we may define the system
cMF = {cM7 (X): X C R™ subanalytic, m € N}.
Our main stability result is the following.

Theorem 2.21. The system C™7 is stable under parametric integration. It is a system of
C-algebras, containing C° U €', and stable under generalized parametric Mellin and Fourier
transforms.

3. GENERATORS OF CM7 AND PROOF OF THE EXTENSION RESULT

3.1. Generators of C*7. In this section we choose a set of generators for c§4 7 (X) as an
additive group, of a special form, which is suitable for proving Proposition [2.20| and Theorem

2211
First, we recall some definitions from [CCRS23].

Definition 3.1. Let X C R™ be a subanalytic cell and
(3.1) B={(ny): v€X, a(z) <y<b)},

where a,b : X — R are analytic subanalytic functions with 1 < a(z) < b(x) for all x € X,
and b is allowed to be = +00. We say that B has bounded y-fibers if b < +o0 and unbounded
y-fibers if b = 4o00.
e A 1-bounded subanalytic map ¢ : B — RM+2 € SM+2(B) is y-prepared if it has the
form

o (e () )
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where d € N\ {0}.
If b = 400, then we will implicitly assume that the last component is missing and
hence v : B — RM+1,

e A subanalytic strong unit U € S (B) is ¢-prepared if there exists a strongly convergent
series F' € R[Z] such that U = F o). If B has unbounded y-fibers, then the nested
W-prepared form of U is

)2

a(x
(53 UG = 3 ) (2
A Y
where the subanalytic functions b, are bounded and by does not vanish on X.
e A parametric strong function ® € Ay (B) is ¢-prepared if there exists a strongly
convergent series ' = >_ &7 (s) Z1 € £[Z] such that

(3.4) V(s,z,y) € (E\P(F)) x B, ®(s,2,y) = Fo(s¢(z,y)).
If B has unbounded y-fibers, then the nested y-prepared form of ® is

= S, T a(x)
(3.5) @(s,x,w—;sh(, >( p

)d, where & (s,x) € Ag (X).

e A subanalytic function ¢ € S (B) is prepared if there are w € Z, an analytic function
vo € S (X) and a -prepared subanalytic strong unit U such that

(3.6) o (2,y) = o () yaU (z,y) .

In order to choose suitable generators for C*M7, we first need to introduce two additional
classes of functions.

Definition 3.2. Let X C C be a strip and X C R™ be a subanalytic set. Let B be as in
(3-1))- |

o Let CQA S (X) be the additive group generated by the functions of the form
(3.7) ge? (g€ (X),peS (X)),

It is a C-algebra.
o A transcendental element is a function of the form

(BAP)x X3 (s,2) — 7 (s,2) = / x5 (2,9) v (logy)" @ (s, z,y) 7 ¥dy,
R

where o € {+,—}, 1 € N, ® is a ¢)-prepared parametric strong function (as in (3.4)),
with ¢ as in (3.2])) without poles outside the closed discrete set P C C and A(s) =
s+

, for some ¢ € Z,n € C and the same d appearing in (3.2)). If B has unbounded

y-fibers, then we require that for all s € ¥, R(\(s)) < —1.

We let I's; (X) be the collection of all transcendental elements on ¥ x X.

Thus, a generator (as an additive group) of the 4" (X)-module generated by the
set I'y (X) is a function of the form

(3.8) T=ge¥y (geC(X),peS(X),yels(X)).
Notice that 1 = f [%X[ﬁ,gﬂ] € I's (X). In particular, (3.7) is an instance of (3.8]).
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Lemma 3.3. Let T' be a generator as in (3.8|), without poles outside some closed discrete
set P C C. There exists h € CX' (X x R). . without poles outside P such that T = f[h]. In
particular,

int
CAS (X), Ty (X) € C7 ().
Proof. Let B be as in (3.1)) and

G (s,7,y) = x5 (2,9) g (s,2) v (logy)" @ (s,2,y).
Then G € C' (X x R), , and

T (s,x) :/G(s,x,y) cle@roy)qy.
R

int*

Thus, by a change of variables, T = f[h] with h (s, z,y) := 0G (s,z,0 (y — ¢ (z))) € C& (X x R)
Notice that h has no poles outside P. O

Lemma 3.4. Let h € Cg/l’f (X). There are a closed discrete set P C C and finitely many
generators 1y, ..., T, as in such that h,Ty,...,T,, have no poles outside P and h =
ST, In particular, CY" (X)) can also be described as the Co"* (X)-module generated by the
set I's (X)) , and the functions of the form are generators of CQA’I (X) as an additive
group.

Recall the notation established right after Definition 3.9 in [CCRS23].

Notation 3.5. Let A C X X R be a subanalytic cell which is open over and projects onto X
(see Notation [2.5), let 4 be its center, so that the set {y — 04 (z) : (2,y) € A} is contained
in one of the sets (—oo, —1),(—1,0),(0,1), (1, +00), as in [CCMRSI8|, Definition 3.4|. There
are unique sign conditions 04,74 € {—1,1} such that

(3.9) A={(z,y): € X, aa(x) <oa(y—~0a(x))™ <ba(x)}

for some analytic subanalytic functions a4, b4 such that 1 < ays (z) < ba (x) < +00. Let
(3.10) Ba={(z,y): v€ X, aa(x) <y<ba(x)}

and II4 : By — A be the bijection

(3.11) 4 (2,9) = (z,0ay™ + 04 (), Iy (2,9) = (2,04 (y — 04 (2))™).

We will still denote by T4 the map C x By 3 (s,2,y) — (8,114 (z,y)) € C x A.

Remark 3.6. By [CCMRSIS8| Definition 3.4(3)], if A is a cell of the form A = {(z,y) : = €
X, y> f(x)} with f € S(X) and f > 1, then 04 =74 = 1 and 64 = 0. Hence in this case
ap = f, by =+o0 and By = A.

Proof of Lemma[3.4). Write h = f[g], for some g € C&' (X x R). . and apply the parametric
power-constructible Preparation Theorem [CCRS23|, Proposition 4.7| to g: this yields a cell
decomposition of X x R and by linearity of the integral we may concentrate on a cell A which
is open over X.
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Using Notation if 74 = —1 then the set {|y — 04 (z)|: (z,y) € A} is contained in
(0,1), so that (z,y) — e@=94@) is a complex-valued subanalytic function. Hence, in this
case we may write

/ g1 As,z,y) ey = e / g1 As,z,y)r-0a@dy
Ag

Aq

As the integrand on the right hand side is a parametric power-constructible function, by
[CCRS23, Theorem 2.16 and Remark 6.7] there are a closed discrete set P C C (containing
the poles of g) and a parametric power-constructible function G € C&' (X) without poles
outside P such that f[g | A] = €4G.

If 74 = 1 then we apply the change of variables II4 under the sign of integral and, using
[CCRS23|, Proposition 4.7|, we write g o II4 as a finite sum of prepared generators as in
[CCRS23, Equation (4.8)]:

) ba(z) oll 4 .
/ gl A(s,z,y)eVdy = / golly(s,x,y) —— 5 (z,9) el(UAZH'eA(x))dy
Ay Y

= 04l / ZG (s,2) y) (log y)" @i (5,2, y) "4V dy

Summing up, we have written h as a finite sum of generators without poles outside some
closed discrete set P C C. O

Thus, from now on we will refer to the functions of the form (3.8) as generators of C5" (X).

3.2. Proof of Proposition Let X, C C be strips such that ¥ C ¥ and h €
Cg/l d (X)) without poles outside some closed discrete set P C C. Write h as a finite sum of gen-
erators of the form , which is possible by Lemma . The problem is that the integrands
of the transcendental elements appearing in the generators are integrable on (X \ P) x X but
might not be on the whole (X' \ P) x X (the only issue here is the integrability of a power
of y at 400, as the parametric strong functions are bounded on the whole plane C). In this
case, we need to rewrite the transcendental elements as sums of generators on (X' \ P) x X.
With this in mind, we may suppose that h itself is a transcendental element with unbounded
y-fibers of the form

—+o0
h(s,x)= / v (log y)* @ (s, z, y) e”¥dy,
a(x)

with a € S (X) such that for all z € X, a(z) > 1, and that theset Sy = {s € X' : R (A (s)) <
—1} is a proper subset of ¥'. It follows that the above integral is not finite on (X' \ Sp) x X.
Using the strong convergence of the series defining ® and (3.5), we may rewrite, for some
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alx

his,z) =) & (s,2) (a(x) / e (logy)" e”¥dy

(z)

k>ko
+oo )
= gk (s,2) / y™) (logy)" €7V dy
k>ko a(z)

As the real part of the exponent A, (s) decreases as k increases and as ¥’ has bounded width,
there are only finitely many power-log monomials which are not integrable for all s € ¥'. Let
us concentrate on one such critical power-log monomial and use integration by parts (where
we integrate the exponential and derive the power-log monomial):

+oo
V(s,x) € Sy x X, / y/\k(s) (log y)# e"iydy
a(z)

+o0

= oie” (a (2))™" (log (a (x)))" — /( | MO (log )" (Ak (s) logy + p) e”¥dy.
Note that the right-hand side of the above equality is actually defined on a strictly larger set
than Sy x X, namely on the set S; x X, where S; = {s € ¥': R (A (s)) < 0}. Since ¥’ has
bounded width, there is an integer Ny € N such that X' = {s € ¥ : R(\p(s)) < Ny — 1}
and if we repeat the above procedure Vi, times for each critical monomial, then we rewrite
h as a sum of generators such that the transcendental elements are well defined on the whole

(3X'\ P) x X.
O

4. STRONGLY INTEGRABLE AND MONOMIAL GENERATORS

The aim of this section is to prove Theorems and [2.21} assuming a central result,
Theorem [6.5], the proof of which requires extensive work carried out in the next two sections.
We start by dealing with integrals of some specific functions in our class C*-.

4.1. Special generators of C™7. We lay the foundations for the proofs of Theorems
and by treating some special cases to which we will reduce later (in Sections [5| and
. More precisely, we identify two special types of generators for C*, strongly integrable
generators and monomial generators, for which we show that their parametric integrals lie in
CM-7 . In Section @ Proposition will provide a reduction to such special generators.
To illustrate the main ideas of this section, we start with two examples of explicit integra-
tion of very simple generators.

