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Abstract

This paper deals with Column-type Electric Power Steering systems. AnH∞ state-feedback Linear Parameter-Varying
controller is developed considering a parameter-dependent Lyapunov function. For practical implementation, an
H∞/H2 Proportional Integral observer is added for state and driver torque estimation. The whole observer-based
control has been implemented in real-time using dSpace/MicroAutobox on a test car. Some driving tests have been
carried out on a test track, and promising results are achieved regarding both estimation and control performances.

Keywords: Automotive Systems, Electric Power Steering systems, Linear Parameter Varying state-feedback,
Proportional Integral Observer Design

1. Introduction

Nowadays, modern vehicles are equipped with more
and more automotive embedded systems as the fa-
mous Electronic Stability Program and Anti-lock Brak-
ing System. Looking at the current trend concerning au-
tonomous vehicles, Advanced Driving Assistance Sys-
tems (ADAS) as e.g. Lane Keeping Assistance, are
common equipment now. It is worth noting that the
Electric Power Steering (EPS) system is a key compo-
nent of ADAS as shown in Matsuoka (2016). The steer-
ing system creates an interaction between the driver and
the vehicle wheels in order to turn in the desired di-
rection. To overcome manual steering issues (heavy or
low-geared steering), Power-Assisted Steering systems
have been developed. Moreover, EPS systems have sig-
nificant advantages such as: fuel economy, tunability
of the steering feel and ease of integration with other
subsystems. Therefore, the EPS system is a relatively
new trend to equip recent cars in place of traditional
Hydraulic Power Steering (HPS) ones (see Noguchi
(2001); Qun and Juhua (2009)).

Thanks to an electrical assistance motor, EPS pro-
vides an additional torque to reduce the amount of effort
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produced by the driver to turn the wheels. Today the
amount of supplied power is computed in the Electronic
Control Unit (ECU) by a torque control law including
an assistance rule depending mainly on a torque sen-
sor signal and on the vehicle speed. Indeed, the torque
sensor measures the applied steering torque at the tor-
sion bar level which is used to define the required as-
sistance (typically, through static base assist curves and
other functions e.g. returnability, inertia compensation,
etc) as explained in Kozaki et al. (1999), Badawy et al.
(1999). Thus, a torque sensor failure commonly leads to
a sudden loss of assistance deteriorating driving safety
and comfort. According to new automotive safety rules
ISO26262, such a situation is expected to be avoided.
The proposed solution, considered in this study, and
which is still an open problem, is to develop a controller
free of the torque sensor. This problem is tackled here
in the Linear Parameter Varying (LPV) framework.

1.1. Related works
Most of the studies concerning the control of EPS

systems do consider the use of the torque sensor sig-
nal (at the torsion bar). Let us mention a few such as
linear PI control design in Kim and Song (2002), LQR
in Parmar and Hung (2004), admittance control in Yang
(2015), or the fuzzy non linear control in Saifia et al.
(2014). When this sensor is in failure, fault tolerant
control strategies have been proposed in Cholakkal and
Chen (2009); Lawson and Chen (2008) by switching to
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an estimation based controller when a fault residual ex-
ceeds a defined threshold.

Now, since the driver torque is a key variable in such
EPS systems (in particular to control the steering feel),
better performance and stability margins have been ob-
tained in Chabaan and Wang (2001) where the EPS con-
trol was designed using the driver torque instead of the
measured torsion bar torque. Indeed some driver torque
estimation methods have been developed either using
the torque sensor signal Illán et al. (2011), or using ve-
hicle measurements only Marouf et al. (2010).

Note that the EPS control design based on a driver
torque estimation has not been much discussed up to
now. An interesting approach is presented in Marouf
et al. (2011, 2012) where sliding mode control and ob-
server synthesis have been proposed.

On the other hand, the LPV approach is known to be
powerful to handle system non linearities by consider-
ing them as varying parameters and/or to design gain-
scheduled controllers (see Sename et al. (2013)). How-
ever, few studies use such an LPV approach for EPS
systems. In Rongyun et al. (2015) an LPV/H∞ control
has been developed to ensure performances and good
driver’s steering feel. The considered varying param-
eters of the LPV model are the column stiffness, the
motor magnetic reluctance and the worm/gear reduction
ratio, hardly measured or estimated in practice. In Ya-
mamoto and Nishimura (2011) a gain-scheduled control
has been designed to obtain an HPS like steering feel,
considering two varying parameters: the torque sensor
and the vehicle speed. This seems a natural choice of
the scheduling parameters, suitable to meet the EPS re-
quirements.

In this paper an LPV approach is proposed that ac-
counts, in an original parameter-dependent formulation,
for an existing boost gain (base assist) in the control
structure, which is a function of the driver torque. Com-
pared to previous studies, the proposed design considers
the steering performance through the modelling of LPV
EPS model and concerns the design of an extended LPV
state-feedback, whereas in Yamamoto and Nishimura
(2011) the scheduling parameters for the dynamic out-
put feedback controller only appear in the weighting
functions.

