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QUALITATIVE AND NUMERICAL ANALYSIS OF A SPECTRAL
PROBLEM WITH PERIMETER CONSTRAINT

BENIAMIN BOGOSEL, EDOUARD OUDET

ABSTRACT. We consider the problem of optimizing the k™" eigenvalue of the Dirichlet
Laplace operator under perimeter constraint. We provide a new method based on a I'-
convergence result for approximating the corresponding optimal shapes. We also give
new optimality conditions in the case of multiple eigenvalues. We deduce from previous
conditions the fact that optimal shapes never contain flat parts in their boundaries.

1. INTRODUCTION

Many works adress the shape optimization problem
min{\,(Q) : Q c R% Q| =1}, (1.1)

where \j, is the k' eigenvalue of the Dirichlet Laplacian on 2. Faber and Krahn proved
that for k = 1 the minimizer is a ball of unit volume and Polya and Szego proved that for
k = 2 the minimizer consists of two balls of volume one half. For the case k > 3 the shapes
of the minimizers are unknown. Numerical studies of the optimal shapes were performed,
initially by E. Oudet in [25], and more recently improved by P. Antunes, P. Freitas [3].

In recent articles [12],[I5] authors switched from the measure constraint to a perimeter
constraint:

min{\x(Q) : @ ¢ R Per(Q) = 1}. (1.2)
It is not difficult to see that problem (2] is equivalent to
min{\;(Q) + Per(Q) : Q c R} (1.3)

in the sense that any solution of (L2) is homothetic to a solution of (3] and conversely.
We will use freely these two equivalent formulations.

In the case k = 1, the solution to problem (L2]) is obviously a ball as a consequence of
the isoperimetric inequality and the Faber-Krahn inequality. The case k = 2,d = 2 was
considered by D. Bucur, G. Buttazzo and A. Henrot in [12]. The authors provided existence,
regularity, qualitative and numerical results. Recently G. De Philippis and B. Velichkov
[15] proved that the shape optimization problem (L2 has a solution for any k£ € N* and
for any dimension d. They also proved that the solution is bounded, connected, open with
boundary of class C™® outside a closed set of Hausdorff dimension d — 8. We underline
the fact that it is not necessary to consider sets € contained in a bounding box D C R?
in order to have the existence result. Furthermore, in [15] it is proved that the optimizer
found in the absence of a box constraint is bounded. Therefore, if the bounding box D is
large enough, the optimizer is the same as in the general case Q C R<.

The numerical studies performed by E. Oudet [25] and P. Antunes, P. Freitas [3] for
problem (ILT)) show that the expected minimizers do not have an obvious geometric structure
for k > 5. In [I2] it is proved that the optimal shape for (L2) in the case k = 2,d = 2
does not contain any segment or any arc of circle in its boundary. This suggests that we
cannot hope to find a simple geometric description of the solution of (Z) even in the case
of k =2.

In this context it is relevant to introduce new numerical approaches which provide a
precise description of optimal candidates in two and three dimensions. One numerical
approach which has been successfully used in the last few years is the following Fourier
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parametric method. Considering the formulation (L.3]) we note that the monotonicity of A
and the fact that in R? convexification decreases perimeter imply that every solution of the
problem (L2]) in the plane is convex. Thus we can represent any optimal candidate in the
plane using its radial function (). Furthermore, we can approximate the radial function r
by its truncated Fourier series 7, (n sine and cosine coefficients). Doing this truncation, we
don’t perturb the eigenvalues too much. B. Osting gives an estimate of this error in [23].
In this way we can represent a good approximation of the boundary of a star convex shape
by a finite number of parameters. It is possible to find the partial derivatives of \x(€2,, )
with respect to the Fourier coefficients. Then a gradient descent algorithm can be used
in order to find the optimal shape candidate in terms of first 2n 4+ 1 Fourier coefficients.
This method is very precise and gives reliable estimates of computed eigenvalues. The same
method is used in [3]. The method can be generalized to the three dimensional case and
P. Antunes and P. Freitas announced a result in this direction [4]. A possible drawback of
using this method in three or more dimensions is the fact that we do not know apriori that
the solutions of ([[2]) are star-convex in dimension greater than two.

A different approach consists of representing the shape 2 as a density function ¢ :
D — [0,1] (where D is a bounded, open set of R?). In recent works of E. Oudet [20]
and B. Bourdin, D. Bucur, E. Oudet [8], some I'-convergence results are used in order to
approximate the perimeter of Q2 and the eigenvalue \;(€2) by relaxed functionals calculated
on a density approximation of €). As stated above, choosing a large enough bounding box D,
does not modify the optimizer. In the case of the I'-convergence approximation presented
in Section Bl considering a bounding box D simplifies the proofs.

The first main contribution of this article is to prove that we can combine the two results
above in order to produce a relaxation by I'-convergence of A (£2) + Per(£2). We implement
this method for d = 2 and d = 3 and we obtain comparable results with the Fourier
parametrization approach, in the two dimensional case. The advantage of our method is
the fact that we do not make any topological assumptions on the optimal shape. Moreover,
the numerical implementation in dimension three or greater is very similar to the one in
dimension two.

Our second contribution is to provide new optimality conditions (Corollary [5.4]) for this
spectral shape optimization problem which are also relevant in a non differentiable context.
As a matter of fact, the difficulty that arises very often in problem ([2]) is the fact that
the cost function is not differentiable anymore when the optimizer does not have a simple
k'™ eigenvalue. This fact was observed in our computations presented in Section [ Notice
that the question of finding the multiplicity at the optimum is still open even for problem
(LI). Thanks to these new optimality conditions, we are able to generalize the qualitative
results obtained in [I2] in our general setting: for every k and any d, the optimal shape
does not contain flat parts in its boundary. The optimality condition is obtained under
the hypothesis that Q is of class C®, which is stronger than the result proved in [I5]. The
optimality relation allows us to use a bootstrap argument, similar to the one used in [12], in
order to prove that if Q is of class C3, then € is of class C*. Thus, in order to completely
solve the regularity issue for problem [ it only remains to fill the gap between C1® and

C3.
2. PRELIMINARIES
In the proof of our results we will need different theoretical tools, which are recalled

below.

2.1. Spectrum of a measurable set. For well posedness reasons, it is convenient to
extend the notion of Sobolev space to any measurable set @ C R? by defining

HY () = {ue HY(RY) : u =0 ae. on Q).
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In general we have H}(Q) C ﬁol(Q) and we have equality if, for instance, 2 has Lipschitz
boundary. Furthermore, it is proved in [19] Chapter 4] that there exists a quasi-open set
w C € such that f[&(Q) = H}(w). More technical details about the choice of this space,
and why is it suitable in the study of problem (2], can be found in [12] and [15].

For any Q C R? of finite measure and any f € L*(R?%) we define Rq(f) € f[&(Q) as the

weak solution in ﬁé(Q) of the equation
—Au=f, ue H} Q)

or equivalently as the unique minimizer in Ho (Q) of

U = / |Vul? — / fu.

Then Ryg, is a positive, self-adjoint and compact operator. As a consequence, its spectrum
is discrete and its eigenvalues form a sequence converging to zero. Thus we can set

1
() = ———
where 0 < ... < Ag(Q) < ... < A1(Q) are the eigenvalues of Rq,.