Examples 4.1. Let ¥ = {s: —2<R(s) <1} and B = {(z,y): z€ X, y > a(x)}, for
some analytic a € S (X) such that for all z € X, a(z) > 1.

(1) Let D = {(z,y,t) : (z,y) € B, t >a(z,y)}, for some analytic @ € S (B) such that
for all (z,y) € B, a(z,y) > 1, and & € Ax (D) be a parametric strong function
without poles outside some closed discrete set P C C. If

g(s,2,y,t) =y 572D (s, 2,y,t) xp (2,9, 1),
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then for all (s,z,y) € (X\ P) x X xR, t — g(s,z,y,t) € L' (R), so h = f[g] €
CL7 (X x R) is well defined on (X \ P) x X x R.

We claim that g € C#' (X x R?). . and that there exist a closed discrete set P’ O P
and a function H € 4" (X) without poles outside P’ such that

V(s,z) e (X\P)x X, H(s,az):/Rh(s,x,y)dy.

To see this, note that, since ® is bounded, there is a constant C' > 0 such that
V(s,z,y) € (X¥\ P)x B, /+Oot8_2 |D (s, x,y,t)|dt < C.
It follows that 1
Visa) € (SR x B, fll <y [ 0@ s nyflde < 0
1

so y — Fllgl] (s,z,y) € L' (R) and by Tonelli’s Theorem, g € C&' (X x R?)
Hence, by Fubini’s Theorem

/h(s,x,y) dy:/t”e“ U y @ (s,x,y,t) xp (v,y,t) dy | dt
R R R

and the integrand g in the inner integral belongs to C&' (D) and is integrable with
respect to y. By Theorem [2.18| there are a closed discrete set P’ C C containing P
and a function G € C{' (X x R) without poles outside P’ such that

V(s,2) € (B\P) x X, G(s,2,0) = ° / YD (5,2, ) o (., 1) .
R

Notice also that G € C&' (X x R), . and that H = f[G] proves the claim.
Consider g (s,2,y) = y’xp(z,y) € CF' (X xR) and T (s,z,y) = g(s,z,y)e? €
CMT (X xR). As

Int(g; 2 x X)={seX: R(s) < -1} x X #3 x X,

we cannot apply the operator f to g in order to express the integral of T with respect
to y. However, we claim that there exists a function H € C&" (X) such that

int*

+oo
V(s,z) e Int (T;2 x X), H(s,z) = / yedy.
a(x)
To show this, let us integrate by parts y*e'¥ twice, where we integrate the exponential
and derive the parametric power:

S i seiy 1 s—1 i
yeldy =y — — - [ sy” e¥dy
1 1

= iy*e + sy* e — s (s —1) /yS_Qeiydy.
Define

+oo
H (s,2) = =ia ()" e — s (a ()" e s (s = 1) [y ey,
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Notice that H is well defined on ¥ x X, because the real part of the exponent
in the integrand is always < —1 on X, and that H € Cg/tf (X), because the last
term is obtained by applying the operator f to g (s,z,y) = s(s — 1) y* x5 (s,y) €
C (X x R),,,. Note also that H satisfies (4.1)), since Int (T;5 x X) = {s € ¥ :
R(s) < —1} x X, and on this part of the space the exponents of the parametric
powers y°, y*~! have negative real part.

The techniques illustrated in these two examples can be generalized and used to integrate
generators of C"” (X x R) of a rather simple form.

Recall that, by Lemma , every generator of Cg/l o (X X R) can be written as f[h], for
some h € C& (X x R) x R)

int*
Definition 4.2. Let T € C&"” (X x R) be a generator.

e T is strongly integrable if T can be written as f [h], for some h € C{' (X x R?), .. If
B is a cell as in 7 we say that T is strongly integrable on B if T'xp is strongly
integrable.

e T is monomial in (its last variable) y if T has the form

(4.2) T (s,z,y) = f (s,2) ™ (logy)" Q@)

where f € CY7 (X)), n € N)A(s) = es% for some ¢ € Z, n € C, d € N\ {0}
and Q € S (X) [gﬁ] is a polynomial in the variable yi with coefficients subanalytic
functions of x. The tuple (d,¢,n, i, Q) is called the monomial data of T

Remark 4.3. Let T = gel¥y € C&7 (X x R) be a generator and write y as Jo G (s,z,y,t)e"dt
for some appropriate G € C' ((X x R) x R). .. Suppose that gG € C} (X x R?), .. Then

T' is strongly integrable. To see this, proceed as in Lemma and write T" as f[h]. It is clear
that h € C& (X x R?)

int*

Our next aim is to integrate a single generator which is of either of the forms in Definition

42

Proposition 4.4. Let g € CX (X x R?), . be without poles outside some closed discrete set
PCCandyp e S(X x R?). There exist a closed discrete set P' C C containing P and a
function H € CQA’F (X)) without poles outside P’ such that

V(s,z) € (X\P)x X, H(s,z) = / g (s, z,y,t)e®@¥Ddy A dt.

RQ

Moreover, the set P'\ P is contained in a finitely generated Z-lattice.

Proof. Up to decomposing X x R? into subanalytic cells, we may suppose that, on each cell
A of base X and open over R™, either ¢ does not depend on (y,t), or for one of these two
variables (say, y), the function y — ¢ (z,y,t) is C! and strictly monotonic.

In the first case we factor the exponential out of the integral and we apply Theorem
to g. In the second case, up to applying the subanalytic change of variables (z,y,t) —
(z,¢ (z,y,t),t) and multiplying by the Jacobian of its inverse, we may suppose that ¢ (z,y,t) =
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y on A. Hence, by Fubini’s Theorem,

/g(s,x,y,t) ?EvDdy A di =/
A

R

e V xa (@,y,t) g (s,2,y,t) dt| dy.
R

Again by Theorem [2.18] applied to the integrand inside the square brackets, the right-hand
side of the above equation is of the form f[g], for some suitable § € C&' (X x R) without
poles outside some closed discrete set P’ O P. We conclude by linearity of the integral,
taking the sum over the cells of the decomposition. O

Corollary 4.5. C3" (X) is a C-algebra.

Proof. Ts suffices to show that if hy, hy € Cx"” (X) then hy - hy € CY7 (X). Write h; = f[g4],
for some g; € C' (X x R), .. By Fubini’s Theorem, (s,z,y,t) — g1 (s,2,y) - g2 (s,x,t) €
CHM (X x R?), . so Proposition |4.4] applies. O

Proposition [4.4] allows us to integrate strongly integrable generators.

Corollary 4.6. Let T € Cg/l’f (X x R) be a strongly integrable generator without poles out-
side some closed discrete set P C C. There exist a closed discrete set P' C C containing P,
such that P'\ P is contained in a finitely generated Z-lattice, and a function H € Céwf (X)
without poles outside P such that

V(s,z) € (X\P) x X, H(s,a:):/RT(s,x,y)dy.

Proof. Immediate from Fubini’s Theorem and Proposition [.4] O

Next, we consider a monomial generator and interpolate its integral on a given cell by a
function of the class Cy"”.

Lemma 4.7. Let B be a cell as in (3.1]) with bounded y-fibers and let T € ng’]: (X xR) be
a generator which is monomial in y (as in (4.2)), without poles outside some closed discrete
set P C C. Then T is strongly integrable on B.

Proof. For all (s,z) € (X\P) x X, y — |T'(s,z,y) x5 (z,y)| extends to a continuous
function on [a (x),b(x)]. Hence, by Remark |4.3| we are done. O

Proposition 4.8. Let B be a cell as in (3.1) with unbounded y-fibers and let T € CE"" (X x R)
be a generator which is monomial iny (as in (4.2) ), without poles outside some closed discrete
set P C C. Then

Int (Txp; (E\P) x X)={(s,2): R(A(s)) <=1V (R(A(s))>—-1A[f(s,2)=0)}.

Moreover there are a closed discrete set P' C C containing P, such that P'\ P is contained
in a finitely generated Z-lattice, and a function H € Céw’f (X)) without poles outside P’ such
that

+oo
V(s,2) € Int Ty (E\ P) x X), H(s,z) = / T (s,2.y) dy.
a(z)
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Proof. The statement on the integration locus is immediate.

Write Q (z,y) = >_,.,, bi (z)y2. We may suppose that n > 0, because otherwise we are
done by Theorem m.ﬁ By o-minimality, we may suppose that for all z € X, b, (z) # 0.
By Lemma and definable choice, we may suppose that for all z € X, y — Q(x,y)
is monotonic (say, strictly increasing) on (a(x),+o00). Hence we may write @ (z,y) =

b (2)yd (1 + &1 (2,y)), where g, € R{z} [y_ﬂ with ¢ (z,0) = 0, and the compositional
inverse has the form ¢ (z,2) = c(z)z% (1 + & (2, 2)), for some analytic ¢ € S(X) and
£y € R{x,z_%} with &5 (2,0) = 0. Note that % (x,2) = %c(x) za ! (14 ¢e3(z,2)), for
some €3 € R {x, z’%} with €3 (2,0) = 0. Hence, on Int (T'xp; (X \ P) x X) we may write

+00 5 +00 - d K .
[ TGy =Fea [ a0 [— log 2+ G (,2)| u(s,,2) 6 dz,
a(z) Q(z,a(x)) n

where f(s,z) = f(s,z) d(c ()M X (s) = IN(s)+ 4 —1, G(z,2) = log(c(z)) +
log (1 + &2 (z,2)) and u (s, x,2) = (1 + &3 (z,2))* (1 4 &3 (x, 2)) is a parametric strong unit.
Note that, for all x € X, G can be expanded as a power series (with nonzero constant term) in
the variable z . By expanding the power y of the square bracket, we may rewrite the above
integral as a finite sum of terms where the integrand has the form 2*®e#- (log 2)" U, (s, 7, 2),
for some v < p and parametric strong unit U, which can be expanded as a series in the

variable z~w. It follows that there are finitely many monomials in the integrand of the form

@)% (log )" for which the integral is not finite. Argueing as in the proof of Proposition
2.20] we find the function H in the statement by integration by parts. O

4.2. Overview of the proofs of Theorems and [2.21] The proof of Theorem [2.21]
which will be completed in Section [0 is organized as follows: we show that, given h €
C§4 7 (X x R) without poles outside some closed discrete set P C C, the domain X x R can
be partitioned into subanalytic cells such that on each cell A, up to a subanalytic change of
variables, h can be written as a finite sum of generators which are either strongly integrable or
monomial in the last variable (Proposition . The results of the current section provide, for
each such generator T;, a description of the integration locus and a function H; € Cg/l o (X)
without poles outside some closed discrete set P’ O P, which coincides with the integral of T;
on its integration locus. Next, we show that, up to possibly enlarging the closed discrete set
P’, the integration locus of h [ A is the intersection of the integration loci of the generators
T; (this is done using a non-compensation argument proven in [CCRS23| Proposition 3.4|).
Thus the sum of the functions H; interpolates the integral of A [ A on its integration locus
(Theorem [6.5). Theorem follows from Theorem by Fubini’s Theorem (with an
argument spelled out in detail in [CCRS23, pp. 31-32|), which shows that we can iterate the
argument above integrating with respect to one variable at the time.

