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MULTI-FREQUENCY AVERAGING AND UNIFORM ACCURACY
TOWARDS NUMERICAL APPROXIMATIONS FOR A BLOCH MODEL*

BRIGITTE BIDEGARAY-FESQUET!, CLEMENT JOURDANA?, AND LEOPOLD TREMANTS

Abstract. We are interested in numerically solving a transitional model derived from the Bloch
model. The Bloch equation describes the time evolution of the density matrix of a quantum system
forced by an electromagnetic wave. The transitional model we consider governs the diagonal part of
the density matrix. It fits in a general setting of linear problems with a high-frequency quasi-periodic
forcing and an exponentially decaying forcing, for which accurate numerical resolution is challenging.
Adapting high-order averaging techniques to this setting, we capture the asymptotic behaviour and the
rest in a “macro” and “micro” variable respectively. It results in a micro-macro problem that can be
solved with uniform accuracy. To validate this approach, we present numerical results first on a toy
problem and then on the transitional Bloch model.

Keywords. highly-oscillatory problems; multi-frequency averaging; micro-macro decomposition;
uniform accuracy; Bloch model; rate equations

AMS subject classifications. 34E13; 65L.04; 65L.05; 81V 80

1. Introduction

The Bloch model describes the time-evolution of the density matrix of a quantum
system with a discrete number of energy levels, forced by an electromagnetic wave.
Different strategies have been proposed in the literature to solve the Bloch equation. Let
us mention for instance a splitting procedure that solves the different terms separately
in an exact way, or a relaxation scheme where the diagonal and the off-diagonal parts
of the density matrix are located on a staggered time grid (see [BBRO1] for details on
these approaches). These schemes have been designed to preserve physical properties
of interest or to numerically decouple the equations. However, they are not suitable in
the case of stiff forcing coeflicients.

In [BFCD04,BFCDGO04], the authors study some high frequency and low amplitude
regime, and show that the model asymptotically behaves like a rate equation with
averaged transition rates. Numerically, the original model is very stiff, meaning that
using standard numerical methods requires costly computations. The rate equation,
however, is a non-stiff autonomous equation which can be solved with standard methods
at no additional cost.

In this paper, we are interested in a transitional model from which the rate
equation is actually obtained. This transitional model, governing the diagonal part of
the density matrix, can be seen as a middle-ground between the full original equation
and the simpler rate equation. It still presents numerical challenges, due to the stiff
time-dependence of the transition rates. Classical numerical methods may fail to tackle
this problem at a reasonable computational cost. The present work addresses this
issue.
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2 UNIFORM ACCURACY FOR A BLOCH APPROXIMATION

The main numerical challenge at hand is that of order reduction, a well-known
phenomenon documented e.g. in [HW96, Sec. IV.15] or [VS98] and references therein.
Here, this is due to the degeneracy of the second (and higher) derivative(s) of the
solution in the asymptotic limit. This causes an increase of the error constant in classical
estimates, to the point where the theoretical order may no longer be observed.

Formally, if we denote € the characteristic time of the problem and At the time-step
of the numerical method, then the error E.(At) of a standard scheme of classical order
s may be bounded

S
E.(At) < Cmin (A; ,Até“) 7

for some positive constant C' independent of €, a uniform order s’ <s and a degeneracy
order r>0. When r>0 and s’ <s, there is a so-called asymptotic regime At>>¢ in
which the behavior of the error does not match the order of the method. This is how
the order reduction phenomenon manifests itself in our context. In order to ensure a
given error bound, one must use an e-dependent time-step At = (e"/*), which increases
the computational cost. To facilitate the discussion surrounding this interaction between
the error bound, the characteristic time € and the time-step At, we consider different
notions of convergence beyond the classical At <« e paradigm.

If the parameter ¢ is small w.r.t. the desired error, then one may consider a non-
stiff reduced asymptotic model instead of the full original model. In that case, the
numerical error is assumed to match the asymptotic error lim._,o E.(At), and using
standard schemes is possible. For the Bloch model, this could mean solving the rate
equation instead of the full problem. With this approach, the error will plateau for At
sufficiently small.

Some numerical methods, called asymptotic-preserving (AP), may be applied to the
original model yet remain consistent at the limit € — 0 to the asymptotic model, with a
cost that does not change as e gets smaller. The term AP was coined in [Jin99] in the
context of hyperbolic problems,' and the development of such schemes remains active
e.g. in the community of kinetic equations [CHL16,ADP20,ABC23,JMW23]. While the
approach of asymptotic models becomes useless when ¢ is not small, most AP methods
prove the convergence of the scheme for both the classical and asymptotic regimes.

However, these asymptotic notions do not describe the behavior of the scheme in
the intermediate regime At~¢, for which the error may be degraded.? To encompass
every regime, we consider the uniform error sup.c (g 1 E.(At), defining the uniform
order of the method. A numerical method is said to be uniformly accurate (UA) if
its computational cost is independent of £ and if its uniform order is non-zero. Such
methods are valid independently of the size of € and of the regime (classical, asymptotic
or intermediate). In particular, a numerical method which does not suffer from order
reduction is UA.

1The notion of asymptotic preservation is problem-dependent. For example, the implicit Euler
method is exact for the asymptotic error when applied to the problem @ = —u/e, but forgoes all accuracy
in the limit € —0 for the problem @ =14u/e with a non-zero initial condition.

2Consider again the implicit Euler scheme applied to @ = —u/e, with initial condition u(0)=1. After
a time e, the solution is u(e) =e~ 1, but using a time-step At=e¢ yields the approximation u; = 1/2.
Even though the scheme is asymptotic preserving, here the local error u(At) —u; is large independently
of the time-step, i.e. the error is severely degraded in that regime.
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Here, we consider a generic linear differential equation, with a time-dependent forc-
ing which can be split in a quasi-periodic part® and an exponentially decaying part,
both with characteristic time €. The aforementioned “transitional” model derived from
the Bloch equation falls under this category. Our strategy consists in using asymp-
totic expansion techniques to perform a micro-macro decomposition, which separates
the asymptotic behavior and the error of asymptotic approximation in the macro and
micro part respectively. This new micro-macro problem is less stiff and can be solved
using standard numerical methods, with no order reduction. This uniform accuracy on
the micro-macro problem translates directly to the solution of the original problem.

Our approach uses techniques from high-order averaging, a method to perform
asymptotic expansions on highly-oscillatory problems (of characteristic time £). This
method views the solution as the composition of an average dynamics with a near-
identity rapidly-oscillating change of variable. This composition is accurate up to
an error of size O(e™) with arbitrary order n. We refer to Lochak-Meunier [L.M88]
and Sanders-Verhulst-Murdock [SVMO07] for textbooks on this method. Readers might
find similarities with the methods of two-scale expansion [CCLM15], WKB expan-
sion [Wen26, Kra26, Bri26, Car21], non-linear geometric optics [CJL17], or even normal
forms [Bam03, Mur06].

Historically, a key tool in performing these expansions was power series in €. They
were used in [Per69], the first known result with periodic forcing, and in [Sim94] when
extending the result to a quasi-periodic forcing. Even recently in [CMSS10, CMSS12],
formal series (specifically, B-series) were used to derive analytical expressions of the map-
pings constructed by averaging. Somewhat recently, however, the authors in [CCMM15]
introduced a concise differential algebraic equation for the mappings, called the homo-
logical equation. In the spirit of [Nei84], fixed point iterations may be applied on this
equation, either symbolically or automatically [CLMZ21]. For uniform accuracy, the
key is to keep track of the error of approximation, as in the multiscale decomposition
of [BCZ14]. In [CLMV20] and [CLT22], this method is used to derive micro-macro prob-
lems in the contexts of problems with fast periodic oscillations and with stiff relaxation
respectively, enabling the use of standard numerical methods with uniform accuracy.

We exploit the fixed-point approach based on the closed homological equation of
[CCMM15], which we extend to the case of linear problems with quasi-periodic forcing
and added exponential decay. Compared to their setting of non-linear problems with
periodic forcing, here the quasi-resonances (often called small divisors) introduced by
the quasi-periodicity degrade the regularity with each fixed-point iteration. We define
appropriate functional spaces to quantify this loss of regularity and to take into account
the added exponential decay. In this context, we show that we may construct a micro-
macro decomposition to any order n € N.

In a second time, we study the derivatives of the thereby-obtained micro and macro
variables, and show that their derivatives are uniformly bounded up to the (n+1)-
th derivative, as opposed to the original problem for which the second derivative is
degenerate. Because of this, the result of uniform accuracy from [CLMV20, CLT22] still
holds, i.e. we may solve the micro-macro problem (and therefore the original transitional
problem) with uniform accuracy using a standard scheme.

The paper is structured as follows. In Section 2, we introduce the formalism sur-
rounding the problem, as well as the assumptions we make. Crucially, we describe how

3A quasi-periodic function is a function generated by multiple non-resonant base frequencies,
e.g. ar =cos(T)+cos(7v/2), with base (angular) frequencies 1 and /2.
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to construct the micro-macro decomposition and state our results, which are proven in
Section 3. In Section 4, we present some numerical experiments. After briefly introduc-
ing the numerical schemes we consider, we showcase the importance of each term in the
decomposition and verify the uniform accuracy result thanks to a toy model for which
an analytical solution is available. Finally, we present the Bloch model, and the deriva-
tion of the aforementioned “transitional” model on which we apply the micro-macro
decomposition. We show that a naive resolution of the problem has severely degraded
accuracy, while the micro-macro method converges with uniform accuracy.