If pis a capamtary measure (i.e. p(A) = 0 if cap(A) = 0) then A\i(p) is defined as the
k™ eigenvalue of the operator —A + pl. The corresponding Rayleigh formulas are

Vul?d 2d
An(p) = min  max Jp IVulde + [ u ,
E€S, ueE\{0} [p utdzx

where the minimum is taken over n dimensional subspaces of Hi(D) N L?(D;u). Using
this formula we immediately deduce the following monotonicity property: if u < v then
A (p) < Ap(v). We note that the eigenvalues of a shape Q correspond to the eigenvalues of
the measure +ooqe.

The notion which is well suited to the study of the convergence of Dirichlet eigenvalues
is the ~y-convergence. If (uy,), p are capacitary measures we say that p, ~y-converges to pu if

Ry, — Rule2py — 0.

We have denoted R,, the resolvent of the operator —A+pl. In particular, if y,, y-converges
to w, then

Ae(pin) = Ae(p)-

A useful characterization of the «y-convergence of a sequence of sets (£2,,) to another set
Q is the Mosco convergence of the spaces H{(€2,) to H}(£2). We suppose that ,,Q are
contained in a bounded open set D. We say that H{($,) converges to H}(f2) in the sense
of Mosco if the two following conditions are satisfied:

(M1) For all u € H}() there exists a sequence u, € H}(f2,) such that u, converges
strongly in H}(D) to w.

(M2) For every sequence u,, € H}(Sy,,) weakly convergent in H}(D) to a function u we
have u € H} ().

For more details we refer to [II, Chapter 6] and [19].
For every measurable set € of finite measure we denote wq the weak solution of the
equation

—Awg =1, wg € H}(Q).
We have wy < wq whenever U C € and
Hy({wa > 0}) = Hy({wq > 0}) = Hy ().
We refer to [12], [15] for further details.
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2.2. I'-convergence and Modica Mortola Theorem. In shape optimization, many nu-
merical methods replace the shape variable by some unknown function. One main difficulty
in our context is to associate to this kind of functional framework a way to compute the
perimeter of the set. To achieve this goal, the characteristic function yqo will be approxi-
mated by a regular function u € H'(Q2) and the perimeter of Q will be replaced by some
smooth functional. This smooth functional is chosen from a sequence of functionals which
I’-converges to the perimeter.

The notion of I'-convergence, introduced by de Giorgi, is a suitable tool for the study
of the convergence of variational problems. For the sake of completeness, we present its
definition and some of its main properties.

Definition 2.1. Let X be a metric space and F., F : X — [0,+00] a sequence of functionals

on X (defined for e >0). We say that F. T'-converges to F and we denote F_ RN if the
following two properties hold:

(LI) For every x € X and every (z:) C X with v. — x we have
F(z) < liminf F_(x.) (2.1)
e—0

(LS) For every x € X there exists (x.) C X such that (x.) — x and
F(z) > limsup F.(x.). (2.2)

e—0

Given 2y € X we will call recovery sequence a sequence (x.), which satisfies property
([22). This sequence satisfies, in particular, the relation

lim F;(z:) = F(x).
e—0
Here are three main properties of the I'-convergence.

Proposition 2.2. If F. LIy Fin X then the following properties hold:

(i) F is lower semicontinuous;
(i) If G: X — [0,00) is a continuous functional then

j LNy ie)

(i) Suppose x. minimizes F. over X. Then every limit point of (xc) is a minimizer for
F.

The last property suggests that we could approximate a minimizer of F' by a minimizer
of F; for ¢ small enough. This method was successfully used in [8, 26].

Sometimes it is difficult to prove the (LS) property ([22]) for every z € X. Having
an element x with some good regularity properties may aid in constructing the recovery
sequence. The following procedure, of reducing the class of elements x for which we prove
[22) to a dense subset of {F < +oo}, is classical (see for example [9],[10]).

Proposition 2.3. Let D C {F < 400} be a dense subset of X, such that for every x €
{F < 400} and (u,) C D, with (u,) — = we have

limsup F(u,) < F(z).

n—oo

Suppose that for every x € D, the property [2.2) is verified. Then [22]) is verified in general.

The result stated below is due to Modica and Mortola [20], and it provides an approxi-
mation of the perimeter using I'-convergence.
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Theorem 2.4. Let D be a bounded open set and let W : R — [0,00) be a continuous
function such that W(z) = 0 if and only if z € {0,1}. Denote ¢ = 2f01 VWi(s)ds. We
define F.,F : L'(D) — [0, 400] by

Fu(u) = {st Vul> + 1 [, W(u) e H' (D)

+00 otherwise
and
1 .
Flu) = cPer(u="(1)) we BV(D, {0,1})
+00 otherwise
then
r
F,.— F

in the L'(D) topology.
For a proof we refer to [I] or [I3]. In the numerical simulations we fix the potential
W(s) = s*(1 — s)*

which imposes the corresponding constant ¢ = 1/3.

Remark 2.5. In general if F; L Fand G, L' G we cannot conclude that F. + G, BN
F + G. Thus, the result proved in Section [ is not trivial. One sufficient condition for
the above implication to hold would be that for each u we could find the same recovery
sequence for F' and G. For more details and examples see [9].

2.3. Perturbation theory for eigenvalues. Let (f.) be a family of diffeomorphisms
of R? which depend analytically of e, such that fy is the identity. Each such family of
diffeomorphisms determines a sequence of perturbations (Q.) = (f-(2)) of Q. The vector
field V = d% fele=o is called the direction of the perturbation. One natural question is to
see whether the map

e — Ap(Qe) (2.3)

is differentiable at ¢ = 0. It is known that the above map is differentiable if and only if
Ai(€) is simple. Nevertheless, it is possible to prove that if A (£2) has multiplicity p > 1 and
if we consider an analytic perturbation Q. = f.(€2), then the p corresponding eigenvalues
move on p smooth curves as ¢ varies. The differentiability is lost because the p eigenvalues
change their places on the p smooth curves as € passes through zero, due to their ordering.
We could recover some informations on differentiability if we relabel them. This method
has been used in [17]. We present below some of the results needed to derive our optimality
conditions.

Consider © a bounded, open set of class C3 in R%; therefore the mean curvature 7 is well
defined and continuous. We denote by n the outer normal to 2. Any perimeter preserving
perturbation 2. = f.(€) induces a function v = (d%f€|€:0, n) on Jf) satisfying faﬂ Hvdo =
0. We denote by Py(0€) the set of C! functions on 9 such that [, H v do = 0. We
denote by divp the tangential divergence with respect to I'. We refer to [19] Section 5.4.3],
for a precise description of divr.

Lemma 2.6. Let v € Py(0N2). Then there exists an analytic perimeter preserving defor-
mation Q. = f-(Q) such that v = <d%_f€|€:0,n>.

Proof: Let U be an open neighborhood of Q and #,7 be C! extensions of v,n to U.
For ¢ sufficiently small, the map ¢.(z) = = + €v(z)n(z) is a diffeomorphism from €2 to
©:(€2) (local inversion theorem). This deformation is analytic in €, but is not necessarily
perimeter-preserving.
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Let X be an analytic vector field on U such that |, aq divaq X # 0 and let u; be the one
parameter group of diffeomorphisms associated to X. Define (¢,¢) — G(t,e) = Per(u; o
©:(€2)). Using the fact that d“t i|i=0 = X and Proposition 5.4.18 from [19] we obtain

oG d

W(O’O) == Per(uy(Q2 / divgn Xdo # 0.