The proof of Theorem is just a special case of that of Theorem [2.21] where all the
functions involved happen not to depend on the variable s. In particular, that C&” is a
system of C-algebras containing ' follows from Corollary and Lemma . It follows
from stability under parametric integration and the definition of C%” that it is the smallest
system of C-algebras containing Sjcr U e and stable under parametric integration, and the
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smallest such system containing C® and stable under the parametric Fourier transform and
right-composition with subanalytic maps.

5. PREPARATION

With the aim of proving Proposition [6.4] in this section we write every function of the
class Cg/[ 7 (X x R), piecewise and up to a subanalytic change of variables, as a finite sum
of generators of a special prepared form which gives some information on their integration
locus. This builds further (and relies) on preparation results for subanalytic functions from
[Par94l, Par01), [LRIS| Mil06]

Notation 5.1. Let B C X x R be as in (3.1)) Consider a cell D C B x R of the form
(5.1) D={(z.y.t): ()€ B, alwy) <t<blay)},

where @, b : B —» R are analytic subanalytic functions with 1 < @ (z,y) < b (w,y) for all (z,y) €
B, and bis allowed to be = +o0o. We say that D has bounded t-fibers if b < +oo and un-
bounded t-fibers if b= +o0.

Suppose furthermore that a, g,g — a have the following prepared form:

(2,y) = a0 (x) yTug (2,y) b(x,y) = bo () yduy (z,y),

(5.2) N
b(z,y) —a(r,y) =do(z)ydug(x,y),

where «, 5,A € N, ag,by,dp € S(X) are analytic and u,,up, uqg € S(B) are -prepared
subanalytic strong units (for ¢ as in (3.2])). If b = +oo we stipulate that by = dy = +00, u =
ug=1and  =A=0.

Define

(53) 4 (x7y7t) = w (I,y) g (M) ' ) (W) )

where if D has unbounded t-fibers we omit the last component. Note that ¥ is a 1-bounded
subanalytic map on D.

Definition 5.2. A generator 1" € CQA o (X x R) without poles outside some closed discrete
set P C C is prepared on B if for all (s,z,y) € (¥ \ P) x B,

T (s,2,y) = g (s,2) ™ (log y)" 59 (s, 2,),
where g € CM(X), u € N, ¢ € S(B) is prepared as in (3.6) with respect to ¢ as in
12
13-2), A(s) = G some ¢ € Z,n € C and the same d appearing in (3.2)), and the

transcendental element v € I'y; (B) has the form

v (57$>y) = / XD (:c,y,t) té’(s) (logt)”cl) (s,m,y,t) eaitdt,
R
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,a€{+,—}, veN, o(s)=

(3.2) and @ is a W-prepared parametric strong function (with ¥ as

ls+n

where D is as in Notation for some ¢ € Z,n € C and

the same d appearing in

in (5.3)).
Recall Notation [3.5

Proposition 5.3 (Preparation). Let h € CX" (X x R). There is a cell decomposition of

R™ compatible with X such that for each cell A that is open over R™ (which we may suppose
to be of the form (3.9) ), h oIl is a finite sum of prepared generators on B,.

Proof. Write h as a sum of generators of the form (3.8)) and apply [CCRS23|, Proposition 4.7]
simultaneously to all the parametric power-constructible data appearing in the generators:
this produces a cell decomposition of X x R? compatible with X, and on each cell D which
is open over X X R, a prepared form of the data with respect to the last variable ¢, where the
coefficient functions are parametric power-constructible functions depending on the variables
(x,y) € X x R. Now apply |[CCRS23, Proposition 4.7] again simultaneously to all the
coefficient functions, in order to prepare them with respect to the variable y on suitable cells
B C X x R, thus refining the cell decomposition. This gives the wanted result, up to trivial
manipulations to adjust the definition of ¢ and ¥ (see [CCMRSIS8, pp. 1268-70| for the
details). O

Remark 5.4. The proof of [CCRS23, Proposition 4.7] (and indeed that of all preparation
results based on the Subanalytic Preparation Theorem in [LRI7]) shows that it is possible to
choose the same integer d appearing in Definition for all prepared generators on all cells.
Thus d is a data of the cell decomposition and not of a single prepared generator on a single
cell. We will hence call a d-cell decomposition a cell-decomposition with data d € N\ {0} and
we will say that a generator is d-prepared on one of the cells of the composition. Similar easy
manipulations show that if a generator 7' is d-prepared on a cell of a d-cell decomposition, then
T is also d?-prepared and the decomposition can also be considered as a d?-cell decomposition.

Our aim is to refine the previous preparation statement so as to write h o 14 as a finite
sum of generators which are either strongly integrable or monomial in .

The first remark is that if we consider a cell A such that B4 has bounded y-fibers, then
the prepared generators which appear in h o Il4 are strongly integrable.

Proposition 5.5. Suppose B as in ([3.1) has bounded y-fibers and let T € CX (X x R) be
a generator which is prepared on B. Then T is strongly integrable.

Proof. Let
G (s,2,y.t) = g (s,2) ™) (logy)" xp (w,y,1) 1% (logt)” ® (s, z,y,t) € C&' (X x R?),
so that
(5.4) T (s,z,y) :/G(s,m,y,t) elle@y)+at) q¢,
R

Since ® is bounded and extends continuously to D, for all (s,z) € (X \ P) x X, the function
y — [, |G| dt extends continuously to the closed and bounded interval [a (z),b (z)] and is
hence integrable on this interval. By Tonelli’s Theorem, for all (s,z) € (¥ \ P)x X, (y,t) —
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|G (s,z,y,t)] € L'(R?), so that G € C&' (X x R?), . and, by Remark , T is strongly
integrable. O

Next, we refine the statement of Proposition [5.3|for the subclass of C&"” (X x R) of those
functions which are naive in the last variable y (see Definition below). On cells with
unbounded y-fibers, the functions in this subclass have easily readable asymptotics in y (see
Section and can be written as finite sums of generators which are either strongly integrable
or monomial in y.

Definition 5.6. Let B C X x R be a subanalytic cell which is open over X. A generator
T e Cg/t o (B) as in (3.8) is naive in y if the transcendental element v does not depend on y.
Hence

T = yge*
with v € C&" (X), g € ¢ (B) and ¢ € S(B).

Proposition 5.7. Let h € Cg/l’f (X X R) be a finite sum of generators which are naive in y.
Then Proposition[5.3 holds for h with the additional property that the prepared generators on
B4 are either monomaal in y or strongly integrable.

Proof. Apply Proposition to h: the proof shows that this produces a cell decomposition
and, for each cell A, a presentation of h o Il4 as a finite sum of prepared generators which
are themselves naive in y. By Proposition [5.5 on cells with bounded y-fibers the generators
are strongly integrable. Hence we may concentrate on a cell B = B4 of the form with
unbounded y-fibers and on a generator T which is prepared on B and naive in y. Thus T
has the form

(5.5) T (s,z,y) = f (s,2) ™ (logy)" eV (s, 2,y),

where f € C%7 (X), A(s), u are as in Definition [5.2] and the prepared forms (with respect
to ¢ as in (3.2) of p € S(B) and ® € Ay (B) are as in (3.6) and (3.5)), respectively. Up

to partitioning X into subanalytic cells, we may suppose that |pg| is either bounded from
above or bounded away from zero. If |pg| is bounded and w < 0 then €'¥ is a complex-valued
y-prepared subanalytic strong function. If w > 0 then write

o (z,y) = Q(v,y) + ¢ (7,y),

where Q € S (X) [yé] is a polynomial in the variable yé with coefficients subanalytic func-

)lli > brws (2) (a?(f))z :

k>0

tions of z and

oo (2,) = g0 (@) (a (@) ( )

If |p| is bounded from above then clearly e'¥> is a complex-valued 1)-prepared subanalytic
strong function. If |pg| is bounded away from zero, then we write

o> (z,y) = (a (x))ﬁ <W> Zbk+w+1 (7) o (I)ik (a o > :

k>0
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At the price of creating a new cell with bounded y-fibers (which can be dealt with by Proposi-
tion , we may suppose that y > a (x) ¢o (x)d on B, so that, up to modifying the definition
of 9, it is clear that ¢~ is bounded on B and hence e¥> is a complex-valued 1)-prepared
subanalytic strong function (we deal in the same way with the case when |pg| is bounded
away from zero and w < 0).

It follows that e'¥> can be absorbed into ® and hence

s iQ(x -k
T (s,z,y) =y (logy)" DN " fi (s, 2) y ™1,
k

where f (s,2) = f (s, )& (s,m)a(x)g e ¢ (X)), in the notation of (3.5). Since ¥ has
bounded width, there exists ko € N such that, setting A (s) = A(s) — £, there exists s € &
such that & (A (s)) > —1 if and only if & < ky. It follows that

T(s,2,y) = Y fr(s,2) ™) (logy)" 94 + R (s, 2,y),
k<kg
where the terms of the sum are monomial in y and R is strongly integrable. ([l

In order to extend Proposition [5.7] to generators which are not naive in y we need some
preparatory work.

