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Diffusion in a nonhomogeneous medium:
guasi-random walk on a lattice

Rami El Haddad, Christian Lécot and Gopalakrishnan Venkiteswaran

Abstract. We are interested in Monte Carlo (MC) methods for solving the diffusion equation:

in the case of a constant diffusion coefficient, the solution is approximated by using particles
and in every time step, a constant stepsize is added to or substracted from the coordinates of
each particle with equal probability. For a spatially dependent diffusion coefficient, the naive
extension of the previous method using a spatially variable stepsize introduces a systematic
error; particles migrate in the directions of decreasing diffusivity. A correction of stepsizes
and stepping probabilities has recently been proposed and the numerical tests have given satis-
factory results. In this paper, we describe a quasi-Monte Carlo (QMC) method for solving the
diffusion equation in a spatially nonhomogeneous medium: we replace the random samples in
the corrected MC scheme by low-discrepancy point sets. In order to make a proper use of the
better uniformity of these point sets, the particles are reordered according to their successive
coordinates at each time step. We illustrate the method with numerical examples: in dimen-
sions 1 and 2, we show that the QMC approach leads to improved accuracy when compared
with the original MC method using the same number of particles.

Keywords. Quasi-Monte Carlo, random walk, low-discrepancy sequences, diffusion equation.

AMS classification.11K45, 80M25.

1. Introduction

Random walk techniques are useful computational tools for simulating processes in-
volving the diffusion of substances. The substance is modelled by a set of particles and
the particles move according to the dynamics described in the diffusion equation. For
diffusion in one dimension and in the case of a constant diffusion coeffitigrthere

are two main ways of performing random walk. A short time intedvals chosen.

With the first method, a particle with coordinatemoves tox + Az, wherelAx is a
random increment drawn from a centered Gaussian distribution with varidpgs: 2

This approach is discussed in [1, 8, 7]. The second method consists of using a constant
stepsizedx := /2DoAt. A particle with coordinate: jumps tox — Az or tox + Ax

with equal probability 12. This is the approach taken in [11, 6, 9]. Both methods are
simple to implement and allow to consider complicated geometries. Drawbacks are
their slow convergence so that many runs are often needed to obtain reliable results.
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When considering a problem with a spatially dependent diffusion coefficient, i.e.
D = D(z), the naive extensions of the above methods are to use a spatially variable
variance D(z)At in the first case, and a spatially variable stepsjZ2D (x)At in the
second case. However, both approaches give biased results as they lead to an apparent
advection in directions of decreasing diffusivity and a concentration of particles in re-
gions of low diffusivity [10, 4, 5]. A systematic method for calculating corrections to
the Gaussian steplength has been proposed by L. Farnell and W. G. Gibson in [4]. The
same authors have given in [5] a method for correcting the fixed step case: both the ste-
plength and the probability of stepping to left and right must be modified. Numerical
experiments have shown that both corrected schemes lead to satisfactory results.

One approach to improve the accuracy of MC methods is to change the random
numbers used. QMC methods replace pseudo-random numbers with quasi-random
numbers. These are points which are very evenly distributed. We refer to [17] for
detailed information on QMC methods. In MC integration, it is not the randomness
of the samples that is relevant, but rather that they are spread in a uniform manner on
the integration domain, so QMC quadrature often outperforms MC integration . But
in particle simulations the independence of the random samples is important. If care
is not taken in how the quasi-random points are used, the correlations may destroy the
method. An additionnal technique was first introduced in [12] and consists of sorting
the particles according to position at each time step. This technique was applied to the
diffusion equation (in spatially homogeneous media) in [16, 2, 14, 18]. In a previous
communication [3], we have proposed and tested a QMC algorithm for the simulation
of the diffusion equation based on the corrected Gaussian steplength of [4]. The aim
of the present work is to develop a QMC version of the corrected MC algorithm of [5].

The rest of the paper is organized as follows. Section 2 presents the classical random
walk scheme with constant stepsize and its deterministic version, for the simulation of
diffusion in an one-dimensional homogeneous medium. In Section 3, we recall the
corrections of the steplength and probability in order to deal with spatially variable
diffusion coefficients. Section 4 presents a QMC version of the corrected MC scheme
proposed above. In Section 5, we illustrate the new method with numerical examples
in dimensions one and two, and we show that the accuracy is improved by the QMC
approach, when compared with the standard MC strategy. We draw conclusions in the
final section.

2. Random walk on a lattice

The diffusion equation describes the evolution of the density of a substance due to
the displacement of molecules (attributed to Brownian motion) from regions of strong
concentration to regions of small concentration. The pure initial value problem for a
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simple diffusion equation in a one-dimensional domain is:

oc 0 oc
c(x,0) = co(z), ze€eR, (2.2)

whereD := D(z) > 0 is the diffusion coefficient ancy(x) > 0 is the initial con-
centration at position. Herec(z, t) is the concentration of particles at locatiomnd
timet. If we assume

/ co(z)dr =1, (2.3)
R

then
vVt >0 / c(z, t)de = 1. (2.4)
R

In the spatially homogeneous cade(x) := Dy, the random walk technique on a
lattice can be described as follows. et be a spatial step anlit be a time step. The
finite difference method replaces Eq. (2.1) with
c(z,t +4¢) —c(z,t) Do
At ~ D2

Hence, ifAx = /2Do/At, one has

(c(x — Dz, t) — 2¢(x, t) + c(x + Dz, t)). (2.5)

1 1
c(z, t+ At) ~ Ec(x — Dz, t) + éc(:r + Az, t). (2.6)
Given a large integelN, the simulation is conducted by first generatiNgsamples
(particles) from the initial probability density functiag. Then the particles random
walk as follows. During a small time stéys, each particle moves by a random distance

Lo = \/2DoAAt B, 2.7)

whereB is a Bernoulli random variable such tHa{B = —1) = P(B = +1) = 1/2.

A QMC version of the previous scheme has been analyzed in [2]. The basic idea
of QMC methods is to replace the pseudo-random points of MC methodiswsy
discrepancypoint sets. We first recall from [17] some basic concepts. Dehate
[0,1) and lets be a fixed dimension ankl; be thes-dimensional Lebesgue measure.
For a set/ = {uy,...,uy—_1} of points in thes-dimensional unit cubé®, we define
thediscrepancyby

1
Dy(U) :=sup|= Y 1y(w) = A(J)],
J 0<k<N

=

where 1; denotes the indicator function of, and where the supremum is taken over
all subintervals/ of I°. We say that a set oV points of I* is alow-discrepancy
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point setif its discrepancy is of orde®((log N)*~1/N), which is the minimum size
possible. The theory d, m, s)-nets andt, s)-sequences was developed with a view
to providing excellent low-discrepancy point sets for QMC methods. For an integer
b > 2, anelementary interval in baskis an interval of the form

S

[Tlad=%, (a; + Do),

i=1

with integersd; > 0 and 0< a; < b% for1 < i < s. If 0 < t < m are integers,
a (t,m, s)-net in base is a point set consisting df"™ points in I* such that every
elementary intervall in baseb of measure)'~™ contains exactly! points of the set.
If b > 2 andt > O are integers, a sequen{ag, us, ...} of points in ¢ is called
a (t, s)-sequence in baseif, for all integersn > 0 andm > ¢, the pointsu; with
nb™ < j < (n+ 1)b™ form a(t, m, s)-net in basé.

We sketch the quasi-random walk method for the simulation of (2.1)—(2.2) in the
case of a constant diffusion coefficieBy. The first step towards the approximation
of the solution entails the discretization of the space varialgely. LetAz be a space
step andrya, be the operator defined by

oo f(2) 1= [z £ Az),
for any functionf onR. The semi-discrete approximation to (2.1)—(2.2) is

c D
%(x,t) = A—xOZ(T,AZE— 2c+ TME) (z,t), z€R,t>0, (2.8)

c(z,0) = co(x), x€R. (2.9)

It is easy to show that the conservation law still holds:
vt >0 /E(x,t)dx =1 (2.10)
R

We first construct a weak formulation of the equation. A mappingR — R is said
to besimpleif o(R) is a finite set. LetS, (R) be the set of all nonnegative simple
measurable functions dR. Then, for any € S (R),

d Do

p RJ(:E)E(:E, t)dx = A2 /R(T_MU — 20 + Ta,0) (2)¢(w, t)da. (2.11)

Let b andm be integers and denot¥ := ™. We generatéV samples (particles)
29, 0 < k < N from the initial probabillity distributioreg(z)dz, i.e.