Therefore we can apply the implicit function theorem around (0,0) to see that there exists
an analytic function € — t(¢) defined on a neighborhood (—n,n) of 0 such that

G(t(e),£) = G(0,0) = Per().

Thus the deformation g. = uy() o ¢ is perimeter preserving. Moreover, using Propositions
5.4.9 and 5.4.18 from [19], we have

£(0) = — d% Per(¢-(92))|e=0 N _f(m divgg vndo o fé)QH v do 0
4 Per(uy())|1=o Jaq divag Xdo Joq divag Xdo

Therefore, if we set H(t,e) = ut o ¢, then

d d , d deps e

o) e = S H(1(0),0)¢/(0) + T H(1(0),0) = “£2 |y = ow)i(x) = v(w)n(z)

for x € 9. In conclusion, g. is the desired perturbation. O
Below we present two results from [I7], which will be used freely in the rest of the article.

We omit the proofs, as they can be found in the cited article.

Lemma 2.7. Let A be an eigenvalue of multiplicity p of the Dirichlet Laplacian on €.
For any analytic deformation Q. of Q there exist p families of real numbers (A;¢)i<p and
p families of functions (u;c)i<p C C°(Qe), depending analytically on €, satisfying for all
e € (—ep,e0) and for alli € {1,...,p}:

(a) Ajp =

(b) The famzly {u1c,...;upe} is orthonormal in L?(€).).
(c) We have —Aum = Aictise in Qe

;e =0 on 0.

Lemma 2.8. Let A be an eigenvalue of multiplicity p of the Dirichlet Laplace operator and
denote E) the corresponding eigenspace. Let Q. = f-(2) be an analytic deformation of Q.
Let (Ai)i<p and (uic)i<p be like in Lemma 21 Then A = d%/\i,a’e:o are the eigenvalues
of the quadratic form q, defined on Ey C L*() by

= [ (2 v

where v = (d%fe,m. Moreover, the L?-orthonormal basis U105 ..., Upo diagonalizes q, on
E,.

In the rest of the paper we use \i . to denote A\;(£2:). We define the following notion of
critical domain for the eigenvalues of the Dirichlet Laplacian, which generalizes the notion
of local minimum or local maximum.

Definition 2.9. The domain Q is said to be critical for the k™ eigenvalue of the Dirichlet
problem if, for any analytic perimeter-preserving deformation 2. of Q, the right-sided and
left-sided derivatives of A\, . (see Lemma21) at € = 0 have opposite signs, that is

d d
d_E/\kvE‘EZOJr X d_E/\kvEL:O* <0.
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3. THE I'-CONVERGENCE RESULT

In this section we construct a I'-convergence approximation for Ag(2) + Per(€2). This
result allows us to construct a numerical method for the study of problem (L.2), which will
be presented in the next section. Consider F : R¥ — R, a continuous function which is
increasing in each variable. Let D C R? be a bounded, open set. For every ¢ : D — R,
measurable we define \i(¢) = Ai(p dx), where ¢ dx is seen as a capacitary measure. In
the following, ¢ will be a fixed positive real parameter.

Theorem 3.1. Define J. : L'(D;[0,1]) — Ry U {400} by

1-— 1-— 1
Je(so>=F<A1< wd:c>,...,xk< %)) ve [ o+ [ Pa-op
el el D €Jp

if o € H'(D) and +oc otherwise. Then J. Ly J in the LY(D) topology, where

() = {F()\l(Q), o A (Q) 4+ 2 Per(Q),  if ¢ = xo € BV(D)

+o00 otherwise

Proof: For simplicity, in the rest of the proof we denote the quantity F'(A1(2),.., \x(€2))
by F(£2). With this notation, F' becomes decreasing for the inclusion, as a function of .
We make the same convention when instead of ¢} we have a measure p. Let us begin by
proving the I' — lim sup part of our result.

1. Reduction to regular domains. This part of the proof is a standard step in the
proof of the I" — lim sup property (see Proposition 2:3]). We refer to [9],[10] for more details
and examples. If © is regular, the construction of a recovery sequence is straightforward
(see Part 2 of the proof). We are left to prove that regular sets are a dense subset D of
{F < 4+o0} and that they satisfy the following property: for each Q € {F < 400} we can
find (Q,) C D such that yq, — xq in L'(D) topology and limsup .J(xq,) < J(xa)

n—oo

In [2], Thm 3.4.2 it is proved that the sets with boundary of class C'*™ are dense in the
class of finite perimeter sets, when considering the L' topology. Thus we can choose our
dense set D to be the family of subsets of D with finite perimeter and smooth boundary.
If ¢ is the characteristic function xq of Q and it belongs to BV(D) then Q is a set of
finite perimeter. The theorem we cited above says that each finite perimeter €2 set can be
approximated in the L'(D) topology with a sequence (€,,) of finite perimeter sets having
smooth boundaries such that Per(€,) — Per(2). At this point it is not clear if we have
limsup F(€,) < F(£2). The objective of the following paragraphs is to construct (£2,) in

n—oo
such a way that the previous inequality holds.

If we denote (px) a sequence of mollifiers, we have

Per(2) :/ |Dxq| = lim / IVxa * pr| =
Rd k—o0 Rd
1 1
= lim Per({xq * px. > t})dt > / likminf Per({xq * px > t})dt (3.1)
0 — 00

k—o00 0

where we have applied the co-area formula and Fatou’s lemma. By applying Chebyshev’s
inequality we obtain that

1
|{XQ*Pk>t}\Q|:|{XQ*Pk_XQZt}|§¥/Rd|XQ*Pk—XQ|
and

1
|Q\{Xﬂ*pk>t}|=|{XQ—XQ*Pk21—t}|Sm/Rd|XQ*Pk—XQ|-
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Therefore X yq«p, >t} converges to xq in the L' (D) topology for almost every t € (0,1). By
the lower semicontinuity of the perimeter we deduce that

lign inf Per({xq * px > t}) > Per(Q).
—00

Combining this with (3.1]) we obtain

lign inf Per({xq * px > t}) = Per(Q).
—00

for almost every ¢ € (0,1). Sard’s theorem tells us that the level sets of xq * py are smooth
for almost every ¢t. Moreover, Lemma 2.95 from [2] tells us that almost all level sets of
Xq * pr are transversal, i.e. H" 1 (0{xq * px} N ID) = 0. In this way, we can choose the
smooth, transversal approximating sets at almost every level ¢ € (0,1).

Denote w = Rq(1) = R, (1) where w C Q is a quasi open set with the property that
H}(w) = H}(Q). We can assume that [|w]|ls < 1 (or otherwise rescale it) so that we get
w < xq which implies that wxp, < xq*py and as a consequence {w*py, > t} C {xq*pr > t}.