Lemma 5.8. Let T be a prepared generator (as in Deﬁm’tz’on on a cell B with unbounded
y-fibers. Suppose that, either

(1) D has unbounded t-fibers and Vs € ¥, (A (s)) < —1, or
(2) D has bounded t-fibers and Vs € X, R (A (s)) + % < —1land R(o0(s)) <0.

Then T 1is strongly integrable.

Proof. Suppose that T has no poles outside some closed discrete set P C C. If we write T’
as in (5.4), then it suffices to prove that G € C&' (X x R?), .. By Tonelli’s Theorem, it is
enough to prove that for all (s,z) € (¥ \ P) 2 X, the function

f(s,x) Yy / |G(S,J},y,t)|dt
R

is in L' (R).
(1) Let b = +o00. Since Vs € 2, R (o(s)) < —1, there is a positive constant M such that

+0o0
/ ‘tQ(S) (logt)” @ (s,z,y,t)| dt < M.
1

Therefore,
[fiom) )] < Mg (s,2)| x5 (2,9) ™) (log )"
and, as Vs € X, R(A(s)) < —1, we have that f(;,) € L' (R).
(2) Let now b < +o0o. Since Vs € 3, R (o(s)) < 0 and ® is bounded, there is a positive
constant M (x) such that

E(x,y)
/ [#2) (log )" @ (s, 2, y, )| dt < M () y (logy)”
a(z,y)



FOURIER AND MELLIN TRANSFORMS OF POWER-CONSTRUCTIBLE FUNCTIONS 23

Therefore,

S)+ )/H-V

and, as Vs € B, R(A(s)) + § < —1, we have that f(,) € L' (R).
0

Lemma 5.9. Let T be a prepared generator (as in Deﬁmtion on a cell B with unbounded
y-fibers and let ky € N. Then T' can be rewritten as a finite sum of prepared generators which
are either naive in y or such that for all s € %3, R(o(s)) < —ko.

Proof. Suppose that T has no poles outside some closed discrete set P C C. Write T on B
as

g (s,2) g™ (logy)" Wy (5,2, y)

where
(z.y) )
v(s,z,y) = / 2 (logt)” @ (s, x,y,t) e”dt.
a(z,y)

Since B has unbounded y-fibers, ® has the following W-prepared nested form (see [CCRS23|
Remark 3.7]) with respect to the last three components of ¥:

O (s,x,y,t) = Fol(sx=(z,y,t)),

where

F(s,2,Y,Y1,Y2) = > &ema (5,2) YTV € Ay (2) [V, Y1, V2]

kmmn

is strongly convergent and

o (2 42 (37)

(the variable Y5 and the last component of = are missing if D has unbounded ¢-fibers).
Fix (s,z,y) € (X \ P) x B and apply integration by parts to the transcendental element
7, where we integrate e°* and derivate f (t) := t°®) (logt)” ® (s, x,y,t). For this, write

I

Fr)y=t" [@ (s) 199 (log t)” ® + vt?® (logt)" ' ® + t°) (log t)" 6} :

where

~ ~ oF oF
b (s,x,y,t) =Fo(s,x,=(x 1thF———Y —Y
(773/7) (,,(,y,))W dla}/l d2(9Y2
In particular, Fis strongly convergent and D is a V-prepared parametric strong function.
Notice that each of the terms of f’ () % gives rise to a prepared generator such that the
exponent of ¢ in the transcendental element is ¢ (s) — 1. The other terms produced by
integration by parts are of the form

(5.6) — oic (z,9)?" (log & (z,y))" e W& (s, 2,9, (z,y)) ,
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where ¢ is either @ or b (or the whole term is replaced by zero, if b= 400, since then in this
case for all s € ¥, R(o(s)) < —1 < 0). Now, if ¢ = b, then

S (S O R

ap(x)yd [ ag () ﬁ_a] (s @3] (M)Bd”‘

B B—a

bo (v) yauy (x,y) | by (z)a(x) ?

The term between square brackets is bounded on B, because all the other terms are, so
we can add it to the list of functions c¢(x) in the definition of ¢ (see [3.2). The unit w, is

and

-prepared hence P (s, x,y,b(x, y)) is a vy-prepared parametric strong function. A similar

calculation shows that so is ® (s, x,y,a(x,y)). Thus the terms 5.6 are generators which are
naive in y and prepared with respect to 1.
We iterate the process to further reduce the exponent of ¢: since ¥ has bounded width,

sup (R (o (s))) € R. Let M := Lsup (R (o (s)))J By integrating by parts M + ko + 1 times,
sEX seX

we can rewrite 1" as a finite sum of generators which are either naive in y and prepared with
respect to 1, or such that the exponent of ¢ in the transcendental element v is o (s)—M —ko—1,
whose real part is < —kj. O

Proposition 5.10. Let T' be a prepared generator (as in Definition on a cell B with
unbounded y-fibers and suppose that T' has no poles outside some closed discrete set P C C.
Then there exist a closed discrete set P C C containing P and such that P'\ P is contained
in a finitely generated Z-lattice, a finite partition of B into subcells and, on each subcell B’

which 1s open over X, finitely many generators T; which are either naive in y or strongly
integrable on B', such that for all (s,z,y) € (X \ P') x B', T (s,z,y) =>_T;(s,z,y,).

Proof. Recall Notation Note that 0 < o < 8. There are three cases:

(1) a=p=0
(2) a>0
(3) a=0,6>0
Define C' := sgg (R (A (s))).

(1) The case 8 = 0 also includes the case b(z,y) = by (z) = +oo. We claim that, at
the price of creating a new cell with bounded y-fibers (which can be handled using
Proposition [5.5), we may suppose that for all (x,y) € B
® a(x,y) < ao(z) and by (x) < b(z,y);

o [ (2,9) — ao ()] < 1 and [b(w,y) ~ bo ()] < 1
The proof of the claim can be found in [CCMRSI8|, p.1277] and only uses basic o-

minimal properties of subanalytic sets and functions.
Therefore, we may write the transcendental element v as the sum of three integrals,

with integration bounds, respectively, (a (x,y) , ag (z)), (ag (x), by (z)) and (bo (),b(z, y))
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(if b= +o00, then the second integral has +o0o as upper integration bound and the
third integral is missing). The integral with bounds (a (z,y),ao (z)) can be written
as

, a0(2)ua (2,9) ,
el790(@) / t2®) (logt)” @ (s, x,y,t) e it-20@)qz,
ao(x)

where, thanks to the claim, e *=%@) is a complex-valued subanalytic function on
B. Hence the integrand is in C&' (B) and we can invoke Theorem to obtain
that the term containing (5.7)) can be written, outside some closed discrete set P’

containing P, as a generator of CQA o (X x R) which is naive in y. The integral with

bounds (bo (x),b(x, y)), if present, is handled similarly. For the integral with bounds

(ap (x),bo (x)), notice that now the variable y only appears in the parametric strong
function ¢, which we can write in nested form with respect to the last component of

b as

for some & € Ay (E), where E = {(2,t): 2 € X, ao(z) <t <by(z)}. Let ko =
[d(C +1)]+1, so that for all s € 8, R(A(s)) — 2 < —1, and let

Doy =®— > & (s,,1) (a(x))z.

k<ko Yy

Setting

ISUES

bo(x) -
fk (S,:L‘) =4 (Sv $) (a (l‘)) / tQ(S) (1Ogt)y gk (Sv Jf,t) eaitdt S CQ/L}- (X) )

o(x)
write the term

. bo(x) .
g (s,2) ) (log y)* e#*) / 2 (logt)” e”*® (s, z,y,t) dt

ao(x)
as the following sum of generators which are naive in y
S fi(s,2) 974 (log y) €4,
k<ko
plus the term

| bo() |
PO (log y)* o) / 1) (log t)” By, (s, 2,y, 1) et

ao(x)

&‘g

g(s,z)(a(2))

which is strongly integrable on B by definition of ky and since ®~j, is bounded.
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(5.10)

(5.11)
(5.12)

(5.13)
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Let No = [9£5+4] 41, By Lemma, we may suppose that for all s € ¥, R (o (s)) <
—Ny. Write
dNo

ale

£208) = 42N (g () y%)—NO [(%> i]

The rightmost term in the above formula can be absorbed into ¢ and the central
term can be factored out of the integral defining the transcendental element v. By
the choice of Ny, for all s € ¥,
N()Oé A
p + 7 < —1,
so by Lemma (either of the two conditions, depending on the nature of the ¢-fibers
of the cell D) T is strongly integrable on B.

R(A(s))

Let Ny = {%—‘ + 1 and kg = d(Nog — 1). By Lemma , we may suppose that
for all s € ¥, R(o(s)) < —No. This implies in particular that for all s € ¥,
k
R(o(s)+ 2 < -1,
ko +1
R(o(s) + " <0,
Blko+1) A
M) — 20T 2y
R(A(s)) o +o <

First, we split @ (s, x,y,t) into the sum of two series, by separating the positive and
the negative powers of t:

CI):ZEE (S,[E,y) (%T(x))d +Z§k> (8,1‘,y) (43) :

k>0 k>0 bo () y

Next, write

bo )y 7 uy (z.4)

V<ko (87 Zz, y) = / tQ(S) (log t)y (I)Sko (87 z,Y, t) eoitdta
ao(z)uq(z,y)
B kot
bo(2)y d up(,y) t ¢ .
V>ko (87 xz, y) = / tQ(S) (1Og t)l/ . 8 (I)>k0 (57 z,Y, t) emtdt?
a0 (@)ua (w,y) bo (z) ya
where
k
< ap () i d > t !
¢Sk’0 :ka (vaay) ( n ) +Z€k‘ (vaay) . B ;
k>0 k=0 bo (z)yd

k
" d
(I)>k0 :Z€§+ko+l (8,1’,?/) (bo(—§> :

k>0
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By and linearity, we may write y<g, as the sum of two integrals with upper
integration bound equal to +o00 and the lower integration bounds equal to, respec-
tively, ag (z) u, (z,y) and by (2) yduy (x,y). The first integral falls within the scope of
the first part of this proof, whereas the second integral falls within the scope of the
second part of this proof.

