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Abstract

We use graphs where vertices and arrows are attributed with sets of
values, and rules that allow to delete data from a graph, to create new
vertices or arrows, and to include values in attributes. Rules may be
applied simultaneously, yielding a notion of parallelism that generalizes
cellular automata in particular by allowing infinite matchings of rules in
a graph. This is first used to define a notion of sequential independence
of a set M of matchings of rules, even when M is infinite. Next, a notion
of parallel independence of matchings is defined that accounts for the par-
ticular treatment of attributes, and it is proven to characterize sequential
independence. Last, the effective deletion property, a condition that en-
sures that rules can be applied in parallel without conflicts, is proven to
generalize parallel independence.

1 Introduction

The notion of parallel independence has been studied mostly in the algebraic
approach to graph rewriting, see [1] and the references therein. It basically
consists in a condition on concurrent transformations of an object that char-
acterizes the possibility to apply the transformations sequentially in any order
such that all such sequences of transformations yield the same result. When
two transformations are involved this takes the form of the diamond property
and is known as the Local Church-Rosser Problem. Parallel independence then
allows to define critical pairs, a central notion in Term and Graph Rewriting.
This problem should therefore also be considered in algorithmic approaches
to graph rewriting. Indeed, the informal description of parallel independence
given above makes perfect sense out of the algebraic approach; it is purely op-
erational. Consider for instance Python’s multiple assignment a,b := b, a that
swaps the values of a and b. We naturally understand this as a parallel expres-
siona :=b || b:= a. If a and b have the same value then the two assignments can
be evaluated in sequence in any order; they are parallel independent. If however
they have distinct values, the two sequential evaluations yield different results
(and none corresponds to the intended meaning); the two assignments are par-
allel dependent. Parallel dependence typically occurs in cellular automata when



the local rule is applied to neighbor cells (because of the overlap); thus sequen-
tial applications of the local rule would result in non deterministic automata. It
is therefore necessary to define a parallel transformation that handles parallel
dependence. One has been described in [5], where graphs are attributed by sets
of values (see Sections 2 and 3). Sets are convenient because they allow to add
as many values as required, just as new vertices and arrows can always be added
(see Section 6 for a more precise argument).

But there is a fundamental difference between the two, that lies in the se-
mantics of the rules described in Section 3: vertices and arrows are always added
as new objects, but values are added by inclusion in attributes, where they may
not be new. This is different from E-graphs, an alternate notion of attributed
graphs with any number of values (see [3]), and is bound to have an impact on
parallel independence.

We are first faced with the same difficulty as in the algebraic approach,
that is to apply transformations meant for the same graph in sequence, hence
on already transformed graphs (except for the one considered first). This is
solved in Section 4 by taking advantage of the parallel transformation defined
in Section 3. In Section 5 a definition of parallel independence adapted to the
present framework is given, and proven to be correct since it is equivalent to
sequential independence. Finally, Section 6 is devoted to the effective deletion
property from [5], a condition that guarantees that parallel rules do not clash.
It is proved that parallel independence entails effective deletion, hence that the
latter tolerates more overlaps than the former. The proofs can be found in the
Appendix.

2 Attributed Graphs

We assume a many-sorted signature 3 and a set ¥ of variables, disjoint from X,
such that every variable has a ¥-sort. For any finite X C ¥, 7 (X, X) denotes
the algebra of Y-terms over X.

An attributed graph (or graph for short) G is a tuple (G, G, G, G, 7, G)
where G,é are sets, G,G are the source and target functions from G to G‘,
e is a Y-algebra and G is an attribution of G, i.e., a function from G U G to
P(|H]) (the carrier set | s | of o is the disjoint union of the carrier sets of
the sorts in 27;). We assume that G, G and |7z are pairwise disjoint; their
elements are respectively called vertices, arrows and attributes. G is unlabelled
if G(z) = @ for all z € GUG, it is finite if the sets G, G and G(z) are finite.
The carrier of G is the set |G| < GUG U | o).

A - graph H is a subgraph of G, written H < G, if the underlying graph
(H, H,H H )of His a subgraph of G’s underlymg graph (in the usual sense),
Ay = dg and H(x) C G(x) for all z € HUH.