2. Setting and theoretical results
We wish to derive an equivalent less-stiff problem for the ordinary differential equa-
tion

Opu (t) = azj-u(t), u(0)=wug € X, (2.1)

in some Banach space (X,|-|) for positive finite times ¢ € [0,7] with 7> 0 independent
of ¢, and where a, is a linear map from X to X for all 7>0. As detailed below, we
assume that a is the sum of a (quasi-)periodic part a* and an exponentially decaying
part a’. In the sequel, we say that a admits a “sharp-flat” decomposition.

This derivation is conducted using the ansatz

5 € € e\ 1
u(t) =05 (R5)  uo (2.2)

where ®¢ is a near-identity map for all 7>0 and a non-stiff (uniformly bounded w.r.t.
e) averaged field A® is obtained from a,. In general, such maps cannot be computed
exactly, therefore we seek to compute, for any given n €N, approzimate maps ®*, Al
such that the solution u® of (2.1) may be decomposed into

u (t) =@l (@) Mup+ul(t)

where wl”) =O(e"*+1). We call this error of approximation w[™ the micro variable and

the slow part v[™(t) = etAl" (q)[on])_luo the macro variable, which satisfy the so-called
micro-macro problem

Al () = Allyln) (¢), ol1(0) = (B5) g,
Ol (1) =aywl) (1) — o)Ll (1), wl)(0)=0,

for some defect 6™ computed from ® and A", Our goal is to prove that this new
problem is non-stiff up to the (n+1)-th derivative and can therefore be computed with
uniform accuracy up to order n using standard numerical schemes.

This section states the theoretical results of this paper. Subsection 2.1 introduces
the mathematical setting and the formalism necessary to state the problem. Subsec-
tion 2.2 describes the assumptions we make on the problem, and define the aforemen-
tioned “sharp-flat decomposition”. Subsection 2.3 finally details our construction of
the maps ®[", A" and 6" and states results on the properties of the micro-macro
decomposition.

2.1. Definitions and notations.

Here we introduce some formalism associated to endormorphisms, multivariate peri-
odic functions and exponentially decaying functions. We also introduce the time-average
operator and some norms associated to such functions. Throughout the paper, the set
of endomorphisms, denoted End(X), is endowed with the induced norm, denoted |-|.
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DEFINITION 2.1 (Time average and KBM mappings). Given a mapping T ERy — ¢, €
End(X), we define the time average

N
((p}.—Tli}n;O; ; podo. (2.3)
A continuous function T+ @, such that this limit converges is called a KBM mapping”.
We denote £ the vector space of KBM mappings from Ry to End(X).
Among KBM mappings, we are interested in two subspaces which we introduce
briefly: quasi-periodic mappings and exponentially decaying mappings.

2.1.1. Quasi-periodic mappings.

By quasi-periodic, we mean mappings that are generated from a finite number
of angular frequencies wq,...,w, and a multivariate 27-periodic map HGTTb—Hpg with
T=R/(27Z). Denoting w=(wy,...,w,), the quasi-periodic map is given by 7+ @f |

i.e. it is given by evaluating ¢* along the curve 7+ (w1 7,...,w,7). If the generating map
¢! is continuous, then it coincides with its Fourier series,

VoeT", gagz Z emﬂ@ua.

a€EZ"

Here we use the multi-index notation a=(aq,...,a;,) EZ" to obtain the phase a-0=
101 +...+a,0, and Fourier coefficient @, € End(X). We furthermore denote |a|=
|a]+...+ ]| In the sequel the number of frequencies  and the vector of frequencies
w are fixed.

DEFINITION 2.2. We define E! the set of continuous quasi-periodic maps with frequen-
cies w,

E= {TH@&T, ofe? (T",End(X))}.

Some particularly regular maps are such that the Fourier coefficients are exponentially
decreasing, which is quantified by the functional spaces, for k>0,

e, 5.

aEZ"

The set of quasi-periodic mappings Tb—)(pﬁﬁ this generates is denoted 5,2.

For x>0, all mappings in 7, are smooth, and for k=0, the mappings in Ty are
continuous. Additionally, if 0<k~ <k™, then T,+ C7,.-. Therefore, we obtain the
following inclusions

g cet_celcel

2.1.2. Exponentially decaying mappings.

By exponentially decaying, we mean bounded mappings T»—)(p"T which are also
O(e™7) for 7 — 0.
DEFINITION 2.3. The set of exponentially decaying functions we consider is denoted
Ly, and us defined by

X

Lo, = {g@b € L*(R4,End(X)), sup 7| | <oo}.

TERY

4The acronym KBM stands for Krylov, Bogoliubov and Mitropolsky, see e.g. [SVMO07].
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A subset of this are KBM mappings, which we denote
& :=L%,NC°(Ry,End(X)).

exp

REMARK 2.1. The rate of decay (namely 1) is chosen without loss of generality, since
it could be obtained with a time rescaling.

2.1.3. Norms.
We endow the above defined functional spaces with the following norms.
DEFINITION 2.4 (Norms). Remember that we denote |-| the induced norm on X. For

o0

mappings o €E, o' €T, and ¢’ € Ly, we denote

loll:=suple-l,  letle:= > e RhL 167l Lg, :=supeT[¢) .
7>0 acZr 7>0

Note that for 0< k™ <xT and all ¢* eé’ﬁw

1A < IPllo < Nl < [l (2.4)

and for all ¢ € L2

exp?
vreR", ol |<e ¢’ |lLe, (2.5)

REMARK 2.2. In the entire upcoming reflexion, T. could be replaced by the set of
functions on T" analytic with radius everywhere greater than k. The norm ||- ||, would
then be replaced by the infinite norm on the analytical extension of radius k to the
complex domain, i.e. symbolically

Vol € Toy [P ]lx < sup |
CeT;

with TT:={0+¢&, (0,£) €T" x C",|¢| <k}. For 0€T" || <k, the analytical extension is

glal a1 gar

# . QDG 1 T

defined as Pot+e = E: 007 - 907 !’
aeNr

2.2. Assumptions on the problem.

So far, we have described the two types of KBM mappings we consider, namely the
“sharp” and the “flat” parts of an aforementioned decomposition. The “sharp” part is
obtained in a one-way relationship from a function on T". We start by introducing an
assumption (namely a non-resonance condition on the frequencies w) which makes this
a two-way relationship. Thanks to this, we may define the “sharp-flat” decomposition
rigorously, allowing us to finally state how our problem fits into this setting.

2.2.1. Non-resonance.
ASSUMPTION 2.1. The vector of angular frequencies w=(wy,...,w,) is strongly non-
resonant in the sense that it satisfies the following Diophantine inequality

CD

Jep>0, Jv>r—1, VaeZ \{0}, |a-w\2|a|u,

(2.6)
where a-w=a1wi +...+ ayw, and 0=(0,...,0) €Z". In the mono-frequency case r=1,
we choose v=0 and cp =|w|.

REMARK 2.3. While this may seem restrictive at first glance, it is classically known
(see for instance [Arn63], [Arn89, App. 8] or [HLW06, Chap. X]) that this condition
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is satisfied for almost all frequency vectors in any bounded subset of R”. In practice,
we mostly require w to be “well-prepared” in the sense that no frequencies are rationally
dependent, which is usually enough for the Diophantine condition to be met.

This assumption implies that the set of cancelling combination is zero — which is to
say that the vector of frequencies w=(wy,...,w,) is such that

wh:={aeZ" st. a-w=0}={0}.

As such, we may apply Arnold’s theorem, which states that for continuous quasi-periodic
maps, the time average coincides with the phase average. This may be written

17 1
f 0 Is r . i _ #
Vet € CO(T", End(X)), Vo € T", Thm —T/O g090+wd7'77(277)7‘ /JFT pdf.

In particular, this means that we can recover the Fourier coefficients of the function 6 +—
gog from the quasi-periodic function 7+ f . As such we may identify both functions
and extend the notion of Fourier series to the quasi-periodic mapping of &£F.

2.2.2. “Sharp-flat” decomposition.

Under Assumption 2.1, we introduce the set &, that describes what we name “sharp-
flat” maps as well as an associated norm N that will be used all along this paper to
easily handle the (quasi)-periodic and exponentially decaying maps that we consider.
DEFINITION 2.5. For all k>0, we define

E.=E e,

Given a mapping p € E, it splits uniquely as @, =@ _ —|—g0bT and we endow the space &
with the norm

Nee(@) =19+ 1"l L

exp’

where || || and || ||Lee, are given in Definition 2.4.

The proof that the sum is indeed direct, and that this defines a unique “sharp-flat”
decomposition for elements in &, is presented in Appendix A.1. To summarize, the
average of flat functions is always zero, therefore the Fourier coefficients of a function in
ELNE are all zero. Since functions in &% coincide with their Fourier series, this function
can only be zero.

PROPOSITION 2.1. The space & is an algebra, and if ¢, p €E, then v=ppe &, and

b =l +1 with i =phh and ¢ = G + 0L, B+ 008
Furthermore, the norm is algebraic, i.e.
Na(¥) SN (@)N().