1.2. Paper contribution

For the first time, a sensor-less observer-based LPV
state feedback is developed for a C-EPS system (Col-
umn type EPS using an assist motor located on the col-
umn, close to the driver), is validated with experiments,
and ensures industrial cost reduction.

The paper contributions can be summarized as fol-
lows:

• A new LPV state feedback control formulation is
proposed in the field of EPS systems. The design
method is done in the H∞ framework considering
a parameter dependent Lyapunov function that al-
lows to reduce the conservatism.

• The model-based control strategy ensures stability
and performances. It can be easily reproduced by
control engineers, so leading to less development
costs than an empirical approach that may be diffi-
cult and long to be tuned. Indeed, the latter intrin-
sically needs an ad-hoc fine tuning using on-board
experimental tests, which may seem less reliable
for knowledge sharing than a model-based strat-
egy.

• The real-time implementation uses a PI observer
that estimates the driver torque with only the steer-
ing wheel angle and motor angle sensors (that are
common on-board sensors).

• The approach is validated in real industrial experi-
mental conditions.

• Finally it is worth noting that this approach allows
to reduce the EPS production costs since it does
not need any torque sensor unlike today’s industrial
systems that do need this costly sensor.

The paper is organized as follows. Section 2 presents
the vehicle experimental set-up. Section 3 gives the con-
sidered EPS system model based on mechanical equa-
tions. Section 4 describes the control design problem
introducing an LPV EPS system model, and section 5
is dedicated to a grid-based parameter dependent LPV
state-feedback control strategy. Section 6 discusses the
practical implementation including the PI observer de-
sign. Experimental results are shown in Section 7. Fi-
nally, section 8 draws some concluding remarks.

2. Vehicle set-up

Fig. 1 presents the whole experimental vehicle en-
vironment. The test car considered in this framework,
is a Clio IV equipped with a prototype C-EPS system
using modified mechanical parameters (i.e. pinion/rack
reducer). The on board sensors are the resolver (motor
angle sensor) and the steering wheel angle sensor (these
sensors are used for observer). Also, several specific
elements such as a dynamometer steering wheel (for
driver torque) and instrumented tie-rods (for rack force),
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Figure 1: Vehicle environment, Experimental set-up

have been added on the vehicle for data acquisition and
validation purposes. It is worth noting that, due to the
experimental set-up, measurement noise appears on the
acquired signal (in this case represented by spike). Con-
sidering the real time part, a dSpace rapid prototyping
system has been used. Indeed, the strategy designed un-
der Matlab/Simulink is directly implemented on the Mi-
croAutoBox II hardware.

3. EPS System and Modelling

In this part, the considered C-EPS system model is
defined. An illustration of the C-EPS systems, similarly
as in El-Shaer et al. (2009); Mehrabi et al. (2011), is
shown in Fig. 2, where three main parts are involved:
steering wheel, assist motor and rack.

Figure 2: C-EPS Dynamic Modelling

The following equations are obtained from Newton’s
second law, neglecting dry frictions,

• at the steering wheel:

Jcθ̈c = τd − Dc

(
θ̇c −

θ̇m

Rm

)
− Kc

(
θc −

θm

Rm

)
− Bcθ̇c

(1)
where the torque sensor signal (torsion bar torque)
is considered as:

τts = Kc

(
θc −

θm

Rm

)
+ Dc

(
θ̇c −

θ̇m

Rm

)
(2)

• at the assist motor shaft:

Jeqθ̈m = τm + Dc
Rm

(
θ̇c −

θ̇m
Rm

)
+ Kc

Rm

(
θc −

θm
Rm

)
− Bmθ̇m − Kr

R2
p

R2
m
θm − Dr

R2
p

R2
m
θ̇m −

τr
Rm

(3)
where the equivalent inertia and viscous friction
are expressed as:

Jeq = Jm +
R2

p

R2
m

Mr (4)

Beq = Bm +
R2

p

R2
m

Dr (5)

and with the position conversion from rack to pin-
ion and from motor to pinion as:

Xr = Rpθp (6)
θm = θpRm (7)

The mechanical parameters are described in Table 1.

Notation Description
Jc Steering column inertia
Bc Steering column viscous friction
Kc Column stiffness
Dc Column damping
Fc Steering column friction
Rp Pinion/rack reducer
Mr Rack and tie rods mass
Br Rack viscous friction
Kr Rack stiffness
Dr Rack damping
Rm Motor reduction ratio
Jm Motor inertia
Bm Motor viscous friction
Fm Motor friction

Table 1: C-EPS system mechanical parameters
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Notation Variables Description

x

θ̇c Steering wheel speed
θc Steering wheel angle
θ̇m Assist motor speed
θm Assist motor angle

u τm Assist Motor Torque
d τd Driver Torque
w τr Road Reaction Torque

y
θc Steering wheel angle
θm Assist motor angle

Table 2: State-space representation variables

From the previous mechanical equations, a state-
space representation (whose matrices are defined in Ap-
pendix A) is expressed as:{

ẋ = Ax + Bu + Ed + Ww
y = Cx (8)

where the variables are defined in Table 2.
It could be emphasized that the rack force increases

as the vehicle speed increases, as shown in Fig. 3 where
the curves (rack force vs steering wheel angle) are plot-
ted at 15 km/h and 30 km/h. The steering effort depends
on the road reaction torque to be overcome (which is
deduced from the rack force), but the steering feel is ex-
pected to be sensitive to a loss of adherence. Thereby
the road reaction torque is not considered in the control
design problem, yet in the observer design it is.

−800 −600 −400 −200 0 200 400 600 800
−4000

−3000

−2000

−1000

0

1000

2000

3000

4000

Steering Wheel Angle (°)

R
a
c
k
 F

o
rc

e
 (

N
)

Rack Force Evaluation

30 kph

15 kph

Figure 3: Rack forces measured at 15 km/h and 30 km/h

4. Control design problem

Since it is related to the human feeling, the EPS per-
formance is not straightforward to be defined when it

comes to quantification El-Shaer (2008). Key points to
be handled in the design are the driver feeling and the
robustness.

The main requirement, is to provide a suitable assis-
tance torque, which is commonly achieved through a
characteristic curve that ensures an appropriate reduc-
tion of the driver effort and shapes the assist level Zhang
et al. (2009).

Indeed, the steering effort could be tuned using a
boost gain (motor assist torque) through a practical ap-
proach. Therefore, the base assist depends on the driver
torque d and is represented as a simple controller K(d̂)
(since it needs a real-time implementation of the driver
torque estimation).
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Figure 4: EPS performance using simple controller

EPS performance could be evaluated subject to the
influence of the driver torque d over the steering wheel
speed θ̇c and also the assist motor torque u. As shown
in Fig. 4 where frozen Bode plots of the (closed-loop)
system transfer functions u

d and θ̇
d are given for sev-

eral chosen values of the gain K(d̂), this characteris-
tic curve cannot ensure the performances of the closed-
loop system, under model uncertainties (e.g. parame-
ter, unknown inputs) and non-linearities (e.g. friction).
Therefore, the proposed approach is to develop an LPV
state-feedback controller considering an LPV EPS sys-
tem model incorporating the boost gain K(ρ = d̂).

Now, the performance requirements include the driv-
ing comfort and feeling, which are considered thanks to
the LPV EPS model including K(d̂). Regarding safety,
closed-loop stability is compulsory to avoid steering
wheel oscillations. Moreover the assist motor torque
limitation must be taken into account. Such perfor-
mances will be handled in the H∞ framework through
weighting functions, and an extended state-feedback
controller will be designed for the LPV system model.
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More details are provided in the next section.
On the other hand, an observer has to be developed

(this is done in section 6), since the driver input is not
measured on the real test car. The practical scheme of
the observer-based control structure is shown in Fig 5.
The LPV extended state feedback controller F(ρ = d̂)
will be designed from a C-EPS system model incorpo-
rating the characteristic curve K(d̂). Furthermore, since
the driver torque d and the state variables are not mea-
sured, a PI observer is proposed for estimation purpose.

C-EPS
System y

_

u

x
design

v

LPV extended state feedback

K (d)
Simpli ied	base	assist

d PI
Observer

^

^

d
^

F (d)
^

Figure 5: Observer-based control structure

According to the above mentioned problem, the con-
sidered LPV EPS system model is as follows :

ẋ = A(ρ)x + Bv + Ed (9)

where x ∈ R4 is the EPS system state vector, d ∈ R is
the driver torque, v ∈ R is the (state-feedback) control
input. A(ρ) incorporates the boost gain K(ρ) as A(ρ) =

A+ BK(ρ)τts, where ρ = d̂ (the estimated driver torque).
Details are given in Appendix B.

Remark 1. Considering implementation, the strategy is
such that the LPV state-feedback controller is based on
the driver torque estimation, i.e. ρ = d̂ since the torque
sensor is assumed to be not available. Moreover, since
the driver torque acts directly on the steering feel and
on the assistance level, this parameter choice is of high
interest.

Remark 2. It should be noticed that considering the ve-
hicle speed in the design step may improve the steering
feel, since the road reaction force is sensitive to the ve-
hicle speed Kozaki et al. (1999). Indeed, based on the
previous explanations, the steering torque and vehicle
speed are important to characterize EPS systems. Be-
sides, the two signals values are limited and also rate-
bounded as the vehicle acceleration and the derivative
of steering torque are limited. Therefore, both signals
could be used to define the vector of parameters of
the LPV EPS system model. Nevertheless, in order to
reduce the implementation complexity, the scheduling

parameter ρ is defined here as the torsion bar torque
τts = Ctsx only. In practice, ρ is computed as the esti-
mated variable d̂ coming from the observer detailed in
Section 6.

The following generalized assumptions are made on
the vector of varying parameters:

• ρ is measurable or at least estimated, and ρ ∈ Xρ

with Xρ =
{
ρ = [ρ1, ρ2, ..., ρs] ∈ Rs, ρk ≤ ρk ≤ ρ̄k

}
a compact set and k = 1...s with s the number of
varying parameters

• ρ̇ the derivative of ρ, is bounded i.e. |ρ̇k | < νk with
k = 1...s and ν = [ν1, ν2, ..., νs] ∈ Rs

5. LPV State feedback Controller

In this section, the design of LPV state-feedback con-
troller, based on the previous LPV EPS model, is de-
tailed.

5.1. LPV state feedback problem formulation

As explained in section 4, the design objective is
to find a controller ensuring a suitable steering perfor-
mance (low ripple, reduced driver’s effort) subject to ac-
tuator constraints. To solve this problem, we have cho-
sen an H∞ control framework including two weighting
functions in order to handle:

• the actuator constraints through the weighting
function Wv(s) =

zv
v .

A low pass filter appears to be a suitable choice,
since the assist torque is provided only at low
frequency (the driver torque acting range reaches
hardly 3 to 5Hz Badawy et al. (1999)). It is given
by the state space representation:

Wv(·)
{

ẋv = Avxv + Bvv
zv = Cvxv + Dvv (10)

• the required performances according to the steer-
ing wheel velocity with the weighting function
Wp(s) =

zp

θ̇c
.

In a first approach we could consider an ideal EPS
behaviour of the form Jcθ̈ = τd as proposed in
Coudon (2007). However, from a practical point
of view, a stable transfer function is preferred for
Wp(s). Hence adding θ̇ in the previous ideal equa-
tion such that Jcθ̈ + Bcθ̇ = τd. Indeed, through
the weighting function Wp(s), it means that a slight
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driver torque enables to move the hand-wheel.
It is given by the state space representation:

Wp(·)
{

ẋp = Apxp + Bpθ̇c

zp = Cpxp + Dpθ̇c
(11)

These chosen weighting functions are represented in
Fig. 9 and Fig. 10.

In Fig. 6, the extended plant including the weighting
functions to achieve the design objectives is shown.

EPS Plant
LPV system

v      x

( )

F( )

State feedback

z
v

Wp
z

p

Wv

d

Figure 6: LPV State-feedback Controller Design

The augmented plant could be defined as:

 ẋ
ẋv

ẋp

 =

 A(ρ) 0 0
0 Av 0

BpCθ̇c
0 Ap


 x
xv

xp

 +

 B
Bv

0

 v +

E
0
0

 d

(
zv

zp

)
=

(
0 Cv 0

DpCθ̇c
0 Cp

)  x
xv

xp

 +

(
Dv

0

)
v

(12)

where Cθ̇c
=

[
1 0 0 0

]
and xΣ =

(
xT xT

v xT
p

)T
is

the full state.
The generalized plant expressed in the standard H∞

control framework is illustrated in Fig. 7:

Generalized
Plant

v x

( )

F( )

State feedback

z p

z v

CL( )

( )z=
d

Figure 7: LPV State-feedback Controller Design

The parameter dependent LPV state-feedback is de-
signed from the previous extended state space repre-
sentation, in order to minimize the induced L2 norm
from the external input d to the controlled output vector
z =

(
zv zp

)T
, i.e. to ensure that ||Tzd(s)||∞ < γ (where

γ is to be minimized).

5.2. LPV state feedback design
Let us consider the LPV state-space representation of

the generalized plant:{
ẋΣ = AΣ(ρ)xΣ + Bd(ρ)d + Bv(ρ)v
z = Cz(ρ)xΣ +Dzd(ρ)d +Dzv(ρ)v (13)

with xΣ =
(
xT xT

v xT
p

)T
.

It is worth noting that, in this study, as given in (12)
and in Appendix B2, onlyAΣ(ρ) is parameter dependent
(the other matrices are LTI).

Now, following Wu (1995), the next theorem en-
sures the existence of a parameter dependent LPV state-
feedback controller v = −F(ρ)xΣ which guarantees that
the closed loop system is stable and that the induced L2-
norm from d to z less than γ > 0.

Theorem 1. Consider the LPV model (13) with pa-
rameters trajectories ρ defined on the set Xρ, and with
bounded parameter variation rate |ρ̇| ≤ ν.

If there exists parameter dependent matrices P(ρ) =

P(ρ)T > 0 and Y(ρ) such that:
AΣ(ρ)P(ρ) + P(ρ)AΣ(ρ)T +

∑s
i=1 ±νi

∂P
∂ρ

∗ ∗

+Bv(ρ)Y(ρ) + Y(ρ)TBv(ρ)T

Bd(ρ)T −γI ∗

Cz(ρ)P(ρ) +Dzv(ρ)Y(ρ) Dzd(ρ) −γI

 < 0

(14)
then, there exists an LPV parameter-dependent state-
feedback controller which guarantees closed loop sta-
bility and an upper bound γ > 0 of the L2-gain of the
closed loop system from d to z for any ρ ∈ Xρ.
Finally, the parameter dependent state feedback is given
by: F(ρ) = −Y(ρ)P(ρ)−1.

In this work, a grid based approach is proposed since
the LPV model is not necessarily affine or rationally de-
pendent on ρ. Note that a grid-based LPV model is a
collection of state space systems on a gridded domain
of parameter values, as illustrated in Fig. 8.

Driver Torque

x = Ax+Bu+Ed

y = Cx+Du

.

x = Ax+Bu+Ed

y = Cx+Du

.

d

min

d

max

Figure 8: EPS LPV Models on a linear grid

In order to solve the LMI problem (14) for all point
of the gridded domain, the matrices P(ρ) and Y(ρ) are
expressed as a function of ρ in order to compute an
approximate solution over the infinite dimensional set.
Here, a polynomial parameter dependency has been
chosen which is close to an usual shape of the steering
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characteristic curve; for more details on how to choose
the parameter dependency of the Lyapunov matrix see,
Abbas et al. (2014); Wu et al. (1996).

P(ρ) = P0 + ρP1 + ρ2P2 (15)

Y(ρ) = Y0 + ρY1 + ρ2Y2 (16)

where P0, P1, P2,Y0,Y1 and Y2 are constant matrices
and can be found solving (14).

The state feedback gain F(ρ) is obtained here by solv-
ing the LMIs (14) for the whole gridded domain, using
YALMIP interface Lfberg (2004) and SeDuMi solver
Sturm (1999). An alternative solution would be to use
the toolbox LPVTOOLS Hjartarson et al. (2015).

5.3. Frequency domain analysis

Theorem 1 has been solved using the following grid
ρ =

[
−10 −5 −1 0 1 5 10

]
Nm and consid-

ering the LPV system designed subject to an assis-
tance curve K(ρ) =

[
1.5 2 1 0 1 2 1.5

]
. In

this case, the grid domain of ρ has been defined up to
±10Nm which represents the common measuring range
of a torque sensor Bosch (2017). Moreover, ±1Nm and
±5Nm seem adequate breaking points regarding a char-
acteristic curve Zhang et al. (2009) as not much assist
power is required at low steering torque contrary to high
steering torque where more assist power is expected.
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In Fig. 9 and Fig. 10 the closed-loop performances
for all frozen parameters of the grid, are compared with
the specified design objectives. Fig. 9 illustrates the
transfer θ̇c

d and W−1
p . Similarly, Fig. 10 shows the fre-

quency responses of v
d and W−1

v . In both cases, the re-
quirements are well achieved ensuring the H∞ perfor-
mance. Moreover, compared to the Bode plots in Fig. 4
(the free of state feedback control case), Fig. 9/Fig. 10
show a low frequency attenuation around 10Hz. Hence,
a better steer feeling is obtained as less disturbance is
pulled up to the hand-wheel, so to the driver.

6. Observer design for Practical implementation

First this section details the observer proposed for
practical implementation of the LPV state feedback
control for the real EPS system. Indeed a driver torque
estimation method is needed, since a torque sensorless
EPS system is considered (the complete observer-based
control scheme is shown in Fig. 13).

The whole strategy is compared in simulation with
the current industrial solution (it is worth noting that the
industrial solution uses the torque sensor measurement).

6.1. Observer design
This section briefly recalls some results presented in

Yamamoto et al. (2015) where an H∞/H2 PI observer
has been proposed, for more details on such observer
design methods refer to Koenig (2005).

Let us recall the EPS system state representation (8):{
ẋ = Ax + Bu + Ed + Ww
y = Cx + Nn (17)

where the measured outputs are the steering wheel and
assist motor angle, usual on-board sensors in vehicles.

7



The road reaction force acts in low frequencies, it
is a disturbance to be rejected on the driver torque es-
timation process. To this aim, let us first introduce
Ww(s) = w

w̄ a weighting function to specify the fre-
quency range of interest on which the disturbance w
should be attenuated. The state space representation is
expressed as:

Ww(·)
{

ẋw = Awxw + Bww̄
w = Cwxw + Dww̄ (18)

The design scheme is then given as in Fig. 11.

	W	(s)
x̂d

^
u

EPS

Plant PI

Observer

w

d

y

w
_

w
n

+
+

augmented	representation

a

Figure 11: Proposed PI observer design

The Proportional Integral (PI) observer is synthe-
sized considering the assumption that the driver torque
is slowly time varying ḋ = 0, as in the form: ˙̂xa = Aa x̂a + Ead̂ + Lp(y −Ca x̂a) + Bau

˙̂d = Li(y −Ca x̂a)
(19)

where the notation a concerns the augmented represen-
tation and xa =

(
xT xT

w

)T

Hence, the state-space representation of the estima-
tion error is given by: ėx = (Aa − LpCa)ex + Eaed + Waw̄ + LpNn

ėd = −LiCaex − LiNn
(20)

where ex =
(
xa − x̂a

)
, ed =

(
d − d̂

)
.

The considered observer design problem is a mixed
H∞/H2 problem subject to pole placement. It consists
in finding the observer gain La =

(
LT

p LT
i

)T
where the

observer poles are chosen in a region of the left-half
plane (see Chilali and Gahinet (1996)), while minimiz-
ing the H∞ and H2 (generalized form in Scherer and
Weiland (2000)) performance objectives as:

1. ||Tedw̄||∞ < γ∞ minimizes the effect of road distur-
bances on the driver torque estimation error

2. ||Tedn||2 < γ2 minimizes the effect of measurements
noise on the driver torque estimation error.

Theorem 2. The mixed H∞/H2 observation problem is
solved if there exist P = PT > 0 and a matrix Y such

that the following LMIs are satisfied:

AT
adP + PAad −CT

adYT − YCad + 2λminP < 0(
AT

adP + PAad −CT
adYT − YCad + DT

adDad PWad

∗ −γ2
∞

)
< 0(

AT
adP + PAad −CT

adYT − YCad −YN
∗ −I

)
< 0(

P DT
ad

∗ γ2
2

)
> 0

(21)
where Y = PLa. The observer gain La is deduced as
La = P−1Y.

However, it is not possible to minimize simultane-
ously both H∞ and H2 criteria. Therefore, a linear com-
bination of γ∞ and γ2 is considered to solve the problem
as follows:

min αγ∞ + (1 − α)γ2 (22)

where α ∈ [0; 1], γ∞ and γ2 are positive scalars.
The observer described in (19) with gain La = P−1Y,

is an H∞/H2 PIO with pole placement.

In Fig. 12, a Pareto-like optimal (trade-off) curve be-
tween H∞ and H2 performance levels (γ∞ and γ2) il-
lustrates the multi-objective optimization trade-off . In-
deed, Pareto optimality corresponds to the fact that γ∞
(H∞ performance level) can not be reduced without in-
creasing γ2 (H2 performance level).
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Figure 12: H∞/H2 performance evaluation according to α

Fig. 12 displays γ∞ on the x-axis and γ2 on the y-
axis obtained by resolving the H∞/H2 optimal problem
subject to various value on α computed on the range
[0.1 : 0.9] with a step of 0.1. Considering α close to 1
almost corresponds to solve the LMIs under γopt = γ∞;
in such a case γ∞ decreases while γ2 increases. Recip-
rocally, α close to 0 almost corresponds to solving the
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Figure 13: Strategy PIO+LPV implementation on real system

LMIs under γopt = γ2; in this case γ2 decreases while
γ∞ increases.

Furthermore, it is important to notice that the choice
of the LMI regions for pole placement may affect the
global H∞/H2 performance since a fast response re-
quirement generates an harder constraint. To illustrate
this issue, three curves are presented according to three
different values of λmin (-40, -50, -60) where a larger
real part choice involves to increase γ∞ and γ2.

6.2. Global implementation scheme
As illustrated through the interfaces, the proposed PI

observer method requires only the following measure-
ments: the steering wheel angle θc and the motor angle
θm which are available signals on newly mass-produced
vehicles.

Furthermore, the additional transfers Wv(z) and Wp(z)
shown in Fig. 13 and introduced in the design of the
controller in section 3, are implemented to obtain the
full states involved in the LPV extended state feedback.

Remark 3. It is important to note that the whole closed-
loop stability (including the PI observer and LPV state-
feedback controller) has been verified according to the
robust stability characterization, considering a param-
eter varying Lyapunov function (see Wu (1995)). More
detailed analysis of the effect of uncertain scheduling
parameters may be studied following Daafouz et al.
(2008).

According to implementation issue, such an observer
is simple to implement compared to a sliding mode as
in Marouf et al. (2010).

6.3. Some remarks and comparison with the industrial
solution that uses a torque sensor

First, let us emphasize that the experimental tests
(presented later in section 7) have obtained a prototype
C-EPS system for which the conditions required for the
implementation of the industrial solution are not met
since it needs the torque sensor signal.

However, it seems still interesting to highlight the
overall vehicle handling (steering and feeling) achieved
with the proposed method. The aim is to ensure that the
sensorless LPV solution provides as good results as the
industrial solution with the additional advantage that it
is not using the torque sensor signal (cost reduction). To
this end, the PI observer and LPV state-feedback con-
troller (as represented in Fig. 5) have been compared to
an industrial control law (structure based on a PI con-
troller that uses the torque sensor signal).

Considering the performance objectives, let us re-
mind that there are no specific quantification regarding
EPS system performances El-Shaer (2008). The analy-
sis is characterized in a subjective way according to the
driver’s profile i.e. his steering feel and comfort. Nev-
ertheless, some guidelines allow to evaluate the steering
feel issues looking at the evolution of the driver torque
τd function of the steering wheel angle θc, as explained
in Morita et al. (2009), where, for illustration, the steer-
ing ability is expressed as the smoothness of the curve
seen in Fig. 14.

Steer out

Steer out

Steer back

Steer back

Driver torque (Nm)

Steering wheel angle (°)0

Peak torque

Steering smooth

Figure 14: EPS Characteristics - Steering feeling

The comparison in between the industrial and the
LPV solutions is shown in Fig. 15. A sinusoidal driver
input at 5 Nm, with frequency 0.05 Hz, and vehicle
speed 15 km/h has been performed. Note that, in this
simulation case, the driver turns the steering wheel al-
most entirely (from around −360 to +360) with a torque
level of 5Nm that can be considered as a common assis-
tance level. The result of the proposed method may then
be considered as convenient since it represents a typical
functional range. Moreover, the on-centre steering char-
acteristic is similar for both strategies, even if the steer
back and steer out are slightly different. This perfor-
mance assessment emphasizes that the LPV approach is
efficient.
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Hence, the LPV extended state-feedback controller
based on a PI observer allows to ensure driving per-
formances close to an existing industrial solution, de-
veloped using an empirical approach. Moreover, it
uses only common on-board sensors (no torque sen-
sor) and then reduces the cost compared to the indus-
trial solution. Besides, the closed loop performances are
achieved through the choice of the weighting functions,
that can handle as well the robustness to model uncer-
tainties. Of course a final tuning (in particular of the
parameters of the weighting functions) may sometimes
be needed in order to get optimal experimental results.

The next section presents the experimental results ob-
tained with the implemented LPV strategy on a test car.

7. Experimental results

In this part, the experimental facility is presented as
well as some test cases realized at two different vehicle
speeds: low (15km/h) and average (30km/h).

7.1. Experimental facility

The test track on which the experiments are carried
out is shown in Fig. 16. The various patterns drawn on
the ground allow to evaluate the EPS system handling
performances at different vehicle speeds.

Figure 16: Test track

7.2. Vehicle tests at 15 km/h
For the driver, this test consists in turning the steering

wheel over the entire operating range at 15 km/h (in or-
der to travel on the full rack stroke). Therefore, the test
is referred to as a lock-to-lock manoeuvre, performed
at slow dynamics. Indeed, the variations of the steer-
ing wheel angular position and speed during the test are
shown in Fig. 17. The steering wheel speed is less than
100◦/s and the maximum angle is around ±630◦ (this
wide range is characteristic of the considered C-EPS
prototype).
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Figure 17: Steering wheel speed and angle evolution at 15 km/h

Fig. 18 shows the comparison between the measured
(green) and estimated (red) driver torque. A quantitative
error analysis is performed using both following crite-
ria:

• Root Mean Square Error (RMSE)

RMS E =

√∑n
i=1

(
d − d̂

)
n

(23)

where d is the measured driver torque and d̂ is the
estimated driver torque obtained from the PI ob-
server.

• Normalized Root Mean Square Error (NRMSE)
over the range of the measured data [dmin; dmax].

NRMS E =
RMS E

dmax − dmin
(24)

Here, the following values are obtained:
RMSE = 1.15 Nm and NRMSE = 4.84%.

The implemented observer then provides a good esti-
mation of the driver torque.
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Figure 18: Driver torque estimation at 15 km/h

Fig. 19 shows the evolution of the EPS torque in-
puts. The assistance torque (purple) provides some ad-
ditional torque to the driver (green) in order to reduce
the required effort to overcome the road reaction torque
(blue). Note that the amount without assistance would
be large (around ∼ 12Nm) whereas, thanks to the pro-
posed strategy, the average steering torque is close to
6Nm. The assist motor reduces almost by half the effort
required by the driver. It could also be noticed that the
assist torque increases for large steering wheel ranges.

Figure 19: Evolution of involved torques 15 km/h

7.3. Vehicle tests at 30 km/h

In this case, the driver performs a sinus manoeuvre
at 30 km/h, with a steering action on a nominal angular
range (without loss of grip) in low frequency. The vari-
ations of the steering wheel angular position and speed
during this test are shown in Fig. 20. The steering wheel

speed remains lower than 100◦/s and the driver makes
almost one turn of the handwheel at each side, ±360◦.
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Figure 20: Steering wheel speed and angle evolution at 30 km/h

In Fig. 21, a comparison between the measured
(green) and estimated (red) driver torque is shown. The
quantitative error analysis gives:

RMSE = 1.27 Nm and a NRMSE = 5.75%,
which means that a good estimation is obtained even at
a nominal vehicle speed of 30 km/h.

.

Figure 21: Driver torque estimation at 30 km/h

Fig. 22 shows that the driver torque (green) and the
assistance torque (purple) act in the same direction (the
torque distribution is almost fifty-fifty) to counteract the
road reaction torque (blue). However, when an higher
road torque (∼ 17Nm) is applied at 30km/h, the driver’s
effort reduction at large steering wheel turn is less im-
portant. This could be improved by considering the ve-
hicle speed in the control design step.
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Figure 22: Evolution of involved torques 30 km/h

Finally, in Fig. 23, the hysteresis curve of the driver
torque w.r.t the steering wheel angle allows to evaluate
the EPS performance, as suggested in Yamamoto and
Nishimura (2011). Let us notice that, for the test at
15km/h, the driver torque in the steering wheel centre
(i.e. for steering angles < 90◦) is less than 5Nm, then
it increases for large steering wheel angle ranges, but,
still, it remains at an acceptable level < 10Nm. More-
over, the driver torque for the test at 30 km/h is higher
than the one at 15 km/h, which meets the EPS system
requirements regarding feeling consistency.

Figure 23: Hysteresis θc VS τd at 15km/h and 30km/h

8. Conclusion

This paper has presented the design and implementa-
tion of an LPV state-feedback controller based on a PI
observer, for a C-EPS system, without using any torque
sensor. The observer has been designed subject to pole

placement and H∞/H2 minimization objectives. For
control purpose, the EPS system model is written as an
LPV system, function of the driver torque, and an LPV
state-feedback controller has been designed using the
gridding approach. Although the sequential design does
not guarantee the closed-loop stability of the non-linear
system, robust stability has been verified a posteriori,
which has been confirmed experimentally. According
to the experimental results, the proposed method per-
forms an accurate estimation of the driver torque while
providing a suitable amount of assistance to the driver.

Finally, this approach tends to meet cost competitive-
ness through reducing EPS production costs, by remov-
ing the torque sensor and by providing a model-based
control strategy that ensures stability and performances
and that can be easily reproduced by control engineers.
This study is then a proof-of-concept of the industrial
interest of torque sensorless controlled C-EPS systems.

Future works may concern the improvements of the
observer performances considering some uncertainties
for the mechanical parameters (for instance, damping or
viscous friction values). Furthermore, the LPV control
may be extended considering additional varying param-
eters as the vehicle speed.

9. Acknowledgements

This work has been supported by JTEKT corporation
in Japan, Hanazono plant.

Appendix A. Matrices C-EPS system model

The state-space matrices for the C-EPS system (8) are
defined as follows:

A =


−

Dc+Bc
Jc

Dc
Rm Jc

−
Kc
Jc

Kc
Rm Jc

1 0 0 0
Dc

Rm Jeq
a32

Kc
Rm Jeq

a34

0 0 1 0


where a32 = − 1

Jeq

(
Dc

R2
m

+ Dr
R2

p

R2
m

+ Bm

)
and a34 =

− 1
Jeq

(
Kc

R2
m

+ Kr
R2

p

R2
m

)
.

B =


0
0
1

Jeq

0

, E =


1
Jc

0
0
0

, W =


0
0
1

Rm Jeq

0

 and the output

matrix C =

(
0 1 0 0
0 0 0 1

)
.

12



Appendix B. Matrices C-EPS LPV system model

Appendix B.1. Express C-EPS LPV system

The state-space matrix A(ρ) in (9) is further expressed
below, recalled that K(ρ) is a scalar.

A(ρ) =


−

Dc+Bc
Jc

−
Kc
Jc

Dc
Rm Jc

Kc
Rm Jc

1 0 0 0
Dc
Jeq

(
1

Rm
+ K(ρ)

)
Kc
Jeq

(
1

Rm
+ K(ρ)

)
ar33 ar34

0 0 1 0


where ar33 = − Dc

JeqRm

(
1

Rm
+ K(ρ)

)
− 1

Jeq

(
Dr

R2
p

R2
m

+ Bm

)
and

a34 = − Kc
JeqRm

(
1

Rm
+ K(ρ)

)
−

Kr
Jeq

R2
p

R2
m

.

Appendix B.2. Generalized LPV EPS system

The matching between both expressions (12) and

(13) is: AΣ(ρ) =

 A(ρ) 0 0
0 Av 0

BpCθ̇c
0 Ap

, Bv(ρ) =

 B
Bv

0

,
Bd(ρ) =

E
0
0

, Cz(ρ) =

(
0 Cv 0

DpCθ̇c
0 Cp

)
, Dzv(ρ) =(

Dv

0

)
,Dzd(ρ) = 0.

Appendix C. List of notations

In the table below Tab. C.3, some recursive notations
have been summed up.

Notation Description
τd driver torque
θc steering wheel angle
τm assist motor torque
θm assist motor angle
Wx(·) Weighting functions
EPS Electric Power Steering
LMI Linear Matrix Inequality
LPV Linear Parameter Varying
LTI Linear Time Invariant
PIO Proportional Integral Observer

Table C.3: List of useful notations
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