A morphism o from graph H to graph G is a function from [H ] to [G] such
that the restriction of « to H U H is a morphlsm from H’s to G’s underlying
graphs (that is, Goa=aoHand Goa = ao H this restriction of « is
called the underlying gmph morphism of «), the restriction of « to | | is a
- homomorphlsm from ofp to <z, denoted &, and & o H( ) C Go a(x) for
all 2 € HU H. Note that H < G iff |H| C |G| and the canonical injection
from |H] to |G| is a morphism from H to G. A morphism « is a matching if



the underlying graph morphism of « is injective. « is an isomorphism if o and
a~! are bijective morphisms, hence iff the underlying graph morphism of « is
an isomorphism, & is a Y-isomorphism and & o H=Goa. Foral F < H, the
image «(F) is the smallest subgraph of G w.r.t. the order < such that «| \p) 18
a morphism from F' to a(F).

Given two attributions ! and I’ of G let I\ I’ (resp. I NI, lU!) be the
attribution of G that maps any z to I(x) \ I'(z) (resp. I(z) NI'(x), I(z) Ul'(x)).
If [ is an attribution of a subgraph H < G, it is implicitly extended to the
attribution of G that is identical to [ on HU H and maps any other entry to @.

Unions of graphs can only be formed between joinable graphs, i.e., graphs
that have a common part. We start with a simpler notion of joinable functions.

Definition 2.1 (joinable functions). Two functions f : D — C and g : D' — C’
are joinable if f(x) = g(zx) for all z € DN D’. Then, the meet of f and g is the
function f Ag: DND’" — CNC’ that is the restriction of f (or g) to DND’. The
join f Y g is the unique function from DU D’ to C'UC’ such that f = (f Y g)|p
and g = (f Y 9)[p/-

For any set I and any I-indexed family (f; : D; — C;);er of pairwise joinable
functions, let Y;crf; be the only function from J,.; D; to J,.; C; such that

fi=(Yier fi)|p, for all i € I.

We see that any two restrictions f|, and f|g of the same function f are
joinable, and then f|, A flg = flanp and fl4 Y flg = flaup. Conversely, if f
and ¢ are joinable then each is a restriction of f Y g.

icl i€l

Definition 2.2 (Jomable graphs). Two graphs H and G are joinable if oy =
g, HNG = HNG = @, and the functions H and @ (and similarly H and &)
are joinable. We can then define the graphs

HNG ¥ (HNG, HNG, HA G, HAG, oy, HNG ),
HUG ¥ (HUG, HUG, HY G, HY G, oy, HUG ).

Similarly, if (G;)ics is an I-indexed family of graphs that are pairwise joinable,
and A is an algebra such that A = o5, for all i € I, then let

|_|G UG“ UGla Y'LGIGZ; YzelGu A UG

icl iel iel i€l

It is easy to see that these structures are graphs: the sets of vertices and
arrows are disjoint and the adjacency functions have the correct domains and
codomains. If I = & the chosen algebra A is generally obvious from the context.
We see that any two subgraphs of G are joinable, and that H < G ifft HNG = H
iff H UG = G. These operations are commutative and, on triples of pairwise
joinable graphs, they are associative and distributive over each other.

For any sets V', A and attribution I, we say that G is disjoint from V, A,l
fGNV =0,GNA=gand Gz)Ni(z) =@ for all z € GUG. We write
G\ [V, A,1] for the largest subgraph of G (w.r.t. <) that is disjoint from V, A, 1.
This provides a natural way of removing objects from an attributed graph. It is
easy to see that this subgraph always exists (it is the union of all subgraphs of
G disjoint from V| A, 1), hence rewriting steps will not be restricted by a gluing
condition as in the Double-Pushout approach (see [3]).



3 Applying Rules in Parallel

Definition 3.1 (rules, matchings). For any finite X C ¥, a (X, X)-graph is a
finite graph G such that o/ = 7 (X, X). Let

Var(G) = U ( U Var(t)),

zeGQUG tel(z)

where Var(t) is the set of variables occurring in t.

A rule ris a triple (L, K, R) of (2, X)-graphs such that L and R are joinable,
LN R <K <L and Var(L) = X (see Remark 3.2 below).