It remains to consider

Tory (5,2,9) = g (5,2) ™ (log y)* ¥y (s,2,9)

(8)76<k0+1> _ﬁ(k0+1)

@ (logy)" eV (by (z))” a2

=9(s,2)y
bo(x)y d up(z,y) .
: / pe()+5= (logt)” @y, (s, 7,y,t) e dt.

o(@)ua(z,y)

By (5.12) and (5.13)), 7>, satisfies the second condition in Lemma

6. INTERPOLATION AND STABILITY UNDER INTEGRATION

In this section we finish the proof of Theorem [2.9] For this, it suffices to consider the
1-dimensional case, Theorem [6.5| below (the general n-dimensional case follows from Fubini’s
Theorem, see the end of Section [4.2)), the proof of which requires an analysis of the integration

locus.

With this in mind, we adapt [CCRS23, Definition 6.1] to the current setting.
Definition 6.1. Given N,d € N\ {0} and {(¢;,7;): 1 <i < N} C R?, define

Eio— =0,

Sioo={seX: LR(s)+r+d<0} (1<i<N),

Eij-={seX: LiR(s)+ri+d=j—1} (1<i<N, jeN\{0}),
Eijo={seX: j—1<{R(s)+r+d<j} (1<i<N, jeN\{0}).

The collection

g:{E@j,*: 1§Z§N, jEN, *6{—70}}

is called the grid of denominator d and data (d,{({;,7;): 1 <i<N}). A G-cell is a
nonempty subset S C 3 such that

VZegG, ENS=0or SCE and S=({E€G: SCE}.

Finally, given a prepared generator 1" as in Definition [5.2] we call the tuple

(. { (ar +7 a0 )+ R D) - 6 € (0,0, )

the grid data of T.

Remarks 6.2.
(1) Since ¥ has bounded width, a grid G induces a finite partition R (G) of ¥ into G-cells,

and each G-cell is either an open vertical substrip of X or a vertical line.
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(2) A prepared generator T' generates a grid of data the grid data of T". In this case, if
T is monomial in y then on each G-cell S the real part of the exponent of y is either
always < —1 or always > —1.

Notation 6.3. Given a subanalytic set X C R™ and functions Q1, @Q2€ S (X) [gﬁ} which are

polynomials in yé with coefficients subanalytic functions of x, it is clearly possible to partition
X into finitely many subanalytic cells such that for each cell X', either for all z € X', @4 (x, )
and Qs (z,-) define the same polynomial function, or for all x € X', Q; (z,-) and @ (x,-)
define different polynomial functions. In this case, we will say, respectively, that ); = @) on

X' or Q1 # Q2 on X'.

Proposition 6.4 (Splitting). Let h € CX" (X x R) be without poles outside some closed
discrete set P C C. There are a closed discrete set P C C containing P and such that P"\ P
is contained in a finitely generated Z-lattice, d € N\ {0}, finite sets Jing, Jmon € N and a
d-cell decomposition (see Remark of R™L compatible with X such that for each cell A
that is open over R™ (which we may suppose to be of the form ),

(6.1) holla= > T+ > T,

jeJint jeJmon
where each T; is a d-prepared generator without poles outside P’ (see Definition and
Remark . Moreover, using the notation in Deﬁnition

(1) For every j € Ji, T} is strongly integrable on By and if By has unbounded y-fibers,
then, in the notation of Definition[5.4, for all s € X, R(A(s)) < —1.
(2) For every j € Jumon, T is monomial iny, with monomial data (d, (;,n;, j1;,Q;), where:
(a) for all z € X, Q;j(x,0) = 0 and for all i,j € Jmon, either Q; = Q; on X or
Qi # Qj on X (see Notation ;

(b) the tuples (£;,m;, i, Q;) € ZXCxNxS (X) [yﬂ (J € Jmon) are pairwise distinct;
. . . . fjer j
(c) there is a grid G such that for all G-cell S, for all j € Jyen, either R (Tn> <
—1 for all s € S, or%(@) > —1 forallseS.

Proof. Apply Proposition to h. This produces d and a d-cell decomposition of R™*1
such that on each cell A open over X, h oIl is a finite sum of prepared generators T.
Collect the grid data of all the prepared generators and generate the corresponding grid G
with denominator d?. For each cell A, apply Propositions and to each prepared
generator T' on B,. This produces a refinement of the d-cell decomposition and rewrites T
on each cell as a finite sum of prepared generators 7" which are either strongly integrable (and
satisfying condition (1)) or monomial in y. Up to absorbing €@ (®% into f; (s,r) and up to
partitioning X into subanalytic cells, we may suppose that item (2.a) in the statement of the
proposition is satisfied. Summing like terms we may also suppose that item (2.b) is satisfied.
Revisiting the proofs of Propositions [5.10]and [5.7, which are based on integration by parts of
the transcendental elements and series expansion of parametric strong functions on cells with
unbounded y-fibers, we see that if the exponents of y and ¢ in the original prepared generator
T are A (s) and p(s) respectively, then the exponents of y in the newly created monomial
generators 7" have the form A (s) — § + % (o(s) — k'), for some k, k' € N and ¢ € {0, «, 5}.
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In particular, the grid generated by the grid data of the new monomial generators does not
create any new cell. By Remark we may rename d? as d and adapt accordingly the
definitions of ¢;,7;, a;, B, so that, by Remark (2), item (2.c) in the statement of the
proposition is also satisfied. 0]

Theorem 6.5 (Interpolation and integration locus). Let h € CX"7 (X x R) be without poles
outside some closed discrete set P C C. There are a closed discrete set P’ C C containing P
and such that P'\ P is contained in a finitely generated Z-lattice and a function H € ng’f (X)
without poles outside P such that

V(s,z) € Int (h; (X \ P') x X), /Rh(s,x,y)dy:H(s,x).

Moreover, there exists a grid G such that

(6.2) Int (h; (X \ P') x X) = U {(s,:v): se S\ P, /\fj(s,x):O},
9)

SeER( Jj€Js
for a suitable finite set Jg and suitable f; € Cg/l’f (X)) without poles outside P’.

Proof. Apply Proposition to h: this produces a closed discrete set P’ C C containing P
and such that P’ \ P is contained in a finitely generated Z-lattice, d € N\ {0}, finite sets
Jint, Jmon € N, a grid G and a d-cell decomposition, such that the conclusion of the proposition
holds. By linearity of the integral, it suffices to prove the statement of the theorem for h | A,
where A is a cell of the decomposition which is open over X. Recall Notation [3.5] and note

that aI1
a—yA (,y) = oaTay™

Thus, up to multiplying each 7} in (6.1]) by 8HA (x,y), we may write that for all (s,x) €
Int (h [ A;(2\ P') x X),

/Azh(s,x,y)dyz/m(x (ZT $,7,9) Z Y}(s,x,y)) dy.

J€Jint J€Jmon
If B4 has bounded y-fibers, then we are done by Proposition [5.5] and Corollary [4.6]
If B4 has unbounded y- ﬁbers then for all j € Jiyon, 1} has the form fi (s,2) yN (logy)* elQi@),

with \; (s) = eﬁ%, and for all G-cell S there is a set Jg C Jyon such that for all j €
Js, Int (Tjxp,: (S\ P) xX) = {(s,x) € (S\ P') x X : f;(s,x) =0} whereas for all j €
Jmon \ Js, Int (Tjxp,; (S\ P) x X)=(S\P)x X. Thus, the set

E:= () Int(Tjxs,;(S\P)xX)
J€JintUJmon
is of the form of the right hand side of . and, applying either Corollary or Proposition
. to Tjxp, and possibly enlarging P, we find H € CM}-( ) without poles outside P’
which interpolates the integral of h [ A for all (s,z) € E.
Note that £ C Int (h [ A; (X \ P’) x X). It remains to show that, up to possibly enlarging
P’ the set E coincides with Int (h [ A; (X \ P') x X). Let

PA:P/U{SG(CI Eli,jEJmonSUChthatl’%j, )\Z’<S):/\j(8), i = [, QZ:QJ}
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By item (2.b) in Proposition [6.4] if s € X is such that A; (s) = A; (s) for some i # j such that
pi = i, Q; = Q;, then necessarily ¢; # (;, so P4 \ P’ is finite.

By definition of P4, if s € ¥\ P4 and ¢,j € Jyon are such that i # j, pu; = p; and
RN (s)) =R\ (9)), then Q; = Q; = I (\i(s)) # I (N (9)).

Let (sg, ) € Int (b [ A; (X \ Pa) x X) and let S be the G-cell to which sy belongs. Define

pi =R (N (50)), 75 =S (N (0)) » 25 (¥) = Qs (w0,) € R [yh]

Let (ro,10) be the lexicographic maximum of the set {(p;,it;): j € Jg} and let Jy = {j €
Js: (pj, ;) = (ro,v0)}. Then

Z Ty (s0, 20, y) = ¥ (logy)™ Z £ (s0,20) y'reP®) 4 Z £; (50, 20) y* 1% (log y) €®i ).
jeds j€do j€Js\Jo

Since (sg, o) € Int (h [ A; (X \ Pa) x X), it follows from [CCRS23|, Proposition 3.4 (1)] that
/\jeJ0 fi (so,z0) = 0. By repeating this procedure with the index set Jg \ Jy, we end up
proving that (sg,zg) € E. O

Remark 6.6. Given h € Cé\/l’f (X xR) and a strip >’ D X, apply Proposition to h and
consider the extension h’ of h to /. The proof shows that Proposition applies to h' with
different generators 77 but with the same d,G and P, by integrating by parts some of the
transcendental elements appearing in the strongly integrable generators 7. For the same
reason, Theorem applies to A’ with a different H but the same P, G.

7. ASYMPTOTIC EXPANSIONS AND LIMITS

7.1. Asymptotic expansions. In this section we study the behaviour of a function A, in
CM7 (X x R), and, in C& (X x R), seen as a function of the last variable y with parameters
(s € ¥ and) z € X. We are interested in “the germ at +o00 in y” of h, hence we will work in
restriction to cells of the form with unbounded y-fibers. As we are only interested in
the behaviour at +oco in y, we will often replace the cell B by some smaller cell B’, still of
base X and with unbounded y-fibers, but whose lower boundary function is some analytic
subanalytic function a’ which satisfies that for all x € X, a(z) < da’'(x). As X serves as a
space of parameters, we will also often partition X into finitely many subanalytic cells and
suppose, as we did in the previous sections, that X itself is one of the cells of the partition.
Finally, if h € Cg/t o (X x R) has no poles outside some closed discrete set P C C, as X also
serves as a space of parameters, we will often replace P by some bigger closed discrete set
P" C C such that P’ \ P is contained in a finitely generated Z-lattice.