We want to prove that limsup F({w * px > t}) < F({w > t}). Denote Ay = {w * p >

k—o0
t} N{w > t}. It is enough to prove that (Ay) y-converges to {w > t}. Indeed, if this holds,
then
limsup F({w * p > t}) < lim F(Ag) = F({w > t})
k—ro0 k=00
To prove this v-convergence result it suffices to prove the first Mosco condition, since the
second one comes from A, C {w > t}. For more details we refer to [II], Section 4.5]. To
prove the first Mosco condition it is enough to prove it on a dense subset of Hg({w > t}).
One such dense subset is given in [14] Prop 5.5 and is {C°(RY)-(w—1)T}. Let ¢ € C°(RY).
Then if ¢ = ¢ - min{(w * pp — t)F, (w — ¢)*} we have ¢ — ¢ - (w — )T in H}(D) and
¢ € HE(Ag). This concludes the proof of the fact that A y-converges to {w > t}.
Therefore we have found a sequence

By = {w*py >t} C Cp = {xar * pr. > t}
with C% — xq in L'(D), lign inf Per(C}) = Per(f2) for almost every ¢, F(C}) < F(B}) and
—00

limsup F(By) < F({w > t}).

k—o00

Thus, we can choose a diagonal sequence Ej = C’,i’“ with ¢ — 0 such that xg, — xq in
LY(D), Per(E}) — Per(Q) in order to obtain

limsup F(Ey) < F({w > 0}) = F(w) = F(Q).
k—o0

2. Proof of the I' — lim sup part. Using the previous density result, it suffices to prove
the I' — limsup only for characteristic functions of smooth sets with finite perimeter. Let
¢ € LY(D;[0,1]) with J(¢) < 4+o00. Then ¢ is the characteristic function of a set { with
finite perimeter. We assume, as mentioned above, that 2 has smooth boundary and that
H" 1 (0Q N OD) = 0.

We take (¢.) € H'(D) to be a recovery sequence associated to the Modica-Mortola
approximation (see Theorem [2.4]). We recall that this sequence can be chosen to satisfy
xa(z) = ¢:(x) for do(x) ¢ [0,e] (see [13]; here dg represents the signed distance from a
point to 9€2). We have p. — ¢ in L'(D) and

1 1
m [e/ V. |?dx + —/ 02 (1 — gpg)dx} = — Per(2).
D ¢Jp 3

li
e—0
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Since for every z € Q we have ¢.(r) = 1, we observe that +oop\o > — P By the

monotonicity of \; we have

1 _
)\](Q) = )\](—I—OOD\Q) > )‘j < Eq(padx> .

Using the monotonicity of F' we obtain

limsup F (1 ;;’DE d:z:> < F(Q).

e—0

3. Proof of the I' — liminf part. Let ¢ € L'(D;[0,1]) and (¢.) € L*(D;[0,1]) such
that ¢. — ¢ in L'(D). We assume that lim i(I)lf J:(pe) < 400 since otherwise the result is
e—

obvious. The I' — lim inf part of the Modica-Mortola theorem tells us that
. 1 1
400> liminte [ (Vo4 [ R0-ptz 5 [ 1Dl
=0 Jp €Jp 3Jp

Thus ¢ has is a characteristic function with bounded variation. This implies that =
@~ 1(1) is a set of finite perimeter relative to D, and

1 1
liminfe—:/ Ve |2 + —/ ©2(1 — )% > = Per(Q).

It remains to prove that

liminf F (1 e dx) > F(Q).

e—0 15

Since F' is increasing in each variable, it is enough to prove that

lim inf \; (1 ;fs dm) > \i(Q).

e—0

Let w, be the solution of

4

—Aw, + 12w, =1 inD
we € HY(D).

Without loss of generality we can replace liminf with lim by taking a sequence g, which
realizes the liminf. Denoting ¢, = ¢, , we have to prove that

lim \; <1 f’fd:g> > \i(Q).
n—o00 o
By compactness there is a subsequence of (wy,) converging weakly in H{(D) to w. We
can choose a subsequence of this sequence which converges almost everywhere to w. For
simplicity we relabel this subsequence (wg). It is enough to prove the inequality for (¢y)
(the corresponding functions for this new sequence (wy)).

Taking wy as test functions in the weak form of the partial differential equation we get

1_
[ = [ [ vup < [os [
D & D D D D

where wp is the solution of

{—Aw[) =1 inD
wp € HE (D).
We know that

lim inf 1~ k()
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for z € Q° since 1 — pp(x) — 1 a.e. on Q¢ and g, — 0. Therefore since wy — w almost
everywhere, if w(z) > 0, z ¢ Q and wg(z) — w(z) then

1—
lim inf %wi(m) = 400.

Fatou’s Lemma tells us that

o 1- S S
400 > liminf / q('pk w,% > / lim inf q('pk w,% > / lim inf q('pk w,%
k—oo Jp Ek D k—oo Ek ¢ k—oo Ek

This inequality and the previous remarks impliy that the set Q¢ N {w > 0} is of measure

zero, and therefore w € ﬁ&(Q) Since the y-convergence is compact, up to a subsequence
we have

As a consequence, we have

lim )\ <%d$> = N\i(p) > Ni(Q),

k—00 L

which finishes the proof of the I' — lim inf part. U

4. NUMERICAL STUDY OF PROBLEM ([L2))

The method we developed for studying problem ([2]) combines the I'-convergence meth-
ods used in approximating the perimeter (used in [26]) and the eigenvalues of the Laplace
operator (used in [§]). The combination of the two cited methods is made possible by
the I'-convergence result proved in the previous section. As it has been underlined, our
I"-convergence method is very flexible with respect to both the dimension and the topology
of the shapes. In order to evaluate the quality of our solution we recall in subsection
the method used successfully by B. Osting [23] and P. Antunes, P. Freitas [3]. In Table
[ we illustrate that both methods give the same results in the easy context of the two
dimensional case. Finally, we extend previous results in the three dimensional case, where
we notice that some of the optimal shapes found seem to be non-convex. This behaviour
has been conjectured in [12].

4.1. Method based on the I'-convergence result. We relax our shape optimization
problem with respect to €2 by an optimization problem of an unknown function ¢ : D —
[0,1]. In our computations we choose D = [0,a]? and impose periodic boundary conditions
(so that the perimeter of € is not influenced by the boundary of D). We consider a N x N
uniform grid and we represent the function ¢ by its values (gp,-J)%:l on this grid. We

approximate
1
wHE/WVM”+—/w%L—@2
D €JD

by using centred finite differences on the considered grid. This approximation is equivalent
to considering a piecewise linear function associated to the grid values.
For the eigenvalue approximation we consider the discrete form of

1
—Aug + ('Duk = \pUp.

£2
In order to obtain a matrix formulation, we fix an ordering on the N x N grid. We denote
by 1) the vector which contains the values on the grid of the function v with respect to this
fixed ordering. We define A to be the N?x N? matrix associated to the discrete Laplacian on
the considered grid, with respect to the fixed ordering. The discretized eigenvalue problem
becomes

13
|:A+ 2QDI:| Uy, = AU
£
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We used the Matlab solver eigs to solve this matrix eigenvalue problem. The expression
of the discrete gradient of our functional with respect to each component of ¢ is

We refer to []] for more details.
We can compute the gradient of ¢ +— EfD |Vel|? + %fD ©%(1 — )% with respect to a
perturbation 6 of ¢ € H(D) as follows:

% [e/D V(g +t0)|* + é /D(<p+t9)2(1 —(p —|—t0))2} » —

1
= 25/ (Vp, V) + —/ (2 — 6(,02 + 4(,03)9
D €JbD

1

= / |:—2€A<,D + = (2 — 6% + 4@3)] 0
D 3

Thus the discrete gradient of ¢ +— & fD |Vl|? + % fD ©%(1 — )% with respect to ¢ is given

by

_ _ _ _ _ 1, _ _
2e(4Gij — Pivij — Pim1j — Pij+1 — Pij—1) + 5(29% — 677 ; + 433 ;). (4.1)

To obtain a solution g of the problem

1 1-—
min [60/ Vo> + — / ©*(1— )% 4+ Mg < 2(’0dx>]
D €0 Jp €9

we start from a random configuration with a concentration around the center of the grid.
Numerical experiments have shown that starting from a totally random configuration tends
to lead to a shape consisting of k disks. This configuration is a local minimum, but not the
global one, since we know that the optimal shape is connected [15]. We think this behaviour
is due to the fact that when we approximate () by density functions, the optimization of Ag
tends to separate 2 into nodal domains. Then the perimeter, which is optimized locally,
transforms those domains into disks. This observation motivates our previous initialization.
For the optimization part, we used the quasi-Newton algorithm LBFGS implemented in

27, 28]

The choice of the initial parameter ¢y is important for the algorithm to converge. Nu-
merical experiments have shown that g € [%, %] are suitable for obtaining the expected
results. This observation is well known in the phase-field community. Note that the main
I'-convergence result holds for any exponent ¢ positive. In our computations we choose
q = 2, because we observed a good numerical behaviour with this parameter. This good
behavior could be explained by a well balanced effect of the cost values for ¢ = 2 in the

scale of our discretization.

4.2. The approach of B. Osting [23] and P. Antunes, P. Freitas [3]. In order to
verify our results, we compare them with the ones obtained using the Fourier boundary
parametrization method mentioned in the introduction. This method is well known, and
was applied in [3],[23] and [24]. We present it below for the sake of completeness.

We know that the solutions to problem (L2)) in R? are convex shapes, so every such
shape is uniquely defined by its radial function r(6), 6 € [0,27). B. Osting proved in [23]
Prop. 3.1] that the error |A\;(Q,) — Ax(£2;,,)| can be made arbitrarily small if we choose n
big enough, where 7, is the truncation of the Fourier series representation of r to 2n + 1
coefficients:

rn(6) = ag + Z ay cos(k0) + Z by sin(k6).
k=1 k=1
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Algorithm 1 General form of optimization algorithm for min, J. ()

Require: k € N,gg > 0,pmar € NN € NJw € (0,1),t0l € (0,1)

1: € = €p;

2: Choose a random initial shape ¢ concentrated around the center of D;

3: repeat

4: p=1;

5 repeat

6: Compute the eigenpair (A, ug) of A+ %I and the gradient Vg (p) = —e%ﬂk;
7 Compute the gradient of ¢ — ¢ [, |Vl + % Jp #*(1 — ¢)? with respect to the

components of @ on the grid using formula ([@T);

8: Do a step of the LBFGS algorithm: update descent direction and do a linesearch;
9: @ = —dp;

10: pp+1;

11: until p = pyqq or |d,| < tol;

12: e=(1-w)g

13: until e < 1/N.

This allows us to write A\;(€2) as a function of 2n 4 1 variables A\g(ag, a1, ..., an, b1, ..., by).
Furthermore, using the fact that the derivative of A\;(€) with respect to a perturbation V'

of the boundary is
d\(Q) / our \

(proofs and other references can be found in [I8], 19]) we can find that

OA = _ /OZWT‘(Q) cos(k0) (?(T(9)79)>2d9

day

P [T s (2ow.0) @

We can find similar formulas for the derivatives of the perimeter in terms of Fourier coef-
ficients. For computing the eigenvalues and normal derivatives of the eigenfunctions it is
possible to use the publicly available software MpsPack [5].

4.3. Our numerical results. In order to solve numerically problem (I:2]), in its equivalent
form (.3]), we search the solutions of the relaxed problem

min [60/ IV|? + i/ (1 — )2 + N <1 2(pdx>]
D €0 JpD €0
We use the method presented in subsection Bl on the square D = [0,a]? (where a is chosen
such that the solution of (L3]) fits inside D).

Since the method presented in subsection was used successfully in the study of the
problem (LT), we employ it to find the numerical solutions of ([.2]). These solutions are a
benchmark to which we compare the results we found using our I'-convergence methods.

The optimal shapes obtained with the I'-convergence method coincide with the ones
found using the Fourier boundary parametrization method. The numerical results can be
seen in Figure [l To compare the accuracy of the results, we took the optimal shapes
obtained with the I'-convergence method and we isolated the 0.5 level set. We choose a
point in its convex hull, the centroid G of a discretization {x1, ...,2;} of the boundary, and
computed the distances from that point to the contour, denoted by {pi, ..., p;} as well as
the angles made by Gz; with the positive z-axis, denoted by {61, ...,6;}. This procedure
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gives us a radial parametrization of our domain. Using a least squares fit

2
l

n n
min Z ag + Zaj cos(j0;) + Zsin(j@i) — pi
(a5)f=0:(b5)j=0 5 = =
we are able to find the first 2n + 1 Fourier coefficients of this radial function. We use these
coefficients to construct the radial function of our shape €2*. We use MpsPack to compute
Ak (2%) 4+ Per(Q2*) and we compare the results, which can be seen in Table [II We can see
that the results agree, and in general the ones obtained with the I'-convergence method are
a bit weaker, in the sense that the minimal value is higher. Still, the fact that we obtain
the same shapes, with small errors, shows that the I'-convergence method is a suitable tool
for the study of problem (I2]). Furthermore, it gets close enough to the optimizer without
imposing any topological constraints.

One interesting question that has been addressed in several papers ([3],[25]) is the mul-
tiplicity of Ap at the optimum. We noticed in our computations that the optimal shape
for (T3] does not always have multiple k' eigenvalue. This was already proved for k = 2
in [12] and our computations have shown that for k = 6,9,13,15 the optimal eigenvalues
should be simple. This behaviour is different from the one observed for problem (LI). It
is known that if a local minimizer of problem ([I]) would have simple eigenvalue then its
eigenfunction would satisfy the overdetermined problem

—Au=XMu inQ

u=0 on 09 (4.2)

%:c on 012,

where ¢ > 0 is a constant. There is a conjecture due to Bernstein [6], concerning the above
overdetermined problem. The problem has been revisited in [29].

Conjecture 4.1. If problem (2] has a solution, then € is a disk.

This is true in the case of A1, but the arguments used in the proof rely essentially on the
fact that the first eigenfunction can be chosen positive. In the case k > 2, the eigenfunctions
corresponding to A, are not positive, so the argument used for k¥ = 1 does not work here.
Still, to the our knowledge, no counter-example of this conjecture is known.

A recent result by A. Berger [7] says that in two dimensions, the only positive integers k
for which the ball is a local minimizer for A; under volume constraint are k£ = 1,3. Thus,
we have the following interesting fact:

e Suppose that for some k ¢ {1,3} the shape which Q is solution to (II]) has simple k'!
eigenvalue. Then the k" corresponding eigenfunction uy, satisfies an overdetermined
problem of the type ([@2]). The result of A. Berger says that 2 cannot be a disk.
Thus Conjecture [41]is contradicted.

Thus, Conjecture [A.1] together with the result of [7], imply that in the case of problem (LIJ),
if £ > 2 the multiplicity is greater than one at the optimum.

In the case of the perimeter constraint, the situation is different. We can find shapes €2,
which are not disks, such that the overdetermined problem

—Au=Xu 1in
u=0 on dN
%ZH on 0f).

has a non-trivial solution. Such examples are the shape described in [12] as well as the
shapes we found numerically for £ = 6,9, 13, 15.

We notice that the numerical optimal shape obtained for k = 3 is the disk. This is to be
expected, since it is a direct consequence of the conjecture that the disk minimizes A3(€2)
under volume constraint. This is still an open problem.
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We observe that all the optimal shapes computed have one or more axes of symmetry,
while this is not the case for the volume constraint where the optimal shape for k = 13 is
suspected to be non-symmetric [3].

The fact that we can immediately generalize the method in three dimensions is a big
advantage. One drawback is the fact that we were not able to obtain very high resolution
due to the fact that the matrices involved have extremely large dimensions. The shapes
presented in Figure 2l were obtained using a 40 x 40 x 40 grid on D = [0,a]®. As previously,
the initial shape was concentrated around the center of the cube D. In the paper [12] a few
conjectures were stated regarding the minimizers in higher dimensions. The first conjecture
was that the optimal shape for A2 () + Per(£2) has cylindrical symmetry and is not convex
in the three dimensional case. This can be observed in our results. To conclude that a shape
is convex or not we simply apply the following procedure : we first compute a discretization
of the isosurface {¢ = 1/2} and estimate the exact measure of its volume (up to roundoff
error). Then, in a second step we compute the convexhull of this discretized isosurface
and again estimate its volume. When the volume of the convex hull is 5% greater than
the volume of the original isosurface we conclude that the computed optimal profile is not
convex. We have obtained non-convex shapes for kK = 2,5,6,7. Cylindrical symmetry can
be observed for k = 2,3,4,5. For k = 8 we observe a symmetry by a rotation of angle /2
and for k£ = 10 we observe a tetrahedral symmetry. We notice that the numerical optimal
shape for k = 4 is the approximately a ball. This is a direct consequence of the conjecture
that the ball minimizes A\4(Q2) under volume constraint in three dimensions. The optimal
computed value of A4, in this case, is 255.56, while the actual eigenvalue of a ball of same
surface area is approximately 253.72. We provide for each shape the value of the scale
invariant expression A () Per(Q), calculated using a finite element method.

We discussed our results with P. Antunes and P. Freitas, who made computations for
problem ([L2]) for £ < 50 in two dimensions and k < 20 in three dimensions. In two
dimensions we obtained the same results (we also performed the computations up to k =
5d§|) In the three dimensional case, for & < 6 our results coincide with theirs, but for
k > 7 their optimal shapes have better cost values than ours. We believe this is due to the
limitation on the discretization parameter for our method in three dimensions.

We observe that in the three dimensional case, the optimal shapes we obtained numeri-
cally do not have holes. We may ask ourselves if this behaviour can be justified. In order
to do this, we can analyse the, so called, topological derivative, which for a point = €
and a general functional F' is defined as

r(e) =y FOABE) = F(@)

where (1) is positive and ¢(r) — 0 as r — 0. For more details see [22]. A negative
topological derivative would mean that making a small hole decreases the value of F. In
our particular case F(2) = Ag(2) + Per(Q2), and for z € Q and r small enough, we have
F(Q\ B(xz,r)) > F(), since the eigenvalue is decreasing with respect to set inclusion,
and for small 7, we have Per(Q2\ B(z,r)) = Per(2) + Per(B(z,r)). Thus, in our case, the
topological derivative is always positive, and there is no interest in creating holes in order
to decrease the value of the functional.

5. OPTIMALITY CONDITIONS AND QUALITATIVE RESULTS

Once we know that a shape optimization problem has a solution, we would like to write
some optimality conditions which could allow us to find further qualitative properties. An
eigenvalue of the Dirichlet Laplacian associated to a shape 2 is differentiable with respect to
perturbations only if it is simple. Unfortunately, solutions of (LI]) and (L2]) are conjectured

IThe complete set of results can be seen on the author’s webpage
http://www.lama.univ-savoie.fr/~bogosel/spectral_perim.html


http://www.lama.univ-savoie.fr/~bogosel/spectral_perim.html
http://www.lama.univ-savoie.fr/~bogosel/spectral_perim.html
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OO

A1 = 11.5505 A2 = 15.2806 A3 = 15.7573 Ay = 18.3496 A5 = 19.1091
(double) (double) (double)

A¢ = 20.0909 A7 = 21.5020 As = 22.0265 Ag = 23.2073 A0 = 23.5501
(double) (double) (double)

OC

A1 = 24.5970 A2 = 24.7440 A3 = 25.9823 A4 = 26.4325 A1 = 26.9123
(double) (triple) (double)

FIGURE 1. Numerical optimizers for problem (L3]) in 2D

PO

Q) Per(Q2) = 223.63 Q) Per(Q2) = 251.91 Q) Per(Q2) = 255.56
Q) Per(Q)) = 343.75 Q) Per(Q2) = 394.77 Q) Per(Q2) = 421.20
Q) Per(Q2) = 439.80 Q) Per(Q) = 446.58  \10(2) Per(2) = 510.00

FIGURE 2. Numerical optimizers for problem (L3]) in 3D
Convex shapes with cyan (light); non-convex shapes with red (dark)
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k | mult. | I'-conv | Fourier k | mult. | I'-conv | Fourier
1 1 11.55 11.55 11 2 24.62 24.60
2 1 15.28 15.28 12 3 24.76 24.74
3 2 15.75 15.75 13 1 25.98 25.98
4 2 18.35 18.35 14 2 26.46 26.43
5 2 19.11 19.11 15 1 26.91 26.91
6 1 20.09 20.09 16 3 27.27 27.25
7 2 21.50 21.50 17 3 27.37 27.36
8 2 22.07 22.02 18 2 28.66 28.63
9 1 23.21 23.21 19 2 29.09 29.08
10 2 23.58 23.55 20 3 29.54 29.51

TABLE 1. Comparative results

to have multiple k" eigenvalue at the optimum (with a few exceptions in the case of the
perimeter constraint). Thus, classical optimality conditions, like the one exploited in [12],
cannot be written for every k. In our case, we observed that for d = 2, k = 2,6,9,13,15
optimal shapes probably have simple eigenvalues. Thus we can apply the method described
in [12] to deduce the fact that the boundary of these shapes does not contain any flat parts
or any arcs of circles. We are led to believe that this fact should be true in the general
case. To study this question in the case of multiple eigenvalues it is possible to use methods
inspired by [I7], [16] and [2I]. In the previously cited article [I7], the authors provided an
optimality condition for problem (I.T]), which treats the case when the eigenvalue is multiple
at the optimum. The results of this section are dedicated to finding a similar optimality
condition for problem (I2I).

The following theorem is a result similar to Theorem 2.5.10 in [I8] where it is said that
if an optimizer Q* for problem (L)) is such that the k' eigenvalue is multiple, then the
multiplicity cluster ends at Ag, i.e. A\g(2*) < Ap41(92*). Throughout this section we assume
that  has boundary of class C3. In particular, this implies that its curvature, H is of class
C'. This assumption is stronger than the results obtained in [I5], where it is proved that
the optimizer has regularity C*®. To our knowledge, this regularity assumption cannot be
easily deduced from [15], and it is an open question, though it is natural to expect it.

Theorem 5.1. Let k > 2 such that A, > Ap_1 and assume that ) is a minimizer for the
k' eigenvalue of the Dirichlet Laplacian with a perimeter constraint (i.e. a solution of the
problem (L2))). Then X\ is simple and there exists a unique (up to sign) eigenfunction u
satisfying

—Au = \(Qu  in Q

u=0 on 0N

(%)2 =H on 0S)

Proof: Let Q. = f-(Q) be a perimeter preserving analytic deformation of {2 and denote
(Aie)i<p and (ujc)i<p the families of eigenfunctions and eigenvectors associated to Aj ac-
cording to Lemma 271 We use the notation A\, () = A\;(€). Since A, = Ao > A\y—1, by
continuity, for sufficiently small € we have

Nie > Mp—1e

We know that € is a local minimizer for the Dirichlet Laplacian under the considered
perturbation, which means that

Ai,e > >\k,a-
The differentiable function € — A;. achieves a local minimum at ¢ = 0 and this implies
iy —
d€ 1,6 M
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As a consequence, the quadratic form ¢, defined in Lemma [2.8]is identically zero on FEj,
where v = (d% fe,n). The perimeter preserving deformation is arbitrary, so by Lemma
we have that ¢, vanishes on E}, for every v € Py(9€2). This means that

2
/ (%) vdo =0
o0

for every v € Py(02) and for every u € Ej.

Hence, for every function v € Ej there exists a constant ¢ > 0 such that (%)2 =cH
on Jf). Since (2 is bounded, it is a classical result that the curvature of {2 is non-negative
at at least one point. Thus, since ¢H is non-negative, it follows that ¢ > 0. We cannot
have ¢ = 0, because otherwise % = 0 on 012, and we could extend u with u = 0 outside €.
Thus this extension would be an eigenfunction on any set Q' containing €2, contradicting
the uniqueness of the analytic extension.

Thus, we have !% = VcH on 99. Since H is continuous, there exists an open set U
such that H > 0 on U N OS2 Thus, on 02NU, 8_1; keeps constant sign, so in this set we can
only have g—z = VcH or g—z = —+/cH. If we have two eigenfunctions uy, us then there exists
a linear combination u = auj + Bus such that % vanishes on 92N U. We apply Holmgren
uniqueness theorem to conclude that v = 0 and A\ is simple. O

The following result connects the criticality of a domain €2 with the definiteness of the
quadratic form ¢,. This will allow us later to state our optimality result.

Theorem 5.2. Let k > 1 be a positive integer.
(1) If Q is a critical domain for the k™ eigenvalue of the Dirichlet Laplacian, then, for

all v € Py(09), the quadratic form q,(u) = —/ <8u
o0

on
B
(2) Assume that A\, > A\p—1 or A\, < Ag+1, and that for all v € Py(0R), the quadratic

form q,(u) = — faa (%)221 do is not definite on Ej. Then ) is a critical domain

for the k™ eigenvalue of the Dirichlet Laplacian.

2
) v do is not definite on

Proof: (1) Consider a function v € Py(0f2) and let Q. = f-(Q2) be an analytic perime-
ter preserving deformation of Q such that v = <d% fele=0,m) (such a deformation exists
by Lemma [Z6]). Let (Aj.)i<p and (u;c)i<p be families of eigenvalues and eigenfunc-
tions associated to Ay like in Lemma 271 There exist two integers i, < p such that
d%)\k,s’e:of = digALE’E:O and %)\k,s’e:w = %Aj7e\€:0. The criticality of  implies that
C%-ALE’EZO X %Aj7e\€:0 < 0 and from Lemma 28], it follows that ¢, has both positive and
negative eigenvalues, which means that ¢, is not definite on E}.

(2) Assume A\, > A1 and let Q. = f.(Q) be a perimeter-preserving deformation of (2.
Let (Ajc)i<p and (ujc)i<p be families of eigenvalues and eigenfunctions associated to Ay
according to Lemma 2.7l For ¢ sufficiently small we have A . = min;<, A; .. Hence

d d

—A = min —A;
de k’e‘azm i<p de ”EL:O
and J J
—A _ =max —A\; .
dE kﬁ‘a:O iSp dE 7’78‘820

The non definiteness of ¢, on Ejy means that its smallest eigenvallue is non positive and
its largest one is non negative. This implies that

d od
d_g)‘k75|e:0+ = 1%111} d_EAivE‘aZO <0

and

d d
e keleo- = max Thiel.y =0
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which in turn implies the criticality of the domain §2.
The case A\ < A\p+1 can be treated in a similar manner. O
The next result provides a nice characterisation of the non-definitness of ¢,. Note that
unlike in [I7], we have to add a hypothesis on #H. This hypothesis is natural when dealing
with solutions of problem (L2]).(see [15], Section 4.)

Theorem 5.3. Let k be a natural integer. If Q) is bounded and its curvature satisfies H > 0
then the following two conditions are equivalent:

(i) For all v € Py(09), the quadratic form g, is not definite on Ej.
(ii) There exists a finite family of eigenfunctions (u;)i<m C Ej satisfying

- 8’&@ 2
Z<8n> =H on 0.

1=1

Proof: To see that (ii) implies (i) it suffices to notice that, for any v € Py(99)

811,2' 2
qu(Ui)__Z/(ggz(an) vdo = — 6QHUCZU—0,

i<m i<m

which means that ¢, is not definite on Ej.

To prove the other implication we look at K = conv{(g—g)2, u € Ey}, and we want to
prove that the function H belongs to K. Suppose that # ¢ K. Then, from the Hahn-Banach
theorem (applied to the finite dimensional normed vector subspace of C''(92) spanned by
K and H), there exists a function v € C1(9Q) such that [, H v do > 0 and for all u € Ej,

2
/ <%> v do < 0.
o0

Since v is not necessarily in Py(0€2), we modify it by a constant term and define vyp = v—c
where c is chosen such that vy € Py(02). The condition that ¢ must satisfy is

0= H vy do = Hovdo—c H do.
o0 o0 o0

faQ’H v do

f H do
o0
is a consequence of the fact that H > 0 and 2 is bounded. With the above considerations,
we see that ¢ > 0.

For u € E; we have

ou\?
Qoo (u) = — — ) v do
a0 \on
2 2
:—/ <8_u> vda—l—c/ <8_u> do
a0 \On a0 \On
2
>c / <@> do
o0 Z?n
and |, 59 (%)z do > 0 for any non trivial Dirichlet eigenfunction u (due to Holmgren unique-

ness theorem). In conclusion, we have found a function vy € Py(9€2) such that the quadratic
form gy, is positive definite on E}, which contradicts condition (i). O

This last relation defines ¢ = , since |, aq H do > 0. The fact that J. o0 Hdo >0

Corollary 5.4. If Q is a local minimizer for the problem ([L2I)

i A ()
poin | Ae(©)
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with boundary of class C3, then there exists a finite family of eigenfunctions (u;)i<m C Ek,

such that )
Z < on > =

i=1

Proof: It is a direct result of the above theorems, noting that any solution € of the
problem must verify H > 0 [15]. O

Remark 5.5. We note that Corollary [5.4] the number m of eigenfunctions that satisfy the
optimality condition is not known. Numerical computations done in Section [6l suggest that
m is equal to the multiplicity of Ag.

Once this regularity result is established, we can apply the bootstrap procedure presented
in [12], and conclude that 2 is smooth.

Corollary 5.6. If Q is a minimizer for the problem (L2)), with boundary of class C?, then
Q has boundary of class C*°.

Proof: If Q is of class C?, then Corollary [5.4] holds and we have the optimality relation

S (0)

i=1

Since Q is of class C?, it follows, using standard Shauder regularity estimates, that d,u?
is O, The optimality relation, then implies that H is C*®, and thus Q is of class C3.
Iterating this procedure we find that €2 is of class C'*°. (]

In the article [12] the authors prove that the solution of (L2]) in the case k = 2,d = 2
has no segments and no arcs of circles in its boundary. The method used in the mentioned
article works only in the case we know the corresponding eigenvalue is simple. Using the
above corollary, we can partially extend this result to the general case. In the following, we
call a flat part of R%, the nonempty intersection of a d — 1 dimensional hyperplane with a
d-dimensional open ball.

Theorem 5.7. If Q is a local minimizer for the problem L2

in  Ap(Q
ety ()

then 02 does not contain a flat parts.

Proof: Suppose that ) contains a flat part S in its boundary. Using the previous conven-
tion, S = H N B where H is a d — 1 dimensional hyperplane and B is a d-dimensional ball.

Then H = 0 on that region S, and by Corollary (.4l at least one eigenfunction u satisfies

?zOontha‘c S.

nWe then choose an extension Q' = QU B’ of the domain Q such that B’ is a ball, B’ C B,
B’ ¢ Q and B’ is small enough such that B'N9Q C S. Define v/ = w on  and 0 on
'\ Q. In this way, we create an eigenfunction u’ on €’ which is zero on an open set. This
together with the analiticity of «’ and the fact that « is not identically zero brings us to a
contradiction.

In conclusion, €2 cannot contain a flat part in its boundary. O

6. NUMERICAL OBSERVATION OF THE OPTIMALITY CONDITIONS

By the above results, we know that if 2 is a minimizer for (L2]) then it exists a family
of eigenfunctions (u;)!"; C Ej such that

f: <%?:>2 = . (6.1)

=1
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In order to evaluate the numerical quality of our solutions we would like to investigate how
far our solutions satisfy this optimality condition. The question is whether we are able to
find a combination of eigenfunctions which realize this equality. Suppose that dim F = p
and the p orthonormal eigenfunctions which span Fj, are denoted uy, ..., u,. It is easy to see
that (G.I]) implies that

2
‘H € span <{<§:> ) izl..p}U{(?:%, 1§z’<j§p}).
This observation is a direct consequence of the fact that each u; can be written as
p
U; = Z az-uj.
j=1
Thus, in a first step, we can find the coefficients of H in the decomposition

P 2
ou; E?u, 811]
H=Ya(G) + X ages
=1

1<i<j<p

by solving an optimization problem. The normal derivatives % and the curvature are

known on a discretization {1, ..., z;} of the boundary 9. To find the coefficients, we solve
the quadratic, convex minimization problem

1 p
) (911 (911, O,
SO 31 b ot CTA) IR SRR TR LTERE A
(ai)i:p h=1 i=1 1<i<j<p

(Bijhi<i<j<n

2

Then, we transform this quadratic representation into a canonical representation by using
the classical Gauss-Jacobi method. Of course, this representation is not unique. The claim
of Corollary [5.4]is that this canonical representation consists of a sum of squares. In order
to test this we check if the matrix (a; ;) defined by a;; = 4, a; ; = a;; = B; ;/2 is positive
definite. The answer is affirmative and a representation of the type (6.) can be found
for each of the numerical optimal shapes. For k < 15 the numerical optimality relation is
satisfied with a pointwise error smaller than 10™%.
We present below a few other numerical observations in connection with the optimality
conditions.
o If x € 002 and H(z) = 0, then all nodal lines corresponding to the eigenfunctions
present in the optimality relation touch 9 at z. This is observed numerically in
Figure [3] for k = 18.
e Numerical observations suggest that the number of eigenfunctions m present in the
optimality condition is equal to the multiplicity of the eigenvalue at the optimum.
Furthermore, the relation seems to be a convex combination of the type

ar(Onu)? + ap_1(0pr—1)* + oo 4+ a1 (Optth—me1)* = H,

where ap + ap—1 + ... + Qg—my1 = 1.

e Motivated by [24], we studied numerically some convex combinations of eigenvalues
under perimeter constraint. Suppose that Q* is solution of problem (2) and A, (Q*)
is double, with observed numerical optimality relation

a(Opug)? + (1 — a)(Onutg—1)? = H.
Then, we observed numerically that Q* is also a solution of the problem

Peglfil)nzl (Oé)\k(Q) + (1 — a))\k—l(Q)) >

for every « € [a,1]. This can be generalized to the cases where the eigenvalue has
higher multiplicity.
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curvature
o o ° o ° °
R o 2 & 5 2

o
[

FIGURE 3. Optimal set {215 obtained for k = 18, together with the nodal
lines of the eigenfunctions wuj7, uig corresponding to A17(€18) = As(s).
(left) Plot of the curvature of ;8; note that the nodal lines touch the
boundary at the two points having zero curvature. (right)

k| mult. | Numerical optimality relation | L? error | L™ error
1] 1 (Fa)? =H 0 0

2| 1 (Z2)2 =% 3-108 ] 4-10°8
3] 2 (552 + (%) =H |5-100" | 7-1077
41 2 (0.16%922)2 + (0.9824)2 =9 [ 3-107* | 6-10~*
51 2 (0.5421)2 + (0.849%2)2 =9 [ 2-107* | 3-10~*
6] 1 (Zs)2 =1 3-10% | 5-107*
7] 2 (0.87228)2 + (0.48242)2 =9 [ 4-107* | 5-10~*
8| 2 (0.3992)2 4+ (092922 =H [ 3-107* | 3.1071
91 1 (P2)2 =9 7-10° | 1074
0] 2 (532) + (%) =H [2:10"] 2.107"
11] 2 [ (051280)2 4 (0.86%511)2 =H | 6-10~* | 7-10~*

Juig \2 Juit \2

12| 3 (031 (5”.‘8())357112()055:1 %" H 13005 | 2107
13 1 ()2 — 9 4-107* [ 5-10°*
14 2 [(0.822ms)2 4 (057702 =4 | 2.107° | 2-10°°
15 1 (Z2)2 = 9 10-° 10-°

TABLE 2. Numerical optimality conditions in dimension two
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