Again, the proof is presented in Appendix A.1. To finish, we present some norm
inequalities that will be often used in the next parts. Let p€&;. The flat part of its
time average is zero, i.e. (p)”=0. Indeed, since () is constant, it is therefore periodic
and belongs to &, for all k>0 with norm N, ({¢))=|(p)|. Consequently,

Na(o—= (@) =lle* = (") I+ 1€l Leg, -
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Then, since (¢F) :@g,

lef = (@le= D e @i < Y e k] = 1.

a€Z",a#0 agZr

It follows that

Nl = () SNu(p)-

Also, let 0<x_ <Ky and p €&, . From the definition of the time average (2.3) and the
inequalities (2.4) and (2.5), it clearly holds that

(@) <llell SN (9) SNy () (2.7)

2.2.3. Assumptions on the linear map.

This functional setting being laid out, let us describe how our problem fits into it.
Specifically, we introduce positive constants p and M which quantify respectively the
regularity of a and the size of 7— a..

ASSUMPTION 2.2. The mapping 7+— ar € End(X) is in £, = Eﬂ DE® for some >0, i.e.
it can be written

ar zaﬁ,T —|—abT

with a* €T, and o> € L NC°. Furthermore, we define a constant M >0 such that

exp

lall < Nyu(a) < M.

REMARK 2.4. In the mono-frequency case r =1, we may replace the analyticity assump-
tion on a' by a continuity assumption.

Since the goal of the present work is to apply numerical schemes, it is necessary to
quantify the regularity of 7+ a,. Indeed, if a € C'?, then a scheme of order s > g will see
its order reduced to ¢, even in the non-stiff regime.

ASSUMPTION 2.3. The mapping 7+ a, is of class C? for some q€N. Additionally,
there exists Céq) >0 such that

sup ||0Pal| <C@ M.
0<p<q

2.3. Results on the decomposition.

We may now construct the micro-macro decomposition by performing asymptotic
expansions which separate the exponential dynamics in £, — (£,,) (contained in a change
of variable ®¢) from the average dynamics in (£,,) (contained in a vector field A%). From
these, we derive a micro-macro problem which can be solved with uniform accuracy. This
section describes this construction and states our results of well-posedness and uniform
accuracy. The proofs can be found in the next section.

2.3.1. Homological equation.
Injecting the exact decomposition (2.2) into (2.1), we obtain the following “homo-
logical equation” on ®¢ and A®,

0, B = (a, % — B A, where A°= () (ad), (2.8)
which may be rewritten by introducing a non-linear operator A,

0,0 =eA{®°}  with A{p},=ar o, — 0 ()" Hayp).
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In particular if (¢)=id, then A{p}, =a, 0, — o, (ap).
Then, we define approximations of ®¢ and A® by a fixed point iteration. Starting
from ®[% =id, we construct them with the relations

A= (ol ey, g el —cA{al) (2.9)

-

2.3.2. Closure condition.

In order to solve the homological equation as well as its approximations, one needs to
impose a closure condition on ®¢ (and consequently on <I>[”]). In this paper®, we consider
the so-called standard averaging by choosing (®°)=id (and consequently (®[)=id).
This yields the relations

Al = (q@n]y,
@Ln“]:id+s/ A{‘I’[”]}ad05</ A{‘P["]}gd0>'
0 0

These iterations may be performed explicitly using symbolic calculus.

2.3.3. Micro-macro variables.
To motivate the interest of these approximations, let us immediately introduce the
micro-macro variables (v, wl™) given by

ut (1) = @)Ll (1) + wl™) (1)

with vl (t) =etA™ (<I>([)n}) -

micro-macro problem,

(ug). A straightforward computation yields the following

B0 (1) = Ayl (), l7(0) = (®F) ™ (up), (2.11a)
Dl () = ay el (1) = af7 L) 1), w"l(0) =0, (2.11b)

]
I
where we introduced the defect 51" defined as

sl = %afcp[ﬁ - (aT@Lnl - <1>L”1A["1) = A{alr=1}, —A{oy, (2.12)

with the convention A{®[=11} =0. This defect is of zero time average, i.e. (§[")=0, and
quantifies the quality of approximation in the homological equation (2.8). Combined
with the drift v, it generates a source term in the equation on w!™.

The equation (2.11b) seems to be as stiff as the original equation (2.1) at first
glance, but we will see in the sequel that, due to the small size of w!™(0) and of 6",
w!™ remains of size O(e"*1) at all times. This initializes an induction to prove that the
derivatives of w[™ are bounded up to order n+1.

2.3.4. Well-posedness of the micro-macro decomposition.

In the introduction of Section 2 we have claimed to construct a near-identity map
®2. In the construction of ®[, we introduce a parameter ¢€]0,1] and assume that
@™ —id|| < c. This will be valid for a small enough ¢ <¢,,. The upper bound &,,, which

5 Another common choice is &g =id, which presents nice geometric properties but leads to more
complex calculations—see e.g. [CLMV20]. Since these properties are not needed here, we do not
consider this possibility, although all our estimates remain valid with this geometric closure condition,
up to some tweaking of the constants.
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depends on both n and ¢, will be constructed along the proof of the following theorem
that sums up the well-posedness of the micro-macro decomposition.

THEOREM 2.1. Under Assumptions 2.1 and 2.2, for all n €N, there exists £, >0 such
that the decomposition of order n exists, meaning that, for e <e,,

@ —id|| < = <, (2.13)

AN < (1+¢)M. (2.14)

Furthermore, integrating the defect tr—>6£7]€ yields an error of approrimation of size

O(e™*Y), which is translated through the relation

T c n+1
e[ oMdo| < (= : (2.15)
o En

This theorem will be proven in Section 3.1. A direct consequence of (2.13) is that

the inverse (@B"])_l is well-defined and may be bounded

V1 >0,

(@Mt <1/(1-c). (2.16)

This is crucial for the definition and the boundedness of v[™). Moreover, a direct by-
product of the proof is the following bound on the defect

|5W||<M<;) . (2.17)

The coefficient €, may be chosen of the form ¢, =¢¢/(n+1)” with 9 depending
on ¢ and the constants appearing in Assumptions 2.1 and 2.2. As such, increasing
the order of accuracy requires a reduction in the maximum size of €. However, in the
mono-frequency case r =1, v =0, this reduction does no longer appear and the iterations
converge for £ <ggf.

As consequence of the well-posedness of the micro-macro decomposition, the micro-
macro variables v["l and w!™ solutions to (2.11) are bounded in finite time as stated by
the following corollary (proven in Section 3.2).

COROLLARY 2.1. Under Assumptions 2.1 and 2.2, for any n€N and any e<e,, (as
defined in Theorem 2.1), the solutions to (2.11) are bounded at all times by

n+1
()] < pt+orens U0l gy € tlall (2 <1+c>tM_1)M
o) et el iy ()7 el (2 ol

Thus, for any T >0, the micro-macro problem (2.11) is uniformly bounded on [0,T] with
vl of size O(1) and w!™ of size O(e"*1).

REMARK 2.5. Here we impose the order of the expansion and deduce the size of the
error term from it. However, the condition € <eo/(n—+1)" may be interpreted the other
way around, and one may wish to choose an “optimal” order n depending on the size of
e. This yields the optimal exponential bound on w™®) for v>r—1 found in [Sim94].

6This is a known result of single-frequency linear averaging, available e.g. in [CCMMI15] with a
straightforward proof. In their paper, these authors analyze the non-linear setting, and here we analyze
the multi-frequency setting with an added decay, further extending the method.
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2.3.5. Well-posedness of the derivatives and uniform accuracy.

In order to analyze the order of numerical schemes based on the micro-macro prob-
lem, we also need estimates on time-derivatives of the defect.
THEOREM 2.2. Under Assumptions 2.1, 2.2 and 2.3, the derivatives of the defect up to
order q remain of size O(e™). Specifically, there exists C’é‘n >0, depending on q, ¢ and
n, such that, for all e <eg,,

sup [|orst| SC'(gq)M (5) :
0<p<gq €n
This theorem will be proven in Section 3.3. These estimates on the defect gives
estimates for the micro-macro variables vl and w!® limited by the order of the micro-
macro decomposition n and the regularity ¢ of the linear map a.
COROLLARY 2.2. The derivatives of the micro-macro problem (2.11) are uniformly
bounded up to order min(n,q)+1. Indeed, at fized final time T and for all t€[0,T], for
all ped{0,...,min(n,q)+1},

oPulM()| = 0(1), |oPw™ (1) | = O(e"F17P).

We now consider the discretization of the micro-macro problem (2.11) on the time

interval [0,7]. To simplify the presentation, we discretize uniformly this time interval
introducing t‘ =¢At for £=0,...,L where L+1 is the number of discretization points
and At=T/L the time step. We denote (v*,w’) the approximate values at time ¢¢ of
the solution of the micro-macro problem (2.11) for a given order n.
COROLLARY 2.3. Using a standard stable ome-step scheme of non-stiff order s<
min(n,q), i.e. a method which exhibits order s of convergence when applied to (2.1)
with e=1 for all At €[0,At*] (with At* >0 being the stability threshold, which depends
only on M ), the micro-macro problem (2.11) can be solved with uniform accuracy. More
precisely, we have, for all At€[0,At*], the bound

S(101p ]OIEZa<XL CDE?]/EUZerZ—uE(tZ) SCAF,
£€(0,6,] 9SS

where the constant C is independent of At.
Using a Runge-Kutta integral scheme, this order may be increased by one. For
instance, for the problem 0;y(t)=b;,.y(t), the Runge-Kutta scheme of order 2 is

G2 =yt At by, YT =y A by argeye T3,

and, by Runge-Kutta integral scheme of order 2, we mean the scheme

t'4+At/2 e+t
§e+1/2 :nyr /e bt/edt yg’ y£+1 :yZJr /e bt/edt gé+1/2.
t t

The idea is to exploit the form of the right-hand side b;/.y(t) and to build a scheme
approximating jf,z“l be/e (y(#)ﬁ-ffe 6ty(a)do> dt instead of directly f:;ﬂ Oy(t)dt. For
a given quadrature rule, the first expression may generate a better approximation.
REMARK 2.6. As noted in [CLT22], the initial data vI™(0)= (@Bn])_luo may be ap-
proximated explicitly to avoid the inversion of @gﬂ. It can be done such that the initial
condition of the micro part w(™(0) :uo—é([)"]v[”] (0) becomes of size O(e™+1) which is
enough to preserve the uniform accuracy result.
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3. Proofs

We now present proofs of our theoretical results, in the same order as they are
presented. Namely, we start with the properties of the micro-macro decomposition, i.e.
of the maps ®™, Al™ and 6" as enounced in Theorem 2.1. We then focus on the
well-posedness of the micro-macro problem (U["],w[”]) from Corollary 2.1. After this,
we show the boundedness of the derivatives of the defect 6", and in turn of (vI™) w™).
Finally, we use all this to prove our main result of uniform accuracy.

3.1. Well-posedness of the micro-macro decomposition.

Since the fixed-point (2.10) is based on successive integrations, we shall use the
following lemma, which bounds an antiderivative from the integrated function.
LEMMA 3.1. Let k4 >0 andp €E,, . Then, for any x_ such that 0<Kx_ <k, solutions
@ to the equation

87'50 =9 — <’(/}>
satisfy the inequality
Ni_ (o= {p)) Ser(khp —h )N, (0= (@)

with
max<1, £ (£)” if v#£0,
cr(k)= p (m) } (3.1)
max 1,%} if v=0.

For p € &, (0r¢)=0. This implies that if p€&,_ and d,p €&, , then

Ne_ (o= () Scr(ky =K )Ni, (0rp).

We also present some estimates on the nonlinear operator A occurring in (2.9) and
(2.12).
LEMMA 3.2 (Bounds on A). Let 0<xk<pu and ¢, p€&;. Let c€]0,1]. If

R4

Ni(p—id) <c and N,;(g—id) <c,
then there exists two constants N.>2 and L. < N./c depending on c only, such that

Nic(M{p}) < NM,
Ni(Mp} = M@}) S LMN (0= ).

The proofs of Lemmas 3.1 and 3.2 are postponed in Appendices A.2 and A.3.

We now proceed with the proof of Theorem 2.1. Fix n €N and consider 0 <k <n.
Owing to Lemmas 3.1 and 3.2, if ®* is in some space &, such that N, (®F —id) <,
then it possible to bound ®F+1 —id on the larger space &,_ for all 0<x_ < . Here,
we proceed by induction, by considering successive ®*! on spaces &, with

k
uk—(ln)u, s.t. 0=pint1 <pin <...<p1 <po=p.

We show the desired bound on N, MWV(CI)["] —id), which implies the well-posedness of the
n-th order change of variable. Additionally, we bound the approximate map Al and
we determine the size of the defect 6.
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3.1.1. Estimates on the near-identity and average maps.

We proceed by induction to show that, for all 0 <k <n-+1, N}, (<I>m —id)<e. Ttis
clear that it holds for k=0 since & =id. Now, for 0 <k <n, we assume that oMkl ¢ Eun
and N, (®[¥1 —id) <c. Owing to the identity

o, [qﬂ’““] —id} =0, lk+1 = A [@H},

as well as Lemma 3.1 using x_ = pg4+1 and k4 = pg and noticing that k4 —k_ =y, we
have ®F+lleg, | and

N#k+1 ((I)[k+1] —id) < e (pn) Ny, (EA{(I)[]’C] H.
By Lemma 3.2 and the induction hypothesis,

N,
Ny (‘I)[k-H] —id) <ece (cj(p,n)ch) :

Consequently, introducing

c

761(,%1)]\761\/[’ (3.2)

En =

then for all £ <eg,,,

Niin (@ —id) < = <ec.

En

In particular for k=mn, we find

@l —id|| < Np (@™ —id) <A, (@M —id) < < <.

En

Moreover, proceeding as in Lemma 3.2, we obtain
AP = (@) <A, (@) <A, (@A, (@1)).
For one part NV, (a) <M since p,, <p, and for the other part,
N (@M <N, (1d) 4+ N, (@ —id) <1+
This finally yields
AP < (1+c)M.

3.1.2. Size of the defect.
By definition, for all 0 <k <n,

1
S = ALl _ AfolF = —g_ (k] — plh+1]
{ol 1} A} =0, ( )

and 6K e g

> With convention A{q)[_l]} =0. The Lipschitz property on A implies that

Ny (8 < L MG, (@11 — @),
Since (@1 —®*) =0, and thanks to Lemma 3.1

Ny (@70 =) < er () Ny, (- (211 —0lH))
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=1 (pn)eN,_, (A{@F2 — Af{plF—1Y).
We recognize the definition 61 = A{@*~2} — A{®[F~11} hence
Ny 0N < LoMer(pan)eN,, , (61,
Using the expression of €, (3.2) and the bound cL. < N, we finally obtain

cL € € -
7Nﬂk 1( k 1])§7Nﬂk71<6[k 1])

c n

An immediate induction, and the fact that puo=pu leads to

k
N0 < () 2,69,

Now 6% = —A{id} = —(a— (a)), hence N, (/%) <N, (a) <M, and as such,

N, ()< M (E>n

En

Notice that a direct by-product of this proof is the bound between two consecutive
near-identity maps

3

n n+1
Ny @)= 80 < 11,0 ) <crlunlent () <2 ()1 6

A direct integration yields
E/T 6([fn]d0 — (I)L:n] _ ‘I)gl] . (I)L_n+1] + (I)[On+1]7
0
from which (3.3) may be plugged to find

€ / sdo
0

Thanks to the bounds N.>2 and ¢<1, we finally obtain the desired result.

2¢ e\t
< 2||q>[n] _ @t | < 2Nun+1 ((I,[n] _(I)[n+1]) < <) .
En

sup
>0

2. Well-posedness of the micro-macro problem.
Proof. (Proof of Corollary 2.1) By boundedness of A["] due to the estimates

(2.14), the macro part v is well-defined. Writing v[™(t) = +f AllylPl(1ar' | a
direct application of Gronwall’s lemma and the estimate (2.1()) on (‘bgl]) , we obtain

"U[n](t)|< (14+e)tM %01 |u0‘

< — (3.4)

For the micro part, we use the integral formulation to obtain

1 <lal [ T+ [ o] ot rar

A new application of Gronwall’s lemma and the fact that w[™(0) =0 generates

/ 61&"/5 ! dt//

lwl ()| < el sup
t'€[0,t]
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Using again the integral expression of v!"| we may integrate by parts to obtain

t t t
/O op () ( / 6&7}5dt> (0)— / ( / 5t[7,]/5dt”> Ay (e
t
(/ 5,[7}Edt)(/ A["]v["](t’)dt’>.
0

Applying a change of variable o +t' /¢ or o’ +—t" /¢ in the integrals of 6" followed by a
direct injection of the estimates from Theorem 2.1 and of the estimate (3.4), we obtain

€ n+1 t , |ud
’/ 00w | = (> (1+2(1+C)M/ e(1+o)t Mdt’> oL
En 0 1—c

n+1
< (2e(l+c)tM _ 1) (E) |U/O| .

En 1—c

Finally,

n+1
()| < £ tllal| (2 (1+c)tM ) \Uo\
w <>|_<En el (20 Il

Thus, for any T >0, the micro-macro problem (2.11) is uniformly bounded on [0,7]
with v of size O(1) and w(™ of size O(e"+1). O

3.3. Well-posedness of the derivatives.

Similar to Lemma 3.2, we start by presenting some estimates on the derivatives of
the nonlinear operator A.
LEMMA 3.3 (Bounds on derivatives of A). Under the assumptions of Lemma 3.2 and

Assumption 2.3, there exists a constant Né” (depending on q, ¢ and C(gq)) such that

sup [|0PA{g}| <NDM sup ||02¢]].
0<p<gq 0<p<q

Moreover, if there exists ¢\9 >0 such that

sup [|0%] <@ and sup 02| <@,
0<p<q 0<p<q

then there exists a constant L&q) such that

sup [|02 (Mg} —AMGH I <LYM sup |07 (¢—F)].
0<p<q 0<p<gq

The proof of this lemma is postponed in Appendix A.4.

We now want to establish that there exists C(q) >0 such that

sup ||orst | <@ (;) .

0<p<q n

We have already estimated ||§(™)|| in (2.17). The proof for larger values of p follows the
same lines, using in addition Lemma 3.3.
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We first need to bound [|0?®¥]|| for all 0<p<gq and for all 0<k<n. The bound
for p=0 is clear from (2.13). Under the assumptlon that a€ (i, it is easy to see from
the definition of A and the definition of ®/* that ®/*l € C? for all 0 <k <n. Owing to
the identity (2.9) and Lemma 3.3, we have, for 0<p’ <gq,

0P @M =¢||oP — A{oF -} || <e sup ||apA{q>[k N <eNDM sup |opalE—1).
0<p 0<p<q

Consequently, since ®l% =id, a straightforward induction gives that there exists ¢(@
such that, for all 0<k<n,

sup (|20l || < (@
0<p<q

Let us now turn to the estimation of the defect 6*1 = A{®F=1} — A{®} for all
0 <k <n. By the previous bound on [|9?®*|| and Lemma 3.3,

sup [|oP6M|| <L @M sup [|oP(@F—H — ).
0<p<q 0<p<q

For 0 <p<gq, according to (2.9),
op(@ — BlH) | =cljor (A1) — @iy | =cfop- o).
Thus, we obtain

sup [|oPs|| < L@ Me sup Hapa[k )
0<

0<p<q

and an immediate induction leads to

sup [loralrl) < (200e)" sup |ors)|
0<p=<gq 0<p<q

Since 6% = —A{id} = —(a— {(a)), hence

sup ||orsldl|| < sup |0Pal| < CDM,
0<p<gq 0<

we obtain the desired bound (3.3) denoting C’éq) =c (Enqu)M )™. Tt concludes the
proof of Theorem 2.2.

3.4. Uniform accuracy.

Proof. (Proof of Corollary 2.2) For the derivatives of v["}, we perform an induc-
tion which is initialized using that v is of size O(1) according to Corollary 2.1. Simply
using

Pty () = Al gPylnl (1),
and the estimate (2.14) on A", we obtain, for all p=0,...,min(n,q)+1,
(1) =0(1). (3.5)

For the derivatives of w!™, the induction is initialized by Corollary 2.1 from which
wl™ (t) =O(e"*1). Then, we write

ar+Lyin] p _— o wnl(t)
gntl- P+1) Z( >8 /e cnti—p’
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p’ 5[]

p
_ Z p EP—P/%aP—PIU[n] (t)
P’ en t
p'=0

We bound the derivatives of a, thanks to Assumption 2.3, the derivatives of 6" by
O(e™) thanks to Theorem 2.2 and the derivatives of v["] using (3.5). Thus, by induction
hypothesis, (“)f/w["] (t) =02 for all p'=0,...,p, every term of the sums of the
right-hand side is uniformly bounded w.r.t. €, and therefore the sum is of size O(1), for
all p=0,...,min(n,q)+1. This concludes the induction. O

Proof. (Proof of Corollary 2.3) The micro-macro problem can be written as

Ory(t) = f(t/e,y(t)),

Alnl
with y = (vI"),wl™) and f(r,y(t)) = < sl ’
—O0r " Aar

stiff order s, written in the standard form

)y(t) We use a one-step scheme of non-

y =yt ALF( eyt AL

such that the s-th order derivative of F with respect to the third variable is of the
same order as 8f+1y (as it is for instance the case for standard and integral Runge-
Kutta schemes). It is well-known that the local consistency error e, =y(t‘*1) —y(t*) —
AtF(t*,y(t"),At) is bounded by

1 1
lee] < | =5 sup |8f+1y(t)\—|——| sup |05 F(t"/e,y(t?),n)| | AtTL.
(s+ 1)1 eqee e+ 5% hel0,A1]

Thus, by Corollary 2.2, the scheme retains its usual order s as soon as s <min(n,q). O

4. Numerical experiments

In this section, we present some numerical experiments to illustrate the previous
results. After a brief introduction of the different schemes we use, we test our strategy
on a simple scalar problem for which we know the exact solution. This is used to
illustrate the different components of the method, e.g. the size of the micro part w!™
and of its derivatives, and to validate our result of uniform accuracy. We then apply
the micro-macro method to an approximation of the Bloch equations.

4.1. Numerical schemes.

We recall that we uniformly discretize the time interval [0,7] defining t=¢At for
£=0,...,L where L+1 is the number of discretization points and At = % the time step.
In the numerical experiments, we shall use the following numerical schemes associated
to (2.11):

— Ezplicit Euler (EE) scheme:

v =0t + At A,
w = w4 At(a'w® — 6",
— Integral Explicit Euler (EEint) scheme:

VT =0t + AtAYY,
t14+1

vt =w'+ ([, ayedo)w’ —( :ZH 5([:;]sda)vf,
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— Runge-Kutta of order 2 (RK2) scheme:

2=yt 4 St A,
@2 =wh + St (alw’ - 54,
v =0+ ALADH2,

Wt =l £ At (ae+1/2@e+1/2 _ 5e+1/25e+1/2) ’

— Integral Runge-Kutta (RK2int) scheme:

Y2 =l 4 MAUZ

{154+1/2 £+ (ft CrAt/2 O./Eda')'w[* ( t"'+At/25['rl] do_)vf7

te o/e

Vi =0t + AtATH2

£ o1

e :w5+( tl+1 aa/ada)we.:,-l/Q _ (ft/z

)i
where (v/,w®) and (v*T!,w**1) are respectively approximations of (v["] (%), w! (tz)) and
(oM (¢4 1), wln (#41)) and A, af, a*F1/2, "1, 6%, 6F1/2, 541 denote respectively A,
Ayt foy QeepAL)2)/er Qi e 5£?}6, 5E?Z]+At/2)/€, 5£2l1/ Similarly to the iterations of the
homological equation and the derivation of the micro-macro problem, we compute the
integrals in the schemes EEint and RK2int using offline symbolic calculations.

2. A scalar test problem.

4.2.1. Presentation of the problem.

In this part, we study from a numerical point of view the problem (2.1) with a
“sharp-flat” scalar map defined by a, =af,, +a’. We choose it such that the equation
roughly behaves as the applicative problem considered in the next section with the
advantage of knowing an exact solution. More precisely, we consider a quasi-periodic
part of the form

: 1
=—1+bf_, with b¥_= - Zlcos(pr)
and an exponentially decreasing part of the form

ab :7€7T

T )

where 7 is a given constant. In this case, the exact solution of (2.1) is given by

sm(wpr)
77

ue(t):uoe_H‘E(Bf‘“/iJrag_az/5>7 with Bf,_ / b, da—
Wp

and it tends, as € goes to 0, to
u"™ (1) =uge L.

In the sequel, we consider two choices of frequencies:
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e Mono-frequency case (1F): r=1 with w; =,
e Multi-frequency case (3F): r =3 with w; =1, wp =7 and w3 =+/57.
We also take the following data : ug=1, T'=10.

The time evolution of the solution is presented in Fig. 4.1 for the problem with
no exponential decay (y=0), where the plot is restricted to short times (¢ € [0,2]) and
where ¢ is fairly large, for visualization purposes. In both cases 1F (left) and 3F (right),
the solution oscillates around the limit behavior "™ represented by a solid black line.
These oscillations are of small amplitude and seem essentially proportional to &, and
while their quasi-periodic nature makes them seem chaotic in the case 3F, the period
27e /wy = 2e appears clearly in the case 1F.

1 T 1 T T T
—-o-c=1.0 -o-c=1.0
—+—c =05 —+—c = 0.
08r e = 0.1|1 0.8 == 0.1[1
—c=0 —e=0
06} 1 0.6
" o4} . " 04
0.2} 1 0.2
4
0 L . L 0 . . :
0 0.5 1 1.5 2 0 0.5 1 1.5 2

t t

Fi1c. 4.1. Case 1F (left) and case 3F (right); time evolution of the exact solution u® for various
e and of the exact limit solution ul™,

4.2.2. Micro-macro problems.

Now, we write explicitly the different terms occurring in the micro-macro problem

(2.11) for n=1 and n=2, using the iterative relations (2.10) and the defect expression
(2.12).

Micro-Macro problem of order 1:
Since Al = —1 and A{®1} =bf_+a>, straightforward computations yield

ol =140l AM=_1  and oM =—c(pf +d>)CH
where we introduced

C’E] = Bf” —a’.

T

Consequently, at the first order, the solution is decomposed as @Ll/]svm (t) +wll(t) where

the micro-macro variables (v!*) wl'l) are solutions to the following problem

At = -l (1), ENN(7) P U—
' 1+<€C([)1]

atw[l](t):arw[l](t)+5(b5,7-+a5—)0f[r1]v[1](t)’ w[l](O)zo
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Micro-Macro problem of order 2:
Going on with the iterative process, further computations give

ol =gl 4 20 AP =_1.  and P =—&2(¥} +a’)C

b
where C’E] = ng +C’P] is given by

r . 9

b 1 sin®(w,7) —1/2
Cor = r2 <Z 22

=1 P

U, Wy, SIn(wp, 7)sin(wp, T) 4+ wp, €oS(Wp, T) cos(wp, T)
DY

2 .52
p1=1ps=1 wp2 (wpl wpz)
P2#P1

and
CE = ol B+ ()

Consequently, at the second order, the solution is decomposed as @?/ﬁvm (t)—i—wm (t)

where the micro-macro variables (v/?,w?) are solutions to the following problem
1+5C(g1] +52C([)2] , (4.1)
yw (1) = a,wlPl(t) +2(bF,_+a’)CPul (1), wl?(0)=0.

Al (1) =—ovl(2), v(0)

In this specific case, A2 is exactly equal to (a) but this is not the case in general.
It gives a macro variable v!? that differs from the limit solution »"™ only via the
perturbation in the initial data (<I>[02])_1(u0). Concerning the equation governing the

micro variable w!?, we clearly observe that the defect 62! is of size O(£?).

In Figs. 4.2 and 4.3, we plot the micro-macro quantities of order 1 (n=1) for

e=0.5, still for the pure quasi-periodic problem (y=0). They correspond respectively
to the cases 1F and 3F. These are computed with high precision, such that no issues of
numerical accuracy are considered at the moment.
On the left plots, the macro variable v!* corresponds exactly to the limit solution
since, for v=0, vl (0) =ug. However, the addition of the near-identity map ol
allows to incorporate the fast oscillations and to get closer to the exact solution u® (blue
plus-marked curves in Fig. 4.1). On the right, we present the micro variable wl! that
retains the information contained in the remainder. As expected by Corollary 2.1, it is
of size O(?). In addition, its second derivative 62w is of size O(1) in accordance with
Corollary 2.2. It confirms that the micro-macro problem can be solved with a standard
scheme. Again, the only difference between the cases 1F and 3F concerns the almost
periodicity of oscillations, both for the near-identity map and the macro variable. For
this reason, we focus only on the more generic multi-frequency case in the sequel.

uhm

4.2.3. Errors on the pure quasi-periodic problem (y=0).

We now analyze the numerical resolution of the micro-macro problem. First, we fo-
cus on the quasi-periodic case choosing v =0 (the addition of the exponentially decaying
term is studied in the next section).
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1 12 x10° 1
—oll ) -l
1],,[1] o
osl +<I>[ Tyl ] 10 ol
—+u 8 {05
06} e L
3 19 =
0.4} ] 4
0.2 ? 05
’ 3 0 3
0 : : : 2 : : : -1
0 0.5 1 15 2 0 0.5 1 1.5 2

t t

Fic. 4.2. Case 1F, e=0.5; time evolution of vl1, ®tylll and ue (left) and of wll and an
approzimation of d2wll (right).

3
1 8 x10 1
0
==ty
08f ——u°
061
04r
0.2r 1
k
0 A . . . . .
0 0.5 1 1.5 2 0 0.5 1 1.5 2

t t

FiG. 4.3. Case 3F, e=0.5; time evolution of v, ®Mu[ll and ue (left) and of wll and an
approzimation of afwm (right).

To evaluate the numerical solutions, we consider the following error:

E(Ate)= Jmax |us () —uf],

where u’ is the numerical solution either solving the stiff problem (2.1) or reconstructed
from the micro-macro problem (2.11).

In Fig. 4.4 and Fig. 4.5, we present the errors obtained using the standard RK2
scheme. The numerical resolution of the stiff problem (2.1) does not yield suitable
results. Indeed, in Fig. 4.4 (left), in the standard regime At < e, the error for a given
At increases as ¢ decreases. Exiting this regime, for smaller €, the error becomes hard
to predict. We observe pronounced peaks for some specific values of . It is known that
in the case 1F, the solution has a specific behavior when the time-step resonates with
the frequency of the problem, i.e. when w;At/e is a multiple of 2. For such a relation
between At and ¢, a standard scheme completely fails. The left-hand side of Fig. 4.4
demonstrates that this phenomenon still occurs in the quasi-periodic case, even without
perfect resonances. In the right-hand side, for large €, the error decreases with order 2
as expected, but when ¢ decreases, we observe an order reduction with slopes closer to
order 1. Even worse, for small ¢, there are some values of At for which the error is of
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10754

Error
Error

10-10 L

10® 1074 1078 1072 107
€ At

F1G. 4.4. Case 8F, RK2 scheme solving the stiff problem (2.1); error with respect to € for various
At (left) and with respect to At for various € (right).

On the contrary, the numerical resolution of the micro-macro problem of order
2 (4.1) gives a uniform accuracy i.e. independent of € as observed in the left-hand side
of Fig. 4.5. The errors associated to a given discretization step form a perfect horizontal
line. Having computed the micro-macro variables (11[2],111[2])7 we may decide to build
ul?l without incorporating the information of the remainder, i.e. using the relation
ul?l = ®Pyl2) instead of ull =Ry 4w, This is plotted in the right-hand side of
Fig. 4.5. As expected, we observe two regimes, with an error of size O(g?) for €% larger
than At? and of size O(At?) for smaller values of . It confirms that the macro variable
enhanced by the near-identity map gives accuracy for small values of € and that relevant
information for large values of € is retained by the micro variable.

10° 10°

-©-At=1.0e-01
——At=1.0e-02

-o-At=1.0e-01

1.0e-05

10°H

Error
Error

10—10 L

Fic. 4.5. Case 3F, RK2 scheme solving the macro equation 82.11) for n=2; error with respect to
e for various At defining ul? = @22 w2 (left) and ul? = @22 (right).

The error with respect to At is presented in Figs. 4.6-4.7 for various values of
e. In Fig. 4.6, the same value is used for the non-stiff convergence order s of the
scheme and for the approximation order n of the micro-macro decomposition. The
curves corresponding to the various € are indistinguishable straight lines, in accordance
with the flat lines of Fig. 4.5. This illustrates once more the uniform accuracy of the
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method. Moreover, we actually get a slope of 1 in the left figure (case s=n=1) and of
2 in the right figure (case s=n=2).

Error
Error

107 107 1078 1072 107 107 107 107 1072 107!
At At

Fic. 4.6. Case 8F, solving (2.11) for n=1 and using EE (left) and for n=2 and using RK2
(right); error with respect to At for various €.

In Corollary 2.3, we state that the scheme should be of the same order as that of
the micro-macro expansion. We illustrate this in Fig. 4.7 (left) by using a standard
scheme of order 2 but keeping the micro-macro approximation of order 1. At first
glance, the error is of size O(At?) but there exist some couples (At,e) for which the
error deteriorates. On the contrary, perfect straight lines fully on top of each other
are observed in Fig. 4.7 (right) when using the RK2int scheme. It illustrates that the
convergence order may be increased by one using a Runge-Kutta integral scheme as
mentioned in Section 2.3.5.

Error
Error

10-10

107 10 1078 102 107" 10 1074 1073 1072 107
At At

F1Gg. 4.7. Case 3F, solving (2.11) for n=1 using RK2 (left) and RK2int (right); error with respect
to At for various €.

4.2.4. Errors adding the decreasing term.

To finish the discussion on the scalar test problem, we finally add the exponentially
decreasing part ai choosing now y=1. In Fig. 4.8, we display the error with respect
to ¢ for various At (left) and with respect to At for various € (right) solving the micro-
macro problem (2.11) of order n=2 with the RK2 scheme. We obtain uniform accurate
results since all errors are of size O(At?) independently of e. This last case allows to
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check that the flat part in the sharp-flat decomposition does not bring further numerical
difficulties, in accordance with the feeling given by the proofs of Section 3.

10° ;
-6~ At=1.0e-01

1075 Frrrrn

Error
Error

7
10—10 L 4
A 2 o om0 249
107 1072 10° 107 107 107 1072 107!
& At

Fi1c. 4.8. Case 8F, v=1, solving (2.11) for n=2 using RK2; error with respect to € for various
At (left) and with respect to At for various € (right).

4.3. Bloch model and a hierarchy of approximations.

4.3.1. Presentation of the Bloch model.

Let us briefly present a Bloch model that governs the time evolution of the den-
sity matrix p € M, (C) associated to a quantum system described by n discrete energy
levels and forced by a given high frequency electromagnetic wave. More precisely, it
corresponds to the scaled matrix equation

i€20,p(t) = [Ho — V(t/<2), p(D)] +iQ(p),

where [-,-] denotes the commutator between two matrices, Hy=diag(E1, -, E,) is the
free Hamiltonian expressed in terms of the (scaled) energies E; associated to each energy
level, V is the time dependent electric potential matrix and @ is a relaxation term
that takes into account physical phenomena involving energy-dissipating processes or
collisions between particles. The density matrix p is made of (non negative) diagonal
quantities, denoted pq ;, called populations and representing the occupation number of
the levels, and of off-diagonal quantities, denoted poa i (With j#k), called coherences
and describing the probability of transitions from one level to another.

A rigorous asymptotic analysis of this model (when the small parameter € >0 goes
to 0) has been addressed in [BFCDO04]. In that scaling, the evolution is considered over
long times, of size 1/e2 and the influence of the electromagnetic wave is weak, of size
e, and depends on the fast time scale t/e2. Considering the bipolar approximation, we
assume that the entries of the interaction potential matrix V are of the form

Vir(T) =VHT)pjr,

where p is a given hermitian (dipolar moment) matrix and V* is a given (quasi-)periodic
function that takes into account the time dependence of the wave. Also, we assume that
the quantum system relaxes to a given equilibrium state, via relaxation coefficients ;i
which have an effect on the off-diagonal part of the density matrix only. More precisely
we consider that Q(p);jr=—"7;kpjr Where relaxation coefficients, uniform with respect
to €, are such that v;, =~1; >0 for all j#k and v;; =0 for all j. The basic dynamics
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is thus given by a (damped) high-frequency oscillation, with frequency 1/2. Indeed,
denoting Q;, =—i(E; — E) — 7k, the coefficient p;; of the density matrix is solution to
the equation

0ups1(0) = 25 Qupie (6)+ SV (/)lp pl0) (4.2

Finally, at initial time ¢t =0, we assume a density matrix with vanishing coherences and
non negative populations piit.

REMARK 4.1. Notice that, compared to the previous sections, the characteristic time is
now &2 instead of . Consequently, T now refers to t/e* and not to t/e.

In this paper, we propose to use the micro-macro problem introduced and analyzed
in the previous sections to obtain a uniformly accurate scheme. However, we do not
tackle the resolution of the entire Bloch model (4.2) with both coherences and popu-
lations. It does not enter directly into the “sharp-flat” framework and its numerical
resolution is beyond the scope of this paper. Instead, we consider an approximation
(presented in the next section) that gives an equation governing the populations only.
Indeed, in [BFCDO04], it has been proven that, in the limit € — 0, the diagonal part of
the density matrix solution to (4.2) tends to the solution of a rate equation in which the
transition rate is an appropriate time average of the potential, while the off-diagonal part
vanishes. Interestingly, the asymptotic analysis is based on successive approximations
which, after some point, all fit into the sharp-flat framework considered here.

4.3.2. Transformation to a “sharp-flat” problem.

We first transform the model (4.2) into a closed equation governing the populations
pa only. As detailed in [BFCDO04], this is done by writing the equation on coherences
as an integral equation and keeping only the first order expansion in e of the right-
hand side. Since the coherences initially vanish, this depends only on the populations,
and inserting it into the population equation gives a time delayed integro-differential
equation. Finally, the delay being small, the populations tend to be the solution of the
delay-free equation

Dupl ;= (Wyyez)iy (5,(8) — 05 ,(1)). (4.3)
I#j

where we introduced the time dependent transition rate
(7)1 =2Ipii*Re [V¥(7) / exp (o) V(7 — 0)da]. (4.4)
0

In [BFCDO04], it is proven that, for all T'> 0, there exists C' >0, independent of ¢, such
that

b
llpa —Pg | o< ([0,77.01) < Cé,

with the notation ||palln =327_, [pa,jl-

As it can be seen in Appendix B.1 where explicit expressions of (¥,);; are computed
for a specific r-chromatic V#(7), the transition rate defined in (4.4) is the sum of a (quasi-
)periodic part \I!?j and an exponentially decaying part \Il'l’j as in Section 2. This is the
reason why the problem (4.3)-(4.4) completed with the initial condition pgb(O) = pinit js
described by the sharp-flat framework and can be solved with uniform accuracy using
the micro-macro problem (2.11) as we illustrate in the sequel.



26 UNIFORM ACCURACY FOR A BLOCH APPROXIMATION

REMARK 4.2. The equation (4.3) can be written

b b
iply (t) =as/e2p (1)

introducing the population vector pudb = (pgb}l,--- ,pgb)n)T and defining the matriz map 7+
ar such that
W)k if j#Fk,
(a‘r)jk - P
*Zl;ﬁj(‘l’r)lj if j=k.

This form is used for the implementation. Nevertheless, for the simplicity of the pre-
sentation, we consider in the sequel the matriz V., instead of ar and we have to keep in
mind that it is the matriz occurring in the rate equation.

4.3.3. Further approximations of the populations.

Before presenting some numerical results, we shortly describe the next approxi-
mation in the hierarchy analyzed in [BFCDO04] as well as the limit problem with the
averaged transition rate.

The transition rate ¥ defined in (4.4) can be approximated by a rate U°° defined
integrating up to oo instead of 7, i.e.

+oo
(U2°);; =2|pij|*Re |:Vﬁ(7')/0 exp(Qlja)Vﬁ(TfU)da . (4.5)

As emphasized by the explicit computations presented in Appendix B.1, it corresponds
to neglecting the exponentially decaying part \Illbj. We obtain new approximate popu-
lations, denoted p3*, that verify the following rate equation with a quasi-periodic time

dependent transition rate

DepFs ()= (W572)iy (055 (£) — p§5 (1)), (4.6)
I#j

Finally, by averaging theory, ¥>° (as well as ¥) can be approximated by a time inde-
pendent transition rate

. 1 (T N . 1 /T
W= im 7 [ @F)ydo= tim ()0 (4.7)

leading to the limit problem

0Pkl ()= (W) (pi7 (t) = b5 (1)) (4.8)
1#]

Again, an explicit expression of (¥) is presented in Appendix B.1. In [BFCDO04], the
convergence of pﬁb to pli™ (and thus of pg to pi™) is proven to be in O(e) for quasi-
periodic waves fulfilling the Diophantine inequality (2.6) and in o(1) for more general
KBM waves.

Obviously the averaged linear equation (4.8) is not stiff and does not present any
numerical difficulties. It is also the equation governing the zero order micro-variable

vl% when a micro-macro decomposition is used to approximate either (4.3) or (4.6).
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4.3.4. Numerical results.

In this part, we present the numerical results obtained with the micro-macro
schemes described in Section 4.1. The micro-macro decomposition requires some of-
fline symbolic computations depending on the prescribed electromagnetic wave. Due to
the complexity of these computations, we limit our micro-macro decomposition to order
1, thereby obtaining second order uniform accuracy with the RK2int scheme. It is also
for this reason that we consider the equation (4.3) for the case 1F and the equation
(4.6) for the case 3F. An example of such computations is presented in Appendix B.2
for the monochromatic forcing.

For the numerical tests, we use in the sequel n=3 quantum levels with scaled
relative energies F4 =0, F5 =2 and F3=3. A larger number of levels could be consid-
ered, but the choice n =3 illustrates our result properly while keeping the presentation
clear. With a larger n, the number of function evaluations (through the use the of-
fline symbolic computations) would increase but each component of the n x n matrices
could be computed in parallel. We also use identical relaxation coefficients and dipolar
moment coefficients (v =1—3d,; and p;p =1—7;, where ;5 is the Kronecker delta),
T=10 as final time and pi*=10,0,1] as initial population. The choice of frequencies
wp in V* is similar to the one of the previous section (case 1F and case 3F), with
VE(r) =130 cos(wpT).

Since the exact solution of the problem is not known, we define instead a reference
solution p5f to analyze the quality of the micro-macro solution pP*"**. We use the EEint
scheme directly applied to the equation (4.3) or (4.6) with a reference discretization step
At,ef =5.107%, which yields an approximation accurate to at least 107°. The error we
compute is

£,0 y
E(At’e)zoglzag%”p‘rie ="

where L+1 is the number of discretization points used to compute the approximate
solution (L chosen as a divisor of L*f).

We first consider a monochromatic wave (case 1F). In Fig. 4.9, we present errors
obtained when we solve the stiff problem (4.3) with the standard EE scheme. As
expected, it does not yield suitable results with, for a given At, increasing errors for
decreasing . In addition, there exists some values e for which the error is of size O(1)
for any At. On the contrary, when we apply the same standard EE scheme to the
micro-macro problem (2.11) associated to (4.3), we obtain uniform accurate results as
illustrated in Fig. 4.10. The reader may notice that for large values of ¢, the error
is slightly degraded, in the sense that the error constant (which multiplies At® in the
error) is slightly larger for £ >0.1. However, this threshold is independent of the time-
step At and remains uniformly bounded w.r.t. €, which does not contradict our result
of uniform accuracy. This is furthermore verified when plotting the error with respect
with At, which shows straight lines of slope 1. The lines are not on top of each other
only for values of ¢ larger than 0.1 (blue, orange, yellow and purple results), but even
for these values the slope remains unchanged.

Then, we present in Fig. 4.11 results obtained when the micro-macro problem (2.11)
of order 1 is solved using the RK2int scheme. As already discussed for the scalar test
problem, it allows to increase the convergence error by one, giving uniform errors of size
O(At?). Notice that we are limited by the accuracy of the reference solution. This is
why we do not consider discretization steps smaller than 3 x 10~ in this context, since
even for this fairly large time step, results are slightly affected.
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FiG. 4.9. Case 1F, solving (4.3) using EE; error with respect to e for various At (left) and with
respect to At for various € (right).
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F1G. 4.10. Case 1F, solving (2.11) for n=1 using EE; error with respect to € for various At (left)
and with respect to At for various € (right).
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Fi1G. 4.11. Case 1F, solving (2.11) for n=1 using RK2int; error with respect to € for various At
(left) and with respect to At for various € (right).

Finally, we consider a multi-chromatic wave (case 3F) for the decay-free prob-
lem (4.6). Thanks to the in-depth study of the scalar test case, we know that the
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exponentially decreasing terms do not bring further numerical difficulties thus this test
case remains representative of the problem (4.3). Results presented in Fig. 4.12 are
qualitatively similar to the previous ones. It confirms that our approach is suitable
to describe the long time evolution of populations for a quantum system forced by a
quasi-periodic electromagnetic wave.

10° x
-~ At=1.0e-01
—~— At=1.0e-02
107 f =1.0e:0 3
2 At=1.0e-0 I
_ 1072} /.S/fw
e +——H+—— ¥
i}
103} E
107} M
10® 1074 1072 10°

F1G. 4.12. Case SF, solving (2.11) for n=1 using EE; error with respect to € for various At (left)
and with respect to At for various € (right).

5. Conclusion

This paper was concerned with a generic linear differential equation, with a time-
dependent forcing which can be split in a quasi-periodic part and an exponentially
decaying part. Adapting averaging techniques, we performed a micro-macro decom-
position, which was proven to be well-posed. We then obtained suitable estimates on
time-derivatives of the micro and macro variables meaning that the micro-macro prob-
lem can be solved with uniform accuracy using a standard scheme.

Using a toy problem for which the exact solution is known, we illustrated the dif-
ferent components of this approach e.g. the size of the micro-part and of its derivatives,
thereby validating the uniform accuracy results. Then, we successfully applied it to a
transitional model derived from the Bloch model.

A continuation of this work is to propose an approach to solve numerically the
original Bloch model (4.2) governing both populations and coherences. We believe the
information learnt in this paper on the populations given by the transitional model can
be enriched using predicted coherences in the population equation and then correcting
them with an appropriated integral scheme.

Appendix A. Auxiliary proofs.
This appendix contains the proofs of some technical results used in Sections 2 and 3.

A.1. Sharp-flat decomposition.

Proof. (Proof of the direct sum defined in Definition 2.5) To prove that &*
and & are in direct sum, we show that any function ¢ € ELNE’ is necessarily zero. Since
@ €& it can be represented as Fourier series and for all 7> 0,

) =N =N 1 L
©r = (pgzr = Z el(a-u))‘r@a where Pa = / e " 0<Pgd9~
aEZ" "
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Thanks to Arnold’s theorem,

1", 1",
Do = lim ?/ e*w"(‘”)gpgﬁdT: lim ?/ e~ U™, dr.
0 0

T—o0 T—o0

Since we also suppose that ¢ € £, |l¢|| <e 7||¢||re and therefore

1t
S / i), 47
0

<t [ emarlollig, < Al
T =Ty O TV Plis

exp — T exp’

which tends to 0 as T tends to infinity. Hence, @, =0 for all « and ¢ =0. O
Proof. (Proof of Proposition 2.1) Let ¢ and ¢ in &;. They are uniquely decom-
posed as @, =¢f_+¢% and §, =@F_+@". So, the product 1) = @ verifies

wT

Pr=(0P)r = b Pl + b B+ LB+ OB

We introduce ¥f and v such that ! _=pf & and o° =pf & + 28+ 250, We
first estimate

T.1b T b T b ~ ~b
eyl <l lle™ @l + e (I 1+ 12°1)
~b b ~ ~b
<N & NIz, + 1€ | zes, (IGF 1 +118°) < +-o0c. (A1)

exp exp

Hence 1 € £”. Now we compute the Fourier series

Z eia-eﬁa: Z 6ia-0({0\*$)a: Z e'? Z S/D\B?Pvﬁfa

a€Z" a€Z" [A<V/M BEZLT
8-0 ~ -0 ~
=Y e85 Y G, =0h3 (A2)
BEL" YEZT

By the uniqueness of the decomposition, we therefore have ¥ € £ and v :wfﬁﬁ—q/zﬁ.
Since we have only used the fact that ¢ and ¢ are in £, £ is an algebra. Let us now
prove that & is an algebra. To this aim we estimate A (). From equation (A.2)

[l =1l < 3 e 3 [ gady

~EZ" o, BELT ,at+PB="y
< 3 el 5, 1Bl = 1o 1
a,BEL"

From (A.1), we also immediately have

1 leg, < NP1 Nzeg, + 107 e, (1 1le + 18Il ez, )-

exp exp exp exp

Gathering the above estimates
Na(¥) SN ()N (D).

This in particular implies that £ is an algebra. O
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A.2. Integration in sharp-flat spaces.
Proof. (Proof of Lemma 3.1.) Thanks to the sharp-flat decomposition we can
write

e — (W)=Y My 4l
a#0
Integrating this
ei(a-w) R

Pr= <<»0> + o+ ' ¢Zd0,
;z(a-w) +oo

where () is the integration constant, considering that the sequel has zero mean. This
yields the sharp-flat decomposition for (:

g i(aw) wa d b _ T bd :
o <¢>+§)6 o) A er= ) vodo

We first estimate

b T b oo b
Iz, =supe” | [ whdo| <sup [ e g, do =07,
TZ +oo 7>0J1
Then
n e—(rs—r)al R
L Ml ot D
a#0 a#0

Using the Diophantine condition
lo* = (@Ml <)Y el gha] = ey (k) 19* = () lny
a#0
where we have defined

cy(k)=—supz’e”

CD z>0 1 lf Z/ZO.

¢D

mz:{clp(:e)y 1f1/7é0,

Gathering the above estimates and using the definition of ¢; (3.1)

Nee_ (=) =llo—(o)lu +110" I Leg,

<ma(L e, (s — ) (106 = () ey 19 5, )
—erlrs — KW, (6 ().

A.3. Properties of the A operator.
Proof. (Proof of Lemma 3.2.) By definition

Mep}r =arpr —pr{ap).
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The algebraic properties of Proposition 2.1 and inequalities (2.7) ensure the direct bound
Ni(Me}) SNe(@)Nic (@) + N (@) [(ap)] < (14N (9)) N (@) N ().
Since N (p—id) <c,
Nio(p) SN (id) + N (p —id) <1 +e.
Gathering theses estimates, we obtain
Ni(Meh) (141 +c)) M(1+c)=(2+c)(1+c) M.
Last
Me} =M@Y =a(p—¢)—plalp—9)) — (¢ —§) (ap),
and this can be bounded as
Ni(Mo}t =A@} < (1+ (1+0)+ (1+¢)) MN (9 — @) = (34+2c) MN,: (¢ —§).

Setting N.=(2+¢)(1+¢) and L.=3+2¢, we obtain the estimates of Lemma 3.2. O
REMARK A.1. The same type of estimates are also valid with no closure assumption. In
this case, we find that {(©)~! can be bounded from above by 1/(1—c), and the constants
should be N.=2(1+4c)/(1—c) and L.=4/(1—c)?.

A.4. Properties of the derivatives of the A operator.
Proof. (Proof of Lemma 3.3.) Using the Leibniz’s product rule

p
0= (1 )oraon .
—o \P
p'=0
we have
~ (p
|02 (ag)ll < ( sup [l97a) ( sup 02 Z( ,)szqc@M sup_ 97
0<p<gq 0<p<gq =0 \P 0<p<gq

Recalling also that |(ap)| < M(14c¢), we obtain

sup |02 (A{@})| = sup [[0%(ap—plap)| < (29CY +14c)M sup ||0%¢p].
0<p<q 0<p<q 0<p<gq

Moreover, assuming also that sup [|0P¢|| <c@ and sup [|0P@] <9,

0<p<q 0<p<q
Ost;qua”(A&P} INERIE Sl ||3”( a(p—@)—e(ale—)) — (¢ —&)(ad)) ||
(QqC )+1+C)Moiug 192 —D)-

Setting Né‘” :2(10(([1) +14¢ and qu) :Né‘” +¢@ ) we obtain the estimates of
Lemma 3.3. 0

Appendix B. Bloch computations.

In this appendix, we present some computations to clarify the description and the
implementation of the rate equations derived from the Bloch model, considering that
the quantum system is forced by a (quasi-)periodic wave.
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B.1. Explicit expressions of the transition rates.
We consider a r-chromatic wave of the form

E T
Vir)==2 E cos(wpT).
r
p=1

Using the computation

T Qet?r Q
/O eﬂacos(w('r—o'))do': QQj—oﬂ + Q2iw2 sin(wT) — WCOS(MT)
and introducing the coefficients
(JJGQT QeQT
R(T,W,Q)_RG<M> and S(T,W,Q):fRe <u)2—|—§22> s (B].)

we obtain expressions for ¥ and ¥ defined respectively in (4.4) and (4.5). They read

U, =0F +0° and U =0f

with
. 2E§ ) r r .
(W)= 22l D2 D cos(iy, ) (sin(eop VRO, 005)
p1=1p2=1
+cos(wp27')S(0,wp2,Qlj)),
and
b 23 ax~
(\IIT)lj :77,T|plj| Z Z Cos(wplT)S(vaPlej)'

p1=1p2=1

We remark that the term e*” appears only in the expression of \I/'; meaning that the
frequencies of the term W¥ _ are those of the electromagnetic wave, the eigenfrequencies
of the quantum system acting only on the amplitude coefficients. Then, the average

transition rate defined in (4.7) may be cast as

E? .
(W)= 7§|Plj 2 50,0y, ;).

p=1

Notice that

Vi 1 1
S(0,w, ;) =2 + .
( ) 2<ﬁ+w+&—@y ﬁ+@—a+ay>

This explicit expression emphasizes that some resonances can occur between the high-
frequency oscillations of the electromagnetic wave (carried by w) and that of the quan-
tum system (carried by the eigenfrequencies E; — Ej).
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B.2. Off-line computations for the Bloch micro-macro problem.

For the simplicity of the presentation, we consider in this appendix a mono-
chromatic wave V¥(7) = Eycos(wt) and compute coefficients needed for the implemen-
tation of the micro-macro scheme of order 1 associated to equation (4.6). The treatment
of the r-chromatic wave and the addition of the exponentially decreasing terms associ-
ated to equation (4.3) only make more complex the expressions and do not bring further
difficulties.

For this restricted case, we simplify notations introduced in (B.1) denoting

Ri;=R(0,w, ;) and S;; =S(0,w,;).
The transition rate reads
(0 = (UF ) =2E3 |pij | (cos(wT) sin(wr) Ry, + cos® (oJT)Slj) .
and its average is given by
(W)15 = Eg|pij|*Syj-

Then, in order to obtain the near-identity map at first order ®[!!, we need to compute
the integral

T E2 12
(Y)1; ::/ ((\Ilgo)lj — (\Il>lj)da: % (sinz(wT)le +sin(wT) cos(wT)Slj)
0
as well as its average
0o E2‘pl ’|2
(Y >1j=OTJle-

Finally, in order to compute A as well as A{CD[I] }, we consider the product

i = 2E5 |pyj |*|pril?
=

(T2°)1, (T2 . (cos(wr)sin?’(wT)leRki—|—cos3(w7’)si 7)S1;Ski

T

n(w
+ cos? (wr)sin® (wr) (Ry; Ski + Siy sz)) .

Since (cos(wr)sin®(wr)) = (cos®(wr)sin(wr)) =0 and {(cos?(wr)sin?(wr)) = %, the aver-
age of this product is

Eg|pis | 1pxil®
(TR == (BuiSki+ S Bri).
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