Summing up, the sentence “if B is a cell of base X with unbounded y-fibers and h €
CQA o (X x R) has no poles outside some closed discrete set P C C, then, up to partitioning
X, shrinking B and enlarging P, Property (*) holds for hA” will be used as a shorthand for
the following: there are a finite partition of X into subanalytic cells X' and a closed discrete
set P' C C such that P'\ P is contained in a finitely generated Z-lattice, and for each cell X'
there is a cell B' C B of base X' and with unbounded y-fibers such that Property (*) holds
forh [ (X\ P') x B

Our first result concerns the class C&"7 (X x R).
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Theorem 7.1. Let B be as in (3.1) with unbounded y-fibers and h € CEY" (B) be without
poles outside some closed discrete set P C C. Up to partitioning X, shrinking B and enlarging
P, there is a sequence (1},),cn € ccit f( ) of generators which are monomial in y such that:

(1) For all N € N there are jy € N and a function Cy : (X \ P) x X — (0, 400) such
that

V(s,2,y) € (E\P)x B, |h(s,z,9) = Y T;(s,2,9)| < Cn(s,2)y .
J<IN
(2) If h is a finite sum of generators which are naive in y then we can choose the sequence

(T0) pen SO that the series D T; converges absolutely to h.

Proof. We first prove the two statements for a function A which is a finite sum of generators
which are naive in y: write h = ), T;, where [ is a finite index set and 7; has the form
. Argueing as in the proof of Proposition [5.7 E 7| and using Remark (3 E 3.6 up to partitioning
X and shrinking B, we may suppose that

Ti(s,2,y) = fi(5,2) y™© (log y)" ¥V, (5,,y),
where the Q; € S (X) [yﬂ satisfy items (2.a) and (2.b) of Proposition and ®; is as in
(3.5)). Using the (absolutely convergent) series expansion of ®;, we write

h(S,%y):Zﬁ s,z) (log y)" elQi@y) Z&k s, 7) ))gyus)_g

el keN
(7.1) = Z fir (s,2) g (log y)H elQil@w),
i€l keN

where fir (s,2) = fi(s,2) &k (s,2) (a (a:))% and Ak (s) = A\ (s) — g. This proves the second
statement of the theorem for h.

Fix N € N, let p := maxier pti, K = sup;er ex [N (Ni (s))| and choose ky € N such that
ko > d(K + N +1). Let

hsko (5,2,) = h(s,2,y) = Y _ fi(s,z) (logy)" €W >~ & (s, 2) a (z))F N4

i€l k<ko

_ Zfz S, QJ >\ (s)— <1Ogy)lm iQi(=x 79)2& k+k:0 s ZK) (CL (I‘))gyi%

el k>0

Setting Cy (s, ) = (% + %) > ier 1fi (8,2) 12250 [Siktko (8,7)], by the choice of ko we
have

‘tho (57 xv@/)' < Cy (57 56) ny’
which proves the first statement of the theorem for h.

Suppose now that h is not a finite sum of generators which are naive in y. Apply Proposition
and Remark to h: up to shrinking B, this writes h as a finite sum of prepared
generators as in Definition [5.2] Let T be one such generator: for our aim it is enough to
show that, given N € N, we can rewrite T as a finite sum of generators which are either
naive in y or such that we can control their asymptotics by y~». For this, we revisit the
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proof of Proposition and argue according to the nature of the integration bounds in the
transcendental element of T'.

Recall Notation (.11

If o = 8 =0, then, up to partitioning X, shrinking B and enlarging P, we may rewrite T’
as a a finite sum of generators which are naive in y plus a term of the form (j5.9)), where we
can expand @, as an absolutely convergent series in the variable y as in (5.8). Permuting
integral and summation, we obtain that this last term can be written as an absolutely con-
vergent series of the form ([7.1). Hence we can apply the first part of the proof to this last
term.

If & > 0, then chose ¢y € N such that for all s € X, R(A(s))+2 (R(o(s)) —lo+1)+5 <

— (N +1). If we integrate by parts as in Lemma ¢y times, then we create finitely many
terms which are naive in y and an integral rest of the form

b(,y)

(7.2) R(s,z,y) = g(s,2) v (log y)" e ’y)/ 2= (logt)” @ (s, z,y,t) e”dt,

a(x,y)
where ([5.10)) is satisfied.
If b = +o0, then

R (s,2,y)| < O (s,) y OO TIOED0H (Jog )

for suitable positive functions C N, Cn.
If b < 400, then

Q
=2
—
\.QID
~—
<

2
>
=
T
e
=
&\l>
—~

—

o
o
<
N~—

=
+
N

IR (s,2,y)] <

for suitable positive functions 5]\/, Ch.

If « =0 and > 0 then choose ky € N such that for all s € X, R (A (s)) — g (’“0“) -|- <

— (N +1) and ¢, € N such that £, > R (0 (s))+ 2 + 1. Then (5.11) and (5.12) are satlsﬁed if
we replace o (s) by o0(s) — €. If we integrate by parts ¢, times, then we create finitely many
terms which are naive in y and an integral rest of the form . Proceeding as in the third
part of the proof of Proposition , we are left to deal with a term R-j, of the form ([5.14))

which satisfies

Rog, (5,2,9)] < Oy (5,2) y RO =240 (1og )+

S C(N (57‘7‘:) yiNa
for suitable positive functions 5]\;, Ch. O

Our next goal is to concentrate on the subclass C& (X x R) and deduce from Theorem
a more precise result on the asymptotic behaviour of A in y, in the sense of [CCMRSIS|
Definition 7.1] but uniformly in the variables z € X.

First, we restate and improve Theorem [7.1] for functions in the class C& (X x R).
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Definition 7.2. Let & C C% (X x (0,+0c0)) be the C-vector space of all functions of the

form
Z f il (@ y)

jeJ
where J is a finite index set, f; € C* (X)), ¢ (z,y) = 0;logy+Q; (z,y) with 0; € R, Q; €
S (X) [gﬁ]. We require moreover that for all j € J, forallz € X, @, (z,0) = 0, for all

i,7 € J ,either Q; = Q; on X or Q; # ; on X and if i # j then for all z € X, the functions
y+— G (x,y) and y — (; (x,y) are distinct.

Remark 7.3. By |[CCRS23, Proposition 3.4 (2)], if £ € & \ {0} then for all x € X either
y — E (x,y) is identically zero or there exist ¢ () > 0 and a sequence (y,),, oy such that
lim, ¥y, = +o0 and for all for all n € N, |E (x,y,)| > ¢ ().

Definition 7.4. A function h € C%” (X x R) has a power-log asymptotic expansion with
coefficients in & if there are a collection {E,, : n € N} C &, a sequence (7, Vn)neN CRxN
which is strictly decreasing with respect to the lexicographic order, a cell B as in (3.1)) with
unbounded y-fibers and for all N € N, a function Cy : X — (0, +00) such that, for all
(z,y) € B,

(7.3) — > En(z,y)y™ (logy)”| < Cy (x) y™ (logy)™

n<N

If moreover the series ) B, (x,y)y™ (logy)”™ converges absolutely to h, then we say that
h has a convergent power-log asymptotic expansion with coefficients in &.

Note that the sequence of real functions (g, (¥)),cny = (¥™ (logy)™)

gn+1(y) _
an(y)
Recall the definition of the system C® of power-constructible functions and that of the

system C% | given in Section [2.1]

nen forms an asymp-

totic scale at +o0o in the sense that, for all n € N, lim,_

Definition 7.5. Let C%7 (X x R) be the additive group generated by the generators which

naive

are naive in y, i.e. of the form
v9e¥  (y€CY (X), geCE (X xR), p € S(X xR)).

Note that C=7 (X x R) is a C-algebra and

naive

(7.4) CC(X xR) CC (X xR) CCo (X xR) CCo (X xR).

naive

Theorem 7.6. Every h € C&" (X x R) has, up to partitioning X, a power-log asymptotic
expansion with coefficients in &. If moreover h € CS7

e (X X R), then such an asymptotic
eTpansion is convergent.

Proof. Suppose first that h € Cnalve (X x R), so that, up to partitioning X and on some
cell B with unbounded y-fibers, h can be written as in (7.1)), where the functions f;; only

depend on the variables  and \; , = \; —% € C. Let pip =R (N)— g, o; = $(N\;) and define
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(i (x,y) = o;logy + Q; (x,y). Hence we can write h as the sum of the absolutely convergent
series of functions

Y fir @)y (logy) €9,

(4,k)eIxN

The set {p;r : i € I,k € N} is contained in a finitely generated Z-lattice and, since [ is finite,
so is the set {y; : ¢ € I'}. Hence the set

J=A{(r,v): 3(i,k) € I x Ns.t. (pig, i) = (r,v)}

is countable and, for (r,v) € J, the set J,.,) = {(i,k) € I x N: p;p =7, p; = v} is finite.
Fix a bijection

Non+—— (ry,,v,) € J

which is decreasing with respect to the lexicographic order and define

Buly)= 3 for(a)eSn),

(izk)EJ(rn 2Wn)

These are the coefficients of a convergent power-log asymptotic expansion of A in the asymp-
totic scale {y" (logy)™ : n € N}.

Suppose now that h & C7 (X x R). Revisiting the proof of Theorem given N € N,
we may write h as a finite sum of generators which are either naive in y (and hence have a con-
vergent power-log asymptotic expansion in some common asymptotic scale (y™ (logy)™), oy
with coefficients {FE, : n € N} C &) or whose module is bounded Cy (z) y"™~1=! where Cy
is some positive function in C%* (X). In particular, h has a (not necessarily convergent)

power-log asymptotic expansion as in ([7.3)). O

Remark 7.7. Argueing as in [CCMRSI18, Lemma 7.2] and using Remark , one sees that
if h has a power-log asymptotic expansion in a certain power-log asymptotic scale and with
coefficients in &, then its coefficients are uniquely determined. Note that the proof of Theorem
7.6/shows that the power-log asymptotic scales (y™ (logy)™), oy appearing in the asymptotic
expansions of functions in C%* have the property that the sequence (r,,, Vn)nen has the same
order type as w. In particular, the union of two such asymptotic scales is again an asymptotic
scale of the same type, so a function in C%7 cannot have two different asymptotic expansions

in two different power-log asymptotic scales.
Corollary 7.8. The systems C%'¢ and CMIS are not stable under parametric integration.