1
A(z) = N Z §(z — 29) ~ co(z)dz,
0<k<N
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whered(x—z*) denotes the Dirac measurerdt Next we discretize time into intervals
of lengthAt with the following stability requirement

At 1

A= Dog——= < —.
A2 =2

(2.12)
For QMC integration, we need a low discrepancy sequekbice: {up, us,...} C I
For an integer, denotel/™ := {u; : nN < j < (n+1)N}. If M1 is the map defined
by M1 (u1,u2) := u1, we assume that for all € N,

MiU"is a(0,m, 1)-net in basé. (2.13)

Assuming that we have computed an approximatibrof ¢ at timet,, ;= nit by a
sum of Dirac masses located at positiafs. . ., z7_4:

" (x) = % > o —ap),

0<k<N

we compute an approximatiefit! at timet,,,1 in two steps.
(1) Sorting the particlesThe particles are relabeled such that

xp < <<y (2.14)

This reordering was first introduced in [12] for the simulation of the Boltzmann equa-
tion. It guarantees the convergence of the method: since a step of the random walk can
be described by a numerical integration (see below), the sorting reverts to minimizing
the amplitude of the jumps of the function to be integrated.

(2) Quasi-random walk.A measurey™+1(z) which approximates the solution at
time ¢,,,1 is obtained by using a forward Euler scheme to discretize Eq. (2.11): for
anyo € S;(R),

1

N Ra(x)('y’”l(m) —c'(z)) = % /R(T_MU — 20 + Ta,0) (z)c™(z).  (2.15)

Consequently,
/U(:L’)’y”“(a:) _ 1 (Mo (af —Dx)+(1-2\)o(z))+ Ao (zf +Ax)). (2.16)
R No&in

Denote by } the indicator function of the elementary interval:= [k /N, (k+1)/N)
and lety_1, xo andx.1 denote, respectively, the indicator functions of the intervals
I_:=1[0,\),Ip:=[\1-X), I :=[1-)1). Too € S4(R), we associate

)= Y L(ua) Y Xe(up)o(af +ebx), u=(ug,up) € 12
0<k<N e=—10,+1
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Then
/a(:u)’y”*l(a:) :/ 2" (u)du. (2.17)
R 2
We recover™ ! by performing a QMC integration:
mn 1 n
/Ra(m)c A=t Y ). (2.18)

nN<j<(n+1)N

This can be reworded as follows. Rok [0, 1), putk(u) := [ Nu], where[£ | denotes
the greatest integet &. It follows from (2.13) that the mapping

je{nN,nN+1,...,(n+1)N — 1} — k(u;1) € {0,1,...,N =1}  (2.19)

is a bijection. Then, the random walk restatement of (2.18) readsuffor< j <
(n+1)N,

Vi) — DT, if 0<uj><A,
mZ@?l) =9 ) if A<ujz<l-), (2.20)

l‘Z(uJ_‘l) +Az, if 1-A<u;»<l

If A = 1/2, this reduces to:

ol _ ) Ty — A% 0 S u <1/2, (2.21)
F(uj) a2 .+ Az, otherwise,
k(uy,1)

which must be compared with (2.7). For evgrythe first coordinate; 1 of the quasi-
random pointu; is used to select the particle, while the second coordingiés used

to decide whether the particle moves left or right. This approach may be extended to
several dimensions. In [2], convergence of the algorithm is established in the multi-
dimensional case; the results of computational experiments indicate that a significant
improvement is achieved over standard random walk simulation.

In some applications, the diffusion coefficiebt(x) varies with position. In this
case, the obvious extension of the previous method using a spatially variable space
step+/2D(x)At leads to the accumulation of particles in regions of low diffusivity.

In [5], L. Farnell and W. G Gibson have derived simple formulas for correcting the
standard fixed-step MC method in the case of a spatially variable diffusion coefficient.
We recall their MC algorithm in the next section.

3. A biased random walk in a nonhomogeneous medium

We suppose that the diffusion coefficigntz) > 0 varies with distance. L&\t be the
time step and.(z) := \/2D(z)At denote the uncorrected steplength. During the time
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x-A,, X x+A,
) ) )
hd = =
! S~ I
L(x-A,) L(x) L(x+A)

Figure 1. The lattice used for the random walk.

step, a particle at positianmoves to eithex — A, () or z + A,(z). If we have

Bufa) = S(Lx—Bu(x) + L(2)). (3.1)
By(r) = F(L()+ Ll +By(x))) (32)

the random walk stays on a (irregular) lattice: see Fig. 1.
SinceL(z) = O(v/At), an approximate solution of (3.1)-(3.2) can be found from
Taylor expansions:

Bufa) = Lix)— 3L()L'(x) + O(BH) (3.3)

D) = L(x)+ SL(x)L () + O((80)*). (3.4)

Denote byTy(x) (resp. T,-(z)) the probability that a particle at moves to the left
(resp. to the right) durind\t: clearly T;(x) + T, (x) = 1. If we consider a large
number of particles, the average numbéfz, ¢) of particles at pointz and timet¢
satisfies:

N(z,t+0t) = N(x — 0, )T (x — D) + N(z + D), ) Ty(z + 8,),  (3.5)

wherel,, := A, (x) andd, := Ay(z). The concentration of particles at poineand
timetisc(x,t) = N(z,t)/L(z) and the time rate of change of concentration at point

z verifies:
dc . 1 N(z,t+At) — N(x,t))

2t @0 = Im T Al (3:6)
It follows then from (3.5):
oc . 1 1
o —(z,t) = Allnjo e )At(L( T+ 0p)e(x + Dy, ) Ty(x + Ay)

+L(z — Ap)e(x — D, )T (x — Ay) — L(x)e(x, 1)), (3.7)
Using the Taylor expansions

Oc 9?c
c(lx —Dp,t) = c(z,t) =Dy, 837(I t) + ZAia >

80 232 3/2
clx+Dpyt) = c(m,t)—i—Ap%( t) + ZApE? 2( t)+O0((D)7)  (3.9)

(z,t) + O((8)¥?), (3.8)
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in Eq. (3.7), we get

%(x, t) = Jim Ai (doc(m t)+d1§ €3 t)+d232§(x,t)>, (3.10)
where
do = Rp(x)Ty(x+4Dy) + Rn(2)Tr(z — D) — 1,
dy = Ry(@)DyTy(x + By) — By () D Tr(x — Do),
dy = % (Ro(2)D3Ty(x + By) + R ()2, T (2 — D))

together withR,,,(x) := L(x—Ay,)/L(xz) andR,(x) := L(z+4,)/L(x). We recover
the diffusion equation (2.1) if

do di ., dz
Alinjo At =0 at—0 Ot Di(@), AUTO At = Di@). (3.11)
These conditions are satisfied if we have
1 1, 1 1,
Ty(z) = 5~ ZL () +0O(At) and T,(x) = 5t ZL (x) +0(At). (3.12)

Details of the calculation are given in the original paper [5].

The corrected random walk can be summarized as follows: a particle at pasition
at timet should at time + At, with probability 7, () move to position: — A,, (z) and
with probability 7). (x) move to position: + A,(x). Here

1

D) = L) — L@ (), Te)i= 5 — L), (319
A)(w) = L(z) + %L(m)L’(w), Ty(z) = % + %L’(m) (3.14)
andL(x) := /2D(x)At is the uncorrected steplength.

4. A quasi-random walk on an asymmetrical lattice

In this section, we develop a QMC approach for the simulation of the diffusion equa-
tion in a multi-dimensional nonhomogeneous medium. The algorithm is based on the
QMC scheme described in Section 2 and uses the correction method of Section 3. We
consider the pure initial value problem:

%(x,t) = V- (DVe)(x,t), x€R® t>0, (4.2)

c(x,0) = co(x), x€R® (4.2)
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where the initial concentratiofy(x) > O satisfies

/S co(x)dx = 1. (4.3)

This implies
vt >0 / c(x,t)dx = 1. 4.4)

Let At be a time step ang, := nAt, forn € N.

4.1. Constant number of particles

We first use a fixed number of particles. lledinddy, ..., ds be integers. Put =
d1+---+dsand N = b™. We are looking for an approximation of the solution at

timet,, of the form
1
= > dx—xp),
0<k<N
wherexg, . .., xR,_, are the (positions of the) particles at titge The QMC algorithm
has several steps:

4.1.1. Initialization

The initial locations{x3,...,x%,_,} are sampled from the probability distribution
co(x)dx. This is done by mapping @, m, s)-net in basé to R*. The choice of the
mapping depends on the initial distribution to be sampled; in our numerical experi-

ments (section 5), the particles are released from a point source at origin, so we take

0 _ _ 0 P
Xg =" =Xy_q1:=0.

4.1.2. Displacement of particles

We use a low-discrepancy sequefite= {ug, uy, ...} C 1% for moving the particles.

For an integen, denotel™ := {u; : nN < j < (n+1)N}. LetN’: I? — I° be the

projection defined by’ (uq, . . ., u2s) := (ua,. .., us); we assume that for all € N,
n'U™is a(0,m, s)-net in basé. (4.5)

Foru € 1%, we putu’ := N’(u). We generalize formulas (3.13)-(3.14) as follows. If
L(x) := +/2D(x)At, we define for 1< i < s:

Biy(x) 1= L) — L5 (), T = 3 — g pe (), (46)
A (x) == L(x) + %L(x) g{i (x), Tix):= % + igi (x). (4.7)

Suppose that at timg,, the particles are located at positiog, . . ., x3,_;: we de-
termine the positions at timg_, 1 in two steps.



10 R. El Haddad, C. Lécot and G. Venkiteswaran

Figure 2. Sorting 2+3 = 32 particles§ = 2,s = 2,d; = 2,d = 3)

Relabeling the particles. The particles are Iabeleftn) using a multi-dimensional
indexa = (ag,...,as) With 0 < a; < b% for 1 < i < s, such that ifa anda are
distinct indices, then

~ ~ ~ n n
a1 =ag,...,0;—1 = Q;—1,0; < a; = Tay < T4 (48)

This type of sorting was first used in [13] and generalizes the classical one-dimensional
sorting of (2.14). This is done insteps as follows: the values of the first coordinate
x1 of the particles are used to sort them into subsets of level 1. In each subset of
level 1, the values of the second coordinageof the particles are used to sort them
into b%2 subsets of level 2, and so on: see Fig. 2 for an example.

Performing a random walk We use the quasi-random points. To eachu’ =
(us,...,us) € I*, we associate the indexu’) := (|b%uq], ..., [b%u,]). It follows
from (4.5) that the mapping

je{nN,nN+1,...,(n+1)N -1} — a(u}) (4.9)
is a bijection ontdO0, ..., b%—1} x---x{0,...,b%—1}. Attimet, 1, the coordinates
of the particles are updated as follows: foN < j < (n+1)N and 1< i < s,

el xZ(u;,),i - Afn(XZ(u;)), it wjspi < TZ(XZ(uQ))v

x A . K
a(uj),g mg(ug_)ﬂ, +A;)(xg(u;_>), otherwise.

(4.10)
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The firsts coordinates of the quasi-random point are used to select the particle,
while the lasts coordinates are used to update the coordinates of the particle.

4.2. Varying number of particles

The QMC algorithm of [2] works with a constant numh®&rof numerical particles
and N is equal to a power of some prime base This is required if we want the
mapping (2.19) to be a bijection. In an application of interest to us, physical particles
are released from a source so that the number of particles increases over time. We can
overcome the difficulty as follows. IV is the number of particles at tintg, we write

the digit expansion olV in baseb:

N = f: an (N, (4.11)
h=0

where 0< «a;(N) < banday, (N) = 0 for sufficiently largeh. The set ofV particles

is split into ap(V) subsets of sizé?, a;(N) subsets of sizé!, and so forth. Each
subset is treated separately (for relabeling and displacement). At the end of the time
step all the subsets are merged in one se¥ gdarticles before adding new particles
that are released from the source during the time step.

5. Numerical experiments

In this section, we present the results of numerical experiments which illustrate the
precision of the QMC scheme. We focus on biological applications with @éffu-

sion inside the neuromuscular junction of the crayfish [15]. Calcium ions are released
from a point source as the result of a train of action potentials arriving at that location,
with each impulse resulting in release. The ions then diffuse independently through
the surrounding medium and act on receptors at varying distances from the release
point, chosen as the origin of the axes. The diffusion coefficient varies with position.
The number of particles released from the sourd¥ is 214, We have considered the
following cases in dimensions 1 and 2:

(i) instantaneous emission of particles at O;
(i) emission of particles during a time intenj@l |.

We evaluate the concentration of particles in a region of space as the number of
particles in the region divided by the total number of particles. We compute the evol-
ution of concentration in different regions during a time intef@al’;]. The time step

is At = 1.610°%. In both cases, := 1.31072= 213At andT; := 10 = 62 500A¢.

We compare the results given by the QMC scheme with those produced by the MC
scheme of [5]. Since no analytical solution is availableef@rence solutioris ob-
tained by using a MC simulation with a very large number of simulation particles.
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5.1. One-dimensional diffusion
We consider the spatially varying diffusion coefficient used in [4, 5]:
D(z) := D(1 - 0.8u(z)), (5.1)
whereD := 4000 and
u(z) == %(tanr(A(b —z))+1), A=35102 b=200

The quasi-random sequence used in 1-D simulations i$a/#-sequence of Faure

in baseb = 2 (see [17]). We compare MC and QMC results by calculating the time
evolution of the concentration of ions in the space inter{20s40] and [60, 80]. To

smooth the curves and to make comparison clearer, we average the results over a time
interval of amplitude (6. The reference solution is obtained by a MC simulation
using a sample®2times larger than the original one, i.e., witf?Darticles.

5.1.1. Instantaneous emission

All the particles are released at time= 0 from the point source. The concentrations
are displayed in Fig. 3. Using quasi-random numbers in place of pseudo-random
numbers and reordering the particles clearly reduce scattering of the results.

5.1.2. Non-instantaneous emission

Now the ions are released over the time intef@at.]: two particles are emitted at

each time steg\t. Figure 4 shows the outputs of the computations. Once again,
the quasi-random strategy produces more accurate approximations than the standard
random walk method, and the splitting technique used during emission seems to be
efficient.

5.2. Two-dimensional diffusion

The diffusion coefficient is that of Eq. (5.1), withreplaced by the radial coordinate

ro= \/:1;% + x% Here, the low-discrepancy sequence used ig3)4)-sequence of
Niederreiter in bask = 2 (see [17]). We compare MC and QMC results by calculating
the time evolution of the concentration of ions in the squg28s40] x [10,30] and
[60,80] x [10,30]. We average the results over a time interval of amplitu@d 0The
reference solution is obtained by a MC simulation using a sanfgien2s larger than
the original one, i.e., with%? particles.

5.2.1. Instantaneous emission

At t = 0, all the particles are released from the point source. The concentrations are
displayed in Fig. 5. The improvement due to QMC is clear even in dimension 2.
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14

R. El Haddad, C. Lécot and G. Venkiteswaran

11 il
— P —
==t ==

o \ i

1 \ o

01 i 0l

\
18 : il :
¥y , \\\
i3 il :

14 i

1 o

U L L L 1 L L L U L L L i}

I 2 31 4 5 6 7 8 9 D 0 78 9

1 i)

— P —
« == == M
il . o
16 A 00
\.‘\ »

15 0

1 il

il il

1 il

10 00l

U L L L 1 L L L U L L L i}

I 2 31 4 5 6 7 8 9 D 0 78 9
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Comparison of MC (left) and QMC (right) simulations with a reference solution.
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5.2.2. Non-instantaneous emission

During 7., two particles are emitted from the source at every time Ateff he results
of MC and QMC simulations, as plotted on Fig. 6, show the superiority of QMC
approach.

6. Conclusion

We have presented a QMC algorithm for the simulation of diffusion processes in spa-
tially nonhomogeneous media. The scheme is a generalization of the QMC method
described in [2] in the case of a constant diffusion coefficient. The diffusing substance
is approximated by a set df particles, which are sampled @t= 0 from the initial
distribution. Time is discretized, and the particles are reordered according to their co-
ordinates at the beginning of every time step. A mapping between a low-discrepancy
sequence and the set of the positions of the particles determines the movement of each
of them. The steps of the random walk are corrected according to formulas derived in
[5]. The numberN is allowed to change during the simulation. The results of some
numerical examples have shown that the new QMC method is more accurate than the
standard MC scheme. Directions for future work include the study of theoretical con-
vergence of the method and its application to more general diffusion problems with
boundary conditions.
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