. A matching p of r in a graph G is a matching from L to G such that f(L(z)\
(@) N (x)) = & (or equivalently (L) \ K (x)) = jl(L(2) \ i (K (2))) for
all z € K UK. We denote .# (r,G) the set of all matchings of r in G (they all
have domain |L]).

We consider finite sets R of rules such that for all r,7/ € R, if (L, K,R) =
r#r =(L',K',R') then | L] # |L'], so that .#(r,G) N .4 (r',G) = & for any
graph G; we then write .#(R,G) for ¢}, x #(r,G). For any u € .#(R,G)
there is a unique rule r, € R such that p € .#(r,,G), and its components are
denoted r, = (L,, K, Ry).

Remark 3.2. If X were allowed to contain a variable v not occurring in L, then
v would freely match any element of </; and the set .#(r,G) would contain
as many matchings with essentially the same effect. Also note that Var(R) C
Var(L), R and K are joinable and RMK = LMR. The fact that K is not required
to be a subgraph of R allows the possible deletion by other rules of data matched
by K but not by R. This feature enables a straightforward representation of
cellular automata (see [4]).

A rewrite step may involve the creation of new vertices in a graph, corre-
sponding to the vertices of a rule that have no match in the input graph, i.e.,
those in R\ L (or similarly may create new arrows). These vertices should re-
ally be new, not only different from the vertices of the original graph but also
different from the vertices created by other transformations (corresponding to
other matchings in the graph). This is computationally easy to do but not that
easy to formalize in an abstract way. We simply reuse the vertices z from R \ L
by indexing them with any relevant matching p, each time yielding a new ver-
tex (z, u) which is obviously different from any new vertex (x,v) for any other
matching v # u, and also from any vertex of G.

Definition 3.3 (graph GZ and matching p1). For any rule r = (L, K, R), graph
G and p € A (r,G) we define a graph GIL together with a matching ut of R in
GJ,. We first define the sets

GLE pRNEK)w((R\K)x{p}) and G, = p(RNK)w((R\K)x {u}).
Next we define pt by: it £ i and for all z € R U R, if x € KUK then

(@) 2 op(x) else pt(z) & (z,p4). Since the restriction of uf to R U R is

bijective, then uf is a matching from R to the graph

Gl, < (Gl, Gl ytoRout™ ytoRowt™, o, jito Royt™").



By construction uf(R) = Gf“ w and ut are joinable and p A pf is a matching
from RN K to u(RMK). It is easy to see that the graph G and the graphs GIE
are pairwise joinable.

For any set M C .#(R,G) of matchings in a graph G we define below how
to transform G by applying simultaneously the rules associated with matches
in M.

Definition 3.4 (graph G||,,). For any graph G, set M C .#(R,G) and match-
ing pe #(R,G), let

Glly = G\ [Var, A, ] U |_| GZ where
pneM

Vi = U M(Lu\Ku)v Ay = U M(EM\KM) and £y < U ﬁo(f‘u\f{u)oﬂ_l-
pneM pneM pneM

If M is a singleton {u} we write G||,, for G|/, V,, for Vi, etc.

G|, is guaranteed to be a graph since the Ll operation is only applied on
joinable graphs. Every morphism pf is a matching from the right hand side
R, to the result G|, of the transformation. The case where M is a singleton
defines the classical semantics of one sequential rewrite step.

Definition 3.5 (sequential rewriting). For any finite set of rules R, we define
the relation —5 of sequential rewriting by stating that, for all graphs G and H,

G —r H iff there exists some p € #(R,G) such that H ~ G| .

4 Sequential Independence

In the Double-Pushout approach to graph rewriting (see [3]), sequential inde-
pendence is a property of two consecutive direct transformations, formulated as
the existence of two commuting morphisms j; and jo as shown below.

Ly Ky Ry Ly Ky Ry
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~ -
~ -
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It is then proven by the Local Church-Rosser Theorem that the two production
rules can be applied in reverse order to G and yield the same result Hy (we may
call this the swapping property). Of course, the matchings uq and ps are then
replaced by other matchings that are related to p; and puo. A drawback of this
definition is that it does not account for longer sequences of direct transforma-
tions. Indeed, if three consecutive steps are given by (1, pa, pi3), it is possible to
swap 1 with us if they are sequential independent, and similarly for po and us,
but this does not imply that u; and ps can be swapped under these hypotheses
(because the matchings, and hence the direct transformations, are modified by
the swapping operations). We would need to express sequential independence



between p; and pg, but the definition does not apply since they are not consec-
utive steps. More elaborate notions of equivalence between sequences of direct
transformations are thus required (see [2]).

Because of the specificities of our framework (no pushouts, horizontal mor-
phisms are only canonical injections, and we do not have such a morphism from
K to R) we need a different definition of sequential independence. It is natu-
ral to think of the swapping property as the definition, since it describes the
operational meaning of parallel independence, but we are faced with another
problem. We are dealing with possibly infinite sets of matchings of rules in a
graph, and we cannot form a notion of infinite sequences of rewrite steps (be-
cause each step may both remove and add data). Yet we do not wish to restrict
the notion to finite sets, not simply for the sake of generality but also because
it is closely related to parallel independence, a notion that can naturally be
defined on infinite sets (see below).

We may however use Definition 3.4 to handle infinite sets of matchings, and
thus express sequential independence as the possibility to apply any rule after
the others (and these can be applied in parallel), yielding the same result as
a parallel transformation with the whole set of matchings. Yet this definition
would not imply that subsets of a sequential independent set are sequential
independent, hence it needs to be stated for all subsets.

Definition 4.1. For any graph G and set M C .#(R,G), we say that M is
sequential independent if for all M’ C M and all p € M \ M’,

e 1(L,) < G|y, hence there is a is canonical injection j from u(L,) to

Gllpgrs

o there exists an isomorphism a such that (G|l ypuq,,) = (Glly) s, and

« is the identity on G.

jop

The isomorphism « in Definition 4.1 is necessary to account for the difference
between the isomorphic graphs pf(R,) and (j o u)t(R,).
Tt is then easy to see (by induction on the cardinality of M) that

Proposition 4.2. For any graph G and finite set M C #(R,G), if M is
sequential independent then
G =% Glly-

Of cours there is usually more than one sequence of rewriting steps from
G to GY|,;, since under the hypothesis they can be swapped; but without it
there is generally none (as illustrated in Section 1). And the fact that there is
one such sequence does not imply sequential independence, i.e., the converse of
Proposition 4.2 is obviously not true.

5 Parallel Independence

In the Double-Pushout approach, parallel independence is a property of two
direct transformations of the same object G, formulated as the existence of two
commuting morphisms j; and jo as shown below.
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This definition can easily be lifted to sets of matchings (or direct transfor-
mations) by considering all possible pairs of matchings, with a slight caveat. In
this definition the two direct transformations may be identical, thus stating a
property of a single transformation that is clearly not shared by all. But Defi-
nition 3.4 does not allow to apply any member p of M more than once (because
applying u any number of times in parallel would jeopardize determinism). For
this reason any singleton M shall be considered as parallel independent.

The Local Church-Rosser Theorem mentioned above actually shows that p;
and o are parallel independent iff they correspond to a sequential independent
pair (1, ph), where ug and pfy are related. It is the symmetry between g
and po that entails the swapping property. This is remarquable since parallel
independence does not refer to the results of the direct transformations involved.

Our goal is therefore to formulate parallel independence in the present frame-
work, in order to obtain an equivalence similar to the Local Church-Rosser
Theorem. Considering that the pushout complement D is replaced by the
graph G\ [V,,,A,,,¢,,], the commuting property of jo amounts to ps(Ls) <
G\ [Viui, Apui s £y, ], that can be more elegantly expressed as po(La) M pq(L1) <
11 (K7). This simply means that any graph item that is matched twice cannot
be removed.

However, our treatment of attributes makes it possible to recover in the
right hand side an attribute that has been deleted in the left hand side (this is
of course not possible for vertices or arrows). This possibility should therefore
be accounted for in the notion of parallel independence, i.e., an attribute that
is matched twice may be deleted provided it is recovered. We also need to
consider what it means for an attribute to be matched: it may be the case
that an (occurrence of an) attribute is matched by vt but not by v (i.e., it
corresponds to an occurrence of a term in the right hand side of a rule but to
none in the left hand side). This leads to the following definition.

Definition 5.1. For any graph G and set M C .#(R,G), we say that M is
parallel independent if

w(Ly) M (v(Ly) urt(Ry)) < w(Ky) Upt(Ry) for all g, v € M such that p # v.

This definition may seem strange, but it is easy to see that on unlabelled
graphs it amounts to v(L,) M u(L,) < u(K,) for all n # v, i.e., to the standard
algebraic notion of parallel independence (translated to the present framework).
But the best justification for the definition is the following result.

Theorem 5.2. For any graph G and set M C #(R,G), M is parallel inde-
pendent iff M is sequential independent.

Thus Definition 5.1 arises as a characterization of sequential independence
that does not refer to the results of the transformations, and indeed that does
not rely on Definition 3.4, though of course it does rely on Definitions 2.2, 3.1



and 3.3. Note also that Definition 5.1 depends explicitly on right hand sides of
rules, in contrast with the general algebraic definition of parallel independence
given above, or with the Essential Condition of parallel independence in [1].

6 The Effective Deletion Property

We have not yet defined a relation of parallel rewriting as we did for sequential
rewriting (Definition 3.5). The reason is that two matchings may conflict as
one retains (in R M K) what another removes. The transformation offered by
Definition 3.4 performs deletions before unions, which means that these conflicts
are resolved by giving priority to retainers over removers. But if the deletion
actions of a rule are not executed in a parallel transformation, how can we claim
that this rule has been executed (or applied) in parallel with others? Thus, in
order to define parallel rewriting with a clear semantics we need to rule out such
conflicts.

One possibility is to translate to the present framework the notion of paral-
lel coherence that has been devised in order to define algebraic parallel graph
transformation (see [4]). This is is a property of two direct transformations of
the same object G, formulated as the existence of two commuting morphisms
j1 and jo as shown below.

Ry -71\\\}{1 L 2 o
N N/ TR STIN
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This notion clearly generalizes algebraic parallel independence. In the present
framework the object I5 is replaced by the graph K5 Rs, hence the commuting
property of jo amounts to pe(Ko M Ry) < G\ [Vy,, A, £, ], that can be ex-
pressed as po (Ko M Ro) Mpy(Ly) < p1(K7). This simply means that any graph
item that is matched by some K M R cannot be removed by any rule.

Definition 6.1. For any graph G and set M C .#(R,G), we say that M is
parallel coherent if

(L) Mv(K, MR,) < p(K,) for all p,v e M.

The problem here as above is that deleted attributes can be recovered by
the right hand side of rules, and that this possibility is not accounted for in the
algebraic definitions, since these do not distinguish between graph items and
attributes. This leads to the following definition (see [5]).

Definition 6.2 (effective deletion property, full parallel rewriting). For any
graph G, a set M C .# (R, Q) is said to satisfy the effective deletion property if
G|,/ is disjoint from Viar, Aps, €ar \EIT/[, where

éx/[ = U fro (R \Ky)o pt
pneM



For any finite set of rules R, we define the relation = of full parallel
rewriting by stating that, for all graphs G and H,

G =g H iff #(R,G) has the effective deletion property and H ~ G| 4. ¢)-

It can be shown that =% is deterministic up to isomorphism, that is, if
G =r H, G’ =g H and G ~ G’ then H ~ H’. In particular, it is possible to
represent any cellular automaton by a suitable rule r and a class of graphs that
correspond to configurations of the automaton (every vertex corresponds to a
cell), such that =, (restricted to such graphs) is the transition function of the
automaton.

This representation of cellular automata satisfies the effective deletion prop-
erty, but it also satisfies parallel coherence. Hence Definition 6.2 may appear
as a weird choice. One motivation behind the present work is to support this
definition.

Our first argument in favor of Definition 6.2 is that parallel coherence is not
sufficient because it does not generalize parallel independence, as shown by the
following example.

Example 6.3. Let us consider rules r; = (L1, K1, Ry) and ro = (L2, Ko, R2)
where the graphs L;, K; and R; have only one vertex z, the graphs Lo, Ky
and Ry have only one vertex y, and the attributes are as pictured below (u,v
are variables and f is a unary function symbol). Let 7z be the algebra with
carrier set {1} where f is interpreted as the constant function 1, and let G be
the graph that has a unique vertex a with attribute {1}.

There are exactly two matchings of {r1,72} in G: p1 and po defined by
wi(z) =a, fi1(w) =1, po(y) = a and fie(v) = 1. Let M = {p1, pa}, we see that
M is not parallel coherent since pq (R1 M K7)Mpa(Le) = G is not a subgraph of
u2(K2). However, we see that M is sequential independent since the matchings
can be applied sequentially in any order, yielding the same graph G.

Our second argument is that the effective deletion property is sufficient be-
cause it does generalize both parallel coherence and parallel independence.

Theorem 6.4. For any graph G and set M C # (R, G) if M is parallel inde-
pendent or parallel coherent then M has the effective deletion property.

Hence effective deletion encompasses both a general algebraic notion trans-
lated to the present (non algebraic) framework, and a notion specific to this
framework but that relies on an objective fact, that is Theorem 5.2. This does
not mean that no other property is possible (especially a less general one) and
that Definition 6.2 cannot be questioned. It is still a matter of choice, but there



is evidence that this is a reasonable one. Another important feature is that if
M does not have the effective deletion property, we see that there must be a
conflict involving an element of Vy;, Aps or £);. Hence the right hand sides
of rules never create conflicts; this is due to the choice of attributes as sets of
values.

We also see that

Corollary 6.5. If #(R,G) is finite and parallel independent then G —% G|,
and G =g G| y,-

Hence in this case =% deterministically picks one graph reachable from G
by sequential rewriting.
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Appendix: Proofs

Lemma 6.6. For every rule r = (L, K, R), graph G and p € A (r,Q), the
graphs G and Glt are joinable, u(RMK) < G N GZ and G GIE has the same
underlying graph as p(RMNK).

Proof. Tt is obvious that G N C_jﬁ =Gn Gl =2 and Gn éL = u(RNK), hence
forallge GN C_jlt there is a f € RN K such that g = w(f) = ut(f), hence

Gl(g9) =Gl out(f) = ptoR(f) = po K(f) = Gopu(f) =Gl(g)

so that GL and G are joinable and similarly for Gz and G, hence GJ, and G are
joinable.
We have p(RMK) < u(K) < G and

pROK) = pH(RMK) < pf(R) = G,

w

hence p(RMK) < GNG],. Besides, for all y € Gn Gft = (RN K) there exists
ax € RN K such that u(z) = y, hence G N GL C u(R N K) and similarly
én éz C w(R N K), hence the graphs G M GJ, and p(RM K) have the same
underlying graph. O

Lemma 6.7. For all I-indexed families (G;);cr of pairwise joinable graphs, for
all sets V', A and all attributions I,

(L) van =]\ vA1,

icl el

Proof. Since G; < | |;c; Gi for all j € I then G5\ [V, A, 1] < (U;e; Gi) \ [V, A, 1],
hence | |;c; G; \ [V, A,1] < (Licr Gi) \ [V, A1)

Conversely, let H <1 | |;.; G such that H is disjoint from V', A, [. For all
feHandallac H(x) there exists an i € I such that f € G; and a € G4(f).

s

Let x = H(f) and y = H(f), so that f is an arrow from z to y. Obviously f ¢ A,
z,y €V and a € I(f). Since z,y € G, then the graph with vertices z, y with
attributes @ and arrow f with attribute {a} is a subgraph of G; disjoint from
V, A, 1, hence is a Sul?graph of G \ [V, A,1] and therefore of | |;.; G; \ [V, 4,1].
Similarly, for all € H and all a € H(x) the graph with vertex z attributed by
{a} is a subgraph of | |;.; G; \ [V, A,l]. Since H is the union of all such graphs
then H < |];.; G;\ [V, A,l], and this holds for H = (Wi Gi)\ VA, O
Proof of Theorem 6.4. Let H = G||,,. We first assume that M is parallel co-
herent. Since Vy; C G then by Lemma 6.6 we have

HQVM: U U(RVﬂKV)ﬂV]w
veM

= U R 0K N (L) \ Ky
p,veM

c U v@)nu@n\ kK,

n#veM
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since (R, NK,) C v(K,) C v(L,).

Since M is parallel independent then (L) M (v(L,) UGl) < w(K,) UG},
for all p # v, hence p(L,) Nv(L,) < u(K,)U(G],MG) and again by Lemma 6. 6
(L) Nv(L,) € u(K,)Up(R,NK,) = u(K,). Hence HNVy, = @ and similarly
HNAy =92

In order to prove that H is disjoint from Vas, Anr, far \ 51117 there only
remains to prove that H(x) N £y (x) \KJL(:E) — @ for all z € HU H. This is
true if z ¢ G U @ since then £y (w) = @, hence we assume that = € GUG, so
that H(z) N ey (x) = UueM GZ Nl (x) = UueMﬁ oR, 0 p=t(x) N ey (x) and
we need to prove that fi o ID%M op~t(x) Ny () \EJ&(J:) =@ for all p € M, or
equivalently

U fioRuon (@) nirol, o (@) \ oK, 007} a) € (] (a).
veM

We first see that for any sets A and B we have i(A4)\ f(ANB) C i(A\ B),
hence

froRy o p (@) \ jio (R, NKy) o p (@) C fio (R \ Kp) o (2) C €], ().
Next, for all v € M such that v # u, since M is parallel independent then

fro (R, NK,)op (@) Niol, ov!(x)
CfioLyop (@) Niol, ov™(x)
(@)UioR, 0! (x)
CioKy,ov Y z)Uio (R, \K,)or '(z)
CioK,ov Hz)ull (x).

CroK,ov Nz

Then, we use the fact that A = (AN B)U (A\ B) to deduce that
fo fiu op (@) NoLy,or Ha)
= (M o (RM N Ku) opu Hz)Nnio L, o 1/_1(33))
U (ﬁ oL, o v i z)Njio RH outx)\ fio (RM ﬁf(u) o M_l(x))
C(vo K, ov ' (z)U 611\;[(:17))
U (o By o ™ () \ o (R N K,) 0 471 (2)
CioK,ov Y(z)U 0 ().
We notice that this is also true when v = p since L, MR, < K,,, hence
jroRy 0 u (@) Mo Ly 0w (@) \ oK, 0v~i(z) C £y (2)
for all v € M.

We now assume that M is parallel coherent. As above

Hnvy = |J v(R0K) 0 () \ p(K,))

p,veM
=
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since by parallel coherence v(R, N K,) N u(L,) € u(K,) for all u,v € M.
Similarly HnN Ay = 2. )

For all : € HUH, if 2 ¢ G UG then {3(z) = @ and obviously H(z) N
(bar(z) \ £}, (x)) = @. Otherwise x € G UG hence vt (z) = v~ 1(z) so that

H(z) = (G)\ b (@)U | o R, 0v (@),

veM

but by parallel coherence ﬁO(IO{,,ﬁK,)ou_l(a:)ﬁﬁOI:Hou_l(:v) - [lOIo(Hou_l(sc)
for all p,v € M, hence

po(R,NK, Jov ™ (2)Nlar(z) = | #o(RuNK, )or ™ (2)Njio(L,\K, )op ™ () = @
neM

and therefore

H(z) N lay(z) = | voRyov™(z) Nlar(z)

hence again H(z) N ({5 (z) \KX/I (z)) = @. M therefore has the effective deletion
property. O

Proof of Theorem 5.2. Only if part. For all M’ C M and p € M\ M', let
R = | e G, so that G|y, = G\ [Varr, Aprr, Lo ]UR. For all v € M’ we have
w(L,) Nv(L,) <v(K,) UG and p(L,) My(L,) < G, hence by Lemma 6.6

u(L,) Ny(L,) Cv(K,) Ur(R, NK,) = v(K,)
or equivalently p(L,) Nv(L,)\ »(K,) = @. Thus

u(i) Var = | wll) no(in) \n(K,) = 2
veM’

and therefore /L(L ) € G|l Similarly we get u(C,) € G|, Then, for all
z € p(L,) U (L ), we have

[o IOJH op~Nz)NvoL,ov ' (z) CioK, ov ) UG (a)
hence
froLyop  (z)Nwol, ov Ha)\ oK, ov Y (z) C Gl(z) C R(x).
Thus

frolop™t () Nlas (2 U froL op~ () Nwol, ov ™ (z)\ oK, o~ (z) C R(x)
veM’
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and then
froLyop " (x) C oLy op ™ (x)\ lar (z) U R(z) C Gl

Therefore, (L) < G| 5 -

Let 7 be the canonical injection from p(L,) to G|,,, and ' = jop, so
that p' € A (v, Gy ), 10/ (L) = (L) and p/(K,) = p(Ky), hence Vi =V,
Ay =A,and ¢, ={,. Let H=GURUuNR,) and H = GURU T (Ry,).
Note that Gl| /¢,y < H, and also that R,, = R, hence WTHRy) = (G”M’)/TM
and (using Lemma 6.7)

(G”M/)”,/ - (G\ [VM’,AMU(M’] U |_| GLT/) \ [V#/,A#/,Z#/] U N/T(Ru)
veM’

= G\ [Var, Ang, o] U || GO\ [Vis Ay 6] Ui t(R,)

veM’
< H'.

By Theorem 6.4 M has the effective deletion property, i.e., G||,, is disjoint
from Vs, Apr, Oor \EX/[ hence in particular G, is disjoint from Vi, Aps 4y \ffw
for all v € M’, so that

GO\ Vies Ay €] = GI\ Vi \ Vi A \ A 6\ (G \ £3)] = GL\ [2, 2, 6, 0 €.
For all 2 € GLUG!, if 2 ¢ GUG then ¢ u(x) = @, otherwise Gﬁ(m) =
froRy o p (x) = p' o Ry o /= (). Since p(L,) N GT < u(K,) U G], we have
Gl() M jro Ty o p @) C jroKy 0 i (@) UCH(@)
or equivalently GJ(z) N ¢ u(x) C Gl( x), and we therefore have
Gl(x) N (@) N (x) € o Ry 0 '~ ().

We thus see that G}, \ [V, A, £,] has all the vertices and arrows of G}, and
the attributes that are removed are all in the graph p/t(R,,), hence

GzT/ \ [Vm Aua Zu] U N/T(Ru) = GZ U N/T(Ru)

and therefore (G0, = G\ [Vi, Anr, €n] U RU p"H(Ry,). It is then easy to
build an isomorphism « : H — H’ such that (Gllarogy) = (G||M/)||u, and
a‘[GJ = 1g.

If part. For all p,v € M such that p # v, we have v(L,) < G|, = G\
[V, A, €] UG Since u(K,,) < p(Ly,) < G, then

v(Ly) N p(Ly) < G, M (L) = (L) \ [V, A, 6] U (G, 1 (L))
= u(Ky) U (G, M (L))
< p(X,)u G;Tr
Besides, there is an isomorphism « such that (G| ,,) = (G||V)Hu, and

al g = lg, where M = {p,v} and p' = jop € M (v, G5y ), hence Vi =V,
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Ay =A,and ¢, =/, Let H=G|, NMuL,) and H = (G||y)||#/ M (L),
since u(L,) < G then H H'. We see that

H = p(Ky) \ [V Ay, 6] U (GT M (L)) U (G 1 (L))
and similarly (using Lemma 6.7) that

H' = p(Ku) \ [V, Ay ] U (G (Vi Ay €] 1 (L)) U (T (Ry) 1 (L))
= u(Kp) \ [V, Au, 6] U (G M p(K)) U (0 (Ry) 11 (L))

We therefore have H= H’ By Lemma 6.6 we have G, N u(LH). v(R, N
Ky) N (L) and g/t (Ry) 0 (L) = G 0 (L) = p(Ry, N Ky) C p(K,,). Hence
HA\u(K,) = & and H\p(K,) = GJnp(L,) \u(K,). Thus Ghnp(L,) € u(K,).

Similarly, we get G1, N ,U,(I_:#) C ,u(KH).

For all z € HUH we have Gﬂ(x) = fioRyop () = g/ oRy 0/~ (), hence
obviously ﬁ’\(ﬂo}%uou_l(x)uéz(m)) = @ and ﬁ’\(ﬂo}%uou_l(x)uéz(m)) =
Gl (@) oLy o~ )\ (10K 0 (2) UG (2). Thus G} () oLy o~ (x) €
froK, o~ (z) UG (x).

We conclude that GT 1 p(L,) < u(K,) UG, O
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