Proof. We give two examples of functions which are in C%7 (R) but not in C*1S (R).
The function f : y — e~ belongs to C%* (R), since it can be obtained as a parametric
integral of a function in C%¥ (R?) (it is the inverse Fourier transform of the semialgebraic

function ¢t — 2, see for example [GW99]). If f were in ¥ (R) then it would also be

in C%% (R) and by Theorem f would have a convergent power-log asymptotic expansion
with coefficients in &. Now, argueing as in [CCMRS18, Example 7.4] and using Remark ,
one sees that no exponentially flat function can have such a convergent power-log asymptotic
expansion.
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Now consider the function

YelePqt 4y >0
Si(y) = {70 2 Yy
0 y<0

which is obtained as a parametric integral of a function in C%® (R?). It is well-known that
Si has a divergent power-log asymptotic expansion with coefficients in £ (see [AS65] and

[CCMRS18, Example 7.5]. By Theorem [7.6 and Remark [7.7, Si ¢ CMS (R). O

Remark 7.9. Let X C R™ be a subanalytic open set and K C X be a compact subanalytic
subset. It is possible to construct a C* function n € C%¥(X) such that  (X) C [0, 1] and
n = 1 on a neighbourhood of K in X (in particular C%” (X)) contains smooth functions with
compact support). One way to do this is to consider the function

v f(1 = [l2]),

where || - || is the Euclidean norm in R™ and
. i ift>0
St H{ 0 ift<0

Note that, considering the first example in the proof of Corollary and using the stability
under right-composition with subanalytic functions observed in Remark [2.8] we obtain that
v € CS7(X). We can then define 1) as the convolution of v with the subanalytic characteristic
function of a sufficiently small tubular neighbourhood of K in X (see for instance [Hor03|
Theorem 1.4.1]), and thus obtain that v € C®7(X) by Theorem [2.9|

We have at our disposal several results concerning the asymptotics at infinity of integral
transforms, and in particular of Fourier and Mellin transforms, of functions with support
in [0,4+o00) having an asymptotic expansions at the origin in the scale {z* log? : a, B € R}
(see for instance |[BHS86, Won89, WLT78|). In this situation, the integral transforms have
an asymptotic expansion at 4+o0o in the same power-log scale. On the other hand, to our
knowledge very little known beyond this scale, in particular with respect to asymptotic
scales detecting exponentially small terms (see [Lom00]), a question that is relevant to the
class C*P of [CCMRSIS8] and to our class C°” by Remark [7.9] but which seems to require

new tools.
7.2. Pointwise limits. In this section we prove the stability of the class C&7
limits.

Notation 7.10. For X CR™ and h: X xR — C, let
Lim (h,X):={zr € X : lim h(z,y) exists}.

y—r-+oo
Theorem 7.11. Let h € C%7 (X x R). There exist f,g € C5 (X) such that
Lim(h,X)={z e X: f(z) =0}
and such that for all x € Lim (h, X),
lim h(z,y)=g(z).

Yy—+00

under pointwise
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Proof. Apply Proposition to h and concentrate on a cell A with unbounded y-fibers (so
that, by Remark [3.6] A = B4 and I14 is the identity map). By condition (1), the prepared
generators T which are strongly integrable tend indeed to a limit and this limit is zero. Hence
we may suppose that h = Y., T; for some finite index set I, where each T; is a monomial
generator of the form

T, (z,y) = f; (x) y* (logy)" ¥,
where \; € C with R (\;) > 0. Write the finite set

J=A{(r,v) €0,+00) xN: JeIst. R(N)=r, u=v}
as
J={(ro,0),-..,(rn,vn)}
for some N € N, and suppose that (1o, ) > ... > (rn, vn) with respect to the lexicographic
order. For j =0,..., N, define

Jj :{Z el: éR(/\z) =Ty, ,ui:l/j}.
Writing ¢; (z,y) = S (A logy + Qi (z,y) and Ej (z,y) = >;c; [i (2) e'%(@¥)  we obtain that

hizy) = Ej(r,y)y7 (logy)” .
J<N

Let # € Lim (h, X). Suppose that there exists i € Jy such that f; (z) = 0. Then, by
Condition (2.a) of Proposition 6.4 and by [CCRS23| Proposition 3.4(2)| we have necessarily
that 7o = vy = 0. Hence we may suppose that N = 0 and h (z,y) = >, ;. fi (2) elG(@y) If
there exists i € Jy such that either S (\;) # 0 or Q; (z,y) # 0, then by [CCRS23, Proposition
3.4(3)] we obtain that f; (x) = 0. Notice that there is at most one index iy € Jy such that
Gio (z,y) = 0. To conclude, we define and

fla)y=> il
iel
As the class C® is clearly stable under complex conjugation, f belongs to C%*. Finally,
define g () = f;, (z), if there exists a (necessarily unique) index iy € I such that R (\;,) =
ti, = 0 and ¢, (z,y) = 0, and g = 0 otherwise. O

8. THE FOURIER-PLANCHEREL TRANSFORM AND LP-LIMITS

We deal here with the question of parametric families of functions of C%”, to provide non-
compensation arguments in this framework, useful for LP-completeness and the L*-Fourier
transform, also known as the Plancherel transform, or the Fourier-Plancherel transform. In
[CCMRSI18, Section 8|, this is treated in the case of the system C®*P, which we generalize to
our setting of C&7.

We recall from [CCMRSI8| what it means for a family of functions to be continuously
uniformly distributed modulo 1, which extends notions from [Wey16|, [KN74].

Let X be a nonempty subset of R™, N € N\ {0} and p = (p1,...,pn) : X x [0, +c0) — RY
be a map. If [1,..., Iy C R are bounded intervals with nonempty interior, we denote by [
the box H;VZI I; and, for T'> 0 and = € X, we let

W= {te0.7): {p(e,0} € 1},
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where {p (z,t)} denotes the vector of fractional parts ({p1 (x,t)},...,{pn (z,t)}) of the com-
ponents of p, that is to say for x € R, z =z — |z].

Definition 8.1. With this notation, we say that the map p is continuously uniformly dis-
tributed modulo 1 on X (abbreviated as c.u.d. mod 1 on X) if for every box I C [0,1)",

% = voly (1) .

A s =7
We will use the c.u.d. mod 1 property in Lemma[8.5] In our context we have to deal with
sums of complex exponential functions, with phase of type ¢(z,y) = ology+p(z,y), where p
is a polynomial in y, or more exactly in yé, for some positive integer d, and with coefficients
some functions of the variable . We cannot directly use the c.u.d. mod 1 property for
those phases, since logy is not a c.u.d. mod 1 function (although ¢ turns out to be c.u.d.
mod 1 when p is not constant). To overcome this technical difficulty, we compose ¢ with
(z,y) = (z,¢e") to obtain a phase of type ¢(z,t) = ot + p(x,e'). Now we can use the c.u.d.
mod 1 property, the change of variables y = e’ being harmless in view of the conclusion of
Lemma 8.5l

Proposition 8.2. Let {,p € N and X a compact subset of R™. Consider a map p =
(1, oy 1y vy pp) 2 X X [0,400) — RSP where for each i € {1,...,£}, for each j €
{1,...,p}, .

ou(,t) = g: (@) 14,y (2,) = ot
for some continuous (nonzero) functions g; : X — R, positive integers d and §;, and for o;
real numbers. Assume that for each x € X, the functions t — ¢q(x,t),... .t — ¢g(x,t),t —
p1(z,t),....,t = p,(x,t) are linearly independent over Q. Then p is c.u.d. mod 1 on X.

Before proving the proposition, we make a remark.

Remark 8.3. In the notation of Proposition [8.2] let § = max{dy,...,d}, and for each k €
{1,...,0}, let I), = {i € {1,...,¢} : §; = k}. The assumption that ¢ — ¢i(x,t),...,t —
Go(z,t),t — py(x,t),...,t — p,(z,t) are linearly independent over Q for each x € X is
equivalent to saying that for each k € {1,...,0} and x € X, the family of real numbers
(9i (%)) s¢z, is linearly independent over Q, and that the family of real numbers (o1,...,0m)
is linearly independent over Q.

Proof of Proposition[8.3. We may assume that ¢ > 1, since if £ = 0 and the family of linear
maps (t — o1t,...,t — o,t) is linearly independent over Q, then the map p is well-known to
be c.u.d. mod 1 (see [KNT74, Exercise 9.27|).

Assuming ¢ > 1, the proof consists in satisfying the version in families of the criterion (8.1|)
(see [KNT74, Theorem 9.9] for the basic case, and [CCMRS1S, Proposition 8.7| for the version
in families): for any h = (ay, ..., a0 B1,...,3,) € Z"P, h £ 0,

1",
_— mithop(a,t)) 3p _
(8.1) TLHJrrlooT/l e dt =0,
T .
uniformly in x € X. We prove in fact that for some 7y > 1, J(T) = e?milhe@t) gt is

T,
bounded from above by a constant not depending on x € X. To do thois, we follow the
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proof of [CCRS23|, Proposition 3.4]: we fix h € Z*?, define, in the notation of Remark
G(x) = Zz‘@; a;9;(x), Gi (z) = Zjelk a;g;(x), for k € {1,...,6 — 1}, and 0 = Z;nzl Bioj,

and we write
(hypla, b)) sy Gooalx) sy Gi(z) ot

82 H t = ———— — ed _— d ... d .

(82) @)= ~“ T Gw " T tew S Taw

For simplicity we assume that I, # (), for &k = 1,...,0, which is harmless. Note that the
continuous functions Gy, . .., G5_; are bounded from above on X. By Remark 8.3|the function
G has no zero in X, since for each z € X, the components of p are linearly independent over
Q, and therefore, again by continuity on X, |G| is bounded below by a constant C' > 0 on
X. It follows that we can fix Tj sufficiently large so that, for each z € X, t — H(x,t) and

H
t = ——(x,t) are strictly increasing (to +00) on [Ty, +00), and we can assume that for all

8758]_]
reX, E(m’TO) > 1.

Denoting for each # € X, t = V(z,u) the inverse of u = H(x,t), we perform the change of
variables u = H(x,t) in J(T') to obtain

( T omiG( " H(z,T) e27riG(x)u
JT)_/ 2MG@H@ qp — / du.
To H(z,To) %—If(%v(%u))

1

%f(:t: V(z,u))

Mean Value Theorem for integrals applied to the real part of J(7'), we have
1 T
R(J(T)) = —/ cos(2rG(z)u) du,
%_Ij(% 1o) ()
T)]. Since u + cos (2rG(x)u) has an antiderivative with period
the integral on the right side may be replaced with an integral

Now, since u is monotonically decreasing on [H (z, 1), +00), by the Second

for some 7 € (H(x, TO) H(x

)
m, and since <

A

Ql=

\G( )l
OH
over an interval of length at most % From the fact that E(m’ To) > 1, for all x € X it

follows that the real part of J(7') is uniformly bounded from above with respect to z € X,
and so is the imaginary part of J(T') by the same computation. U

We now introduce some notation for Lemma R4l Consider a cell
A={(z,t) :x € Ay, t >a(x)},
where Ag is connected and open in R™. Let f : A — C be defined by

Zf] el 2.,

where o1, ...,0, are real numbers, ( fl, ..., fn) is a family of (nonzero) analytic functions
in CS (Ap), pi(z,T),...,pn(x,T) are polynomials (in T, for some positive integer d) of
S(Ay) [Té], with analytic coefficients in S (Ay), and p; (z,0) =0 for all j € {1,...,n} and
all z € Ag. We furthermore assume that for j # j" in {1,...,n}, o;t+p;(x,t) # opt+pj(x,1)
(as functions).
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Lemma 8.4. In above notation, we may express f on A as

f([E,t) = F(a:,p(:)s,t))

where p = (¢1,- - , e, p1,- .-, pp) for some l,p € N, and where for each i € {1,...,¢} and
for each j € {1,...,p},

5
Qbi(xvt) =i (I) 67%’ Pj (l'vt) =ojt
for some analytic functions g; in S (Ag), §; € N, 0; € R, and where F (x,21,...,214+p) 1S a
Laurent polynomial in the variables €™, ... e*t+r with analytic coefficients in C& (Ay).
Ifn=1and if o, =0, pp =0, then { +p = 0 and F (x) = f,(z). Otherwise we have
{+p>0, and
(1) there exists a set Ay C Aoy such that vol,, (Ao \ Ay) = 0 and for every x € Aj,
z+ F (z,2) is nonconstant,
(2) for every open set Q C Ay and every real number A < vol,, (), there exists a real
number Ty and a compact set K C QNA, such that K x [Ty, +00) C A, A < vol,, (K) <
vol,,(R2), and p | K x [Ty, +00) is c.u.d. mod 1 on K.

Proof. The case n = 1, 0y = 0 and p; = 0 being trivial, we may assume that o; # 0 or
p1 # 0. For each j € {1,...,n}, we write

ojt +p; (z,¢") =05t + Z hjk (x) el
k=1
with D € N and h;;, € S(Ay). For each k € {1,...,D}, fix I, C {1,...,n} such that
(hik);cy, is a basis of the Q-vector space generated by the family (h;y) ; (as functions
of ), and fix @ C {1,...,n} such that (o)
. We then set

je{1,...,n

e 1S @ basis of the Q-vector space generated by

the family (Uj)je{l,...,n}

I={(,k):ke{l,....D};ie I} C{l,...,D} x{1,...,n}.

We fix a positive integer 7 such that for each (5, k) € {1,...,n} x{1,..., D},
Qi .

o= 3 s, 0= 3 e,

i€l N q€Q U

for unique tuples (aj;ik);c; and (Bjq)qer of elements of Z. With this notation we have

k

V=21 it Tl s (@le

. k
i,k =t
_ E f] lzqu ]77 th+1zk 1216% ,71 th(x)od

= Z fi(z H QWipq(t))ﬁm H (e%%k(m))aj;i’k =F (957 (Pik (z, t))(i,k)e[ ) (Pq)qu)

1€Q (i,k)el
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where for each (i,k) € I, ¢ (z,t) = 2’;5:) at, for each ¢ € Q, p, (t) = ;ant, and

F<m (Zz k)(l k)el Zq qu ij H Qﬂizq)ﬂﬁq H <627rizi,k)aj;i,k.

q€Q (i,k)ET
For each j € {1,...n}, f; is a nonzero analytic function on the connected and open set
Ap, so the set
U:={xeA: fj(x)#0forall j € {1,...,n}}
satisfies vol,, (Ag \ U) = 0. Denote by F the Laurent polynomial associated to F'

F(,(Zik)aper (Zg)eeq) Zf] HZB” H Zla,i’“

qeQ (3,k)el

Note that F(z, 2) = F(z, (2ik)Gwer, (20)qeq) = F(@, (e¥™%) g pyer, (€77°) 4eq).-

Since we assumed o1 # 0 or p; # 0, we can always suppose o1 € (0,)eq or, for some
k, hix € (hir)ier,, respectively. Thus F certainly contains a term of the form fi(z)Z;
or fi(x)Zy . Moreover, since for j # j' in {1,...,n}, o;t + p;(z,t) # opt + py(x,t) (as
functions), the monomial terms in the above expression of F cannot cancel out. It follows
that for each x € U, F is not constant as a Laurent polynomial, and in particular, for each
x € U, not constant on the real torus (S")I?+l. As a consequence, for each z € U, the
trigonometric polynomial z — F'(z, z) is not constant.

Observe that since (hjx);; is independent over Q (as functions of ), for each k €
{1,..., D} and nonzero tuple ¢ = (¢;) € ZI! > ier, Cihik 1s a nonzero analytic function

on Ao, so the set {x ceU: Elelk hig () = O} cannot have positive measure, and the set

A=u\NJ U {zeU:Zcihi,k(z):o}

k=1 cezkI\ {0} 1€l

satisfies vol,, (4o \ A)) = 0 as well. This gives (T]), for this set Aj C U.
The set Aj is defined such that for each k € {1,..., D}, for each x E Aj, the family of
numbers (i (%)) ;e 15 linearly independent over Q. By Remark [8.3| for each = € Aj

the family of functions (¢ +— ¢y (%,1)) 4)c; is also linearly 1ndependent over Q. On the
other hand the family of functions (¢ — pq (1)), is linearly independent over Q, since so is
the family of real numbers (0,),eq. In particular, for each x € Ajf, the family of functions

t— p(x,t) = ((gbzk (@,0)) i pyer (pq(t))qu> is linearly independent over Q.

Given an open set 2 C Ay and a positive real number A with A < vol,, () = vol,,, (2 N Ap),
the inner regularity of the Lebesgue measure shows that we may fix a compact set K C QN A
with vol,,, (K) > A. Since K is compact and a (x) is continuous, we may fix T} sufficiently
large so that K x [Ij,4+00) € A. Proposition then shows that the restriction of p to
K x [T, 4+00) is c.u.d. mod 1 on K, which completes the proof of (2). O

Recall that

§ 10’ ipj(x,y
f] Je J )
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where o1, ...,0, are real numbers, (fi,..., f,) is a family of (nonzero) analytic functions
in C& (Ap), pi(z,T),...,pa(x,T) are polynomials (in T, for some positive integer d) of
S(Ap) [Té], with analytic coefficients in S (Ay), and p; (z,0) = 0 for all j € {1,...,n} and
x € Ag. Furthermore we assume that for j # j’ in {1,...,n}, 0; + p;(z,y) # o; + py(z,y)
(as functions).

Lemma 8.5. In the notation above, there exist € > 0, A > 0, a strictly increasing sequence
(¥) ;e in R diverging to +00, a compact set K C Ao, and a sequence (X;), .y of Lebesgue
measurable subsets of K, with, for all j € N, vol,, (X;) > A, X511 € Xy;, and such that
fO’I" all o € ng, T € XQj_H,

|f (x0,y25) | > € and |f (zo,y25) — f (T1,Y2541) | > €.

Proof. Let f(x,t) == f(z,€") for any (z,t) such that (z,e') € A. Then we can apply Lemma
to f, so that the hypothesis of [CCMRS18, Lemma 8.10] is satisfied by f. It immediately

follows that the conclusions of our lemma are satisfied by f, for a sequence of real numbers
(t;)jen diverging to +o0. It now suffices to set y; = €% to conclude the proof of the lemma. [

Definition 8.6. Let X C R™ and f: X x R — C be Lebesgue measurable, and p € [1, +o0].
For each y € R, define f, : X = C by f, () = f (x,y) for all z € X. We say that the family
of functions (fy)yEIR is Cauchy in LP (X) as y — +oo if for each y € R, f, € L? (X) and for
all € > 0 there exists yy € R such that

||fy - fy’”p <e forally,y >y

Theorem 8.7. Let p € [1,+00] and f € C%7 (X x R), for some subanalytic set X C R™,
and suppose that (fy),cg 15 Cauchy in L (X) asy — +oo. Then there exist g € CE NP (X)
and a subanalytic set Xo C X such that vol,, (X \ Xo) =0,

li — =0
yirfw||fy g“p )

and
lim f(z,y)=g(x) forallze Xo.

Yy——+00

Proof. Writing f as a sum of generators as in Theorem we proceed as in the proof of
[CCMRSI18, Proposition 8.2|, using Lemma instead of [CCMRS18, Lemma 8.10]. O

As a direct consequence of Proposition (see for instance the proof of [CCMRSIS,
Theorem 8.3]) we obtain the following result.

Theorem 8.8. Let .7 be the Fourier-Plancherel extension of the Fourier transform to
L% (R"). Then, the image of C&7(R") N L? (R") under & is C&7(R") N L? (R™). trans-
form

Stability under parametric Plancherel-Fourier transforms is formulated and shown simi-
